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Preface

This volume of electronic proceedings contains abstracts of contributions accepted for presentation at the

44th Solid Mechanics Conference SolMech 2026, held in Kraków on September 7–10, 2026.

The Solid Mechanics Conferences are a series of biennial international meetings which have been organized

by the Institute of Fundamental Technological Research of the Polish Academy of Sciences (IPPT PAN) since

1953. They aim at facilitating discussions on research topics in solid mechanics, maintaining high scientific

standards and providing a friendly atmosphere. This time, the Conference is hosted and co-organized by the

Cracow University of Technology.

This 44th edition of the Conference brings together more than 270 participants from 27 European and non-

European countries, with nearly 40% of attendees coming from outside of Poland. The scientific programme

features more than 245 presentations organized within 15 thematic sessions, including 8 invited plenary lectures

and 25 keynote lectures. Approximately 60 presentations are delivered by PhD students, reflecting the strong

commitment of the organizers to support early-career researchers.

The plenary speakers are internationally recognized leaders in their respective fields. The list of keynote

speakers in the thematic sessions comprises both internationally recognized senior scientists with established

expertise across the various fields of solid mechanics and outstanding early-career researchers who have already

demonstrated scientific excellence. Notably, three keynote lectures are delivered by recipients of the Professor

Michał Życzkowski Prize for Outstanding Young Scientists, awarded by the Committee for Mechanics of the

Polish Academy of Sciences during the two years preceding the Conference. Overall, the composition of

the thematic sessions reflects the scientific vitality of solid mechanics, as well as the strength, diversity and

generational renewal of the research community, demonstrating the field’s potential for future development.

On behalf of the Scientific and Organizing Committees of the 44th Solid Mechanics Conference SolMech

2026 we would like to thank all presenters of plenary, keynote and standard papers for their contributions to

the meeting. Moreover, we would like to express gratitude to the organizers of the thematic sessions, and to

all people and institutions supporting the organization of SolMech 2026. We wish all participants inspiring

discussions and enjoyable time in Kraków.

Katarzyna Kowalczyk-Gajewska

Jerzy Pamin

Chair and Co-chair of SolMech 2026
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I. Ważydrąg, G. Milewski, S. Łagan
In Silico Simulations of Functionally Graded Tricuspid Artificial Aortic Valves . . . . . . . . . . . . . . . . 47

W. Wojnarowska
Influence of Material Heterogeneity on the Numerical Prediction of the Mechanical Response of an L5 Vertebra 48

A. Skorupa, A. Piasecka-Belkhayat
Modelling of Heat and Mass Transfer during Cryopreservation in Biological Sample Treated as Homogeneous
and Porous Material with Uncertainty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

K. Marcula, J. Filipiak
The Influence of Strain Rate on the Viscoelastic Properties of Duck Oesophageal Tissue . . . . . . . . . . . . 50
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Numerical Modelling of Rolled Plug Installation Inside Steam Generator Tube . . . . . . . . . . . . . . . . 123

M. Nösges, H.-G. Bui, B.-T. Cao, R.A. Sauer
3D Isogeometric Simulation of Mechanized Tunnelling: Application for Excavation Analysis in Partially Satu-
rated Ground . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

Session TS7: Experimental mechanics 125

J.A. Rodríguez-Martínez
Real-Time In-Situ X-Ray Imaging of Dynamic Shear Fracture and Spallation in Porous Metals . . . . . . . . 126
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Mechanical Performance of a WB2-Al and WB2-Ag Composite Coatings Deposited by HiPIMS Magnetron
Sputtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

E.A. Pieczyska, K.M. Golasiński, J. Tabin
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There has been explosive growth in numerical, data-driven approaches to various problems in the mechanics 
of materials. These data-driven methods are data-hungry, but traditional measurement protocols are inherently 
data-poor. Consequently, most studies using these data-driven methods have relied on synthetic data. This 
dearth of measurement techniques presents opportunities to transform laboratory-based methods, making them 
better suited to emerging data-driven methodologies in mechanics. We first give a brief overview of emerging 
laboratory techniques that enable observations that were hitherto considered nearly impossible, at least in a 
laboratory setting. These methods include (i) dynamic tomography to enable 3D visualisation of high-speed 
deformations [1], (ii) digital volume correlation in nominally homogeneous materials [2], and (iii) democra-
tising synchrotron technologies to allow the measurements of local stresses within statically indeterminate 
specimens via energy-dispersive diffraction measurements. 
 
These and other new laboratory measurement methods provide new observations and large datasets. But how 
can they be used in the data-driven mechanics discovery of constitutive behaviour? Broadly, the constitutive 
model discovery approaches fall into two categories: (i) supervised models that require data in the form of 
stress-strain pairs and (ii) unsupervised models that require no stress data but only full-field displacement and 
global force data. Energy-dispersive measurements provide fully labelled stress-strain pairs for supervised 
constitutive model discovery. Using these measurements, we shall demonstrate the learning of the plasticity 
models for Ti64 from a single tensile test on a simple notched specimen. Remarkably, the model indicates that 
simple J2 plasticity is not sufficient to accurately model the plastic response of Ti64- while this is, of course, 
known in the literature, those inferences were obtained using multiple different complex specimens designed 
with significant a priori knowledge of the material response. These new measurement techniques offer the 
potential to quickly learn complex constitutive responses and may lead to the discovery of new physics. 
 

 
Figure 1. Democratisation of synchrotron-based X-ray diffraction for laboratory-scale property measurements 
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Advances in the micromorphic homogenization of dynamical metamaterials
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The engineering design and analysis of high-tech systems calls for reliable and accurate methods that ade-
quately capture the mechanics of the underlying constituting materials. This tends to be particularly complex
for highly heterogeneous materials, for which a rich class of homogenization methods has been developed to
condense all the small-scale fluctuations in an effective continuum that can be solved at the engineering level.
Within this class, computational homogenization serves as a highly accurate two-scale coupling of complex
nonlinear materials. Amongst others, this homogenization method has been successfully applied to mechani-
cal, thermal and electromagnetic problems, but its application to metamaterials remains a challenge. Metama-
terials are characterized by tailored microstructures that entail a dominant emergent effect at the macro-scale.
This contribution focuses on the advanced homogenization and model reduction of dynamical metamaterials,
leading to a micromorphic-like continuum.

Dynamical metamaterials, mitigating waves, are instrumental for inhibiting sound and vibration transmission
in a targeted frequency range. As a point of departure, the original computational homogenization scheme
applicable to elastic resonant acoustic metamaterials will be outlined [1]. Exploiting linearity of the prob-
lem, a closed form micromorphic continuum homogenization approach for this class of materials is obtained.
The resulting dispersion spectra are shown to be accurately captured, which enables direct solutions of initial
boundary value problems as required for engineering design problems at the macro-scale [2]. Next, the method
will be extended to viscoelastic metamaterials, whereby the damping effects in the solid are modeled using the
Kelvin-Voigt constitutive behavior [3, 4]. Finally, a solid-fluid metamaterial is considered, for which an elastic
Biot continuum is recovered at the macroscale with micromorphic enrichment variables representing the inertia
of the local structure resonance.

[1] A. Sridhar, V.G. Kouznetsova, M.G.D. Geers, Homogenization of locally resonant acous-
tic metamaterials towards an emergent enriched continuum, Comp. Mech. 57, 423–435, 2016.
https://doi.org/10.1007/s00466-015-1254-y

[2] R. Liupekevicius, J.A.W. van Dommelen, M.G.D. Geers, V.G. Kouznetsova, An efficient multiscale method
for subwavelength transient analysis of acoustic metamaterials, Phil. Trans. Royal Society A 382(2279),
article 20230368, 2024. https://doi.org/10.1098/rsta.2023.0368

[3] R. Liupekevicius, J.A.W. van Dommelen, M.G.D. Geers, V.G. Kouznetsova, Transient computational ho-
mogenization of heterogeneous poroelastic media with local resonances, Int. Jnl. Num. Meth. Engng. Solids
125(18), 2024. https://doi.org/10.1002/nme.7505

[4] R. Liupekevicius, J.A.W. van Dommelen, M.G.D. Geers, V.G. Kouznetsova, Equivalent contin-
uum for viscoelastic metamaterials, Comp. Meth. Appl. Mech. Engng. 445, article 118160, 2025.
https://doi.org/10.1016/j.cma.2025.118160
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Lightweight cellular materials such as foams exhibit excellent energy absorption characteristics and 
are widely used for impact mitigation in a variety of applications. This lecture presents results from 
combined experimental and analytical efforts that investigate the crushing behavior of Al-alloy 
open-cell foams under quasi-static uniaxial and triaxial loadings and under impact. The foam 
microstructure is established using X-ray tomography including the cell and ligament morphology. 
The compressive force-displacement response exhibits an initial stiff branch, followed by an 
extended load plateau during which localized cell crushing progressively spreads throughout the 
specimen. When most of the cells are crushed the densified material stiffens again. Foam crushing 
is simulated using micromechanically accurate models. Skeletal random models generated from 
soap froth using the Surface Evolver software are dressed with solid to match the material 
distribution and relative density of actual foams. The ligaments are modeled as shear-deformable 
beams with variable cross sections discretized with beam elements in LS-DYNA, while the Al-alloy 
is modeled as elastic-plastic. Such models are shown to reproduce all aspects of quasi-static 
crushing faithfully, including the initiation of instability, its localization, the subsequent 
propagation and the densification stage. This modeling framework is used to crush model foams in 
a true triaxial loading apparatus. The recorded responses are shown to exhibit the same three-
deformation regimes characterized by stress plateaus and localized crushing. The results of such 
discrete models are subsequently used to calibrate a pressure sensitive constitutive model with a 
partially softening material response. It is demonstrated that such a homogenized solid, introduced 
in finite element analyses of triaxial crushing, can reproduce the responses and localized crushing 
observed in the discrete models.  
 
Under impact at velocities higher than 50 m/s, the foams develop nearly planar shocks that 
propagate at well-defined velocities, crushing the specimen. The shock-impact speed and the 
densification strain-impact speed representations of the Hugoniot were both extracted directly from 
high-speed images recorded during the impact. The compaction energy dissipation across the shock 
was found to increase with impact speed and to be significantly greater than the corresponding 
quasi-static one. Similar discrete foam models used in impact simulations are found to capture 
accurately the dynamic crushing behavior observed experimentally. That is, limited inertial effects 
are present below a critical speed, and shock formation above it. In the shock regime, the models 
reproduce the force acting at the two ends, the shock front velocity and energy absorbed. 
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Fast Fourier Transform (FFT)-based models for microstructure/property
relationships of polycrystalline materials

Ricardo A. Lebensohn
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Crystal plasticity (CP) are well-established models, used, e.g., in scale-bridging applications to obtain micro-
structure-sensitive mechanical response of polycrystalline materials. These models require a proper consid-
eration of the single crystal deformation mechanisms, a representative description of the microstructure, and
an appropriate scheme to connect the microstates with the macroscopic response. FFT-based methods, origi-
nally proposed by Moulinec and Suquet for composites [1] and extended to polycrystals [2] (our most recent
formulation, including non-local large-strain elasto-viscoplasticity reported in [3]) are attractive due to their
higher efficiency compared with CP-Finite Elements, and their direct use of voxelized microstructural images.
In this talk, we will report recent progress on FFT-based polycrystal plasticity, with emphasis in novel imple-
mentations, including strain-gradient plasticity, achieving geometric accuracy working with voxelized images,
non-periodic extensions, and dynamic effects. We will show applications of these methods to: micromechanics
of nano-metallic laminates, wave propagation in heterogeneous materials, multiscale coupling with Lagrangian
hydrocodes, integration with 3-D characterization methods, and use for training and validation of machine-
learning methods.

[1] H. Moulinec, P. Suquet, A numerical method for computing the overall response of nonlinear com-
posites with complex microstructure, Comput. Methods Appl. Mech. Eng. 157(1–2), 69–94, 1998.
https://doi.org/10.1016/S0045-7825(97)00218-1

[2] R.A. Lebensohn, N-site modelling of a 3D viscoplastic polycrystal using Fast Fourier Transform, Acta
Mater. 49(14), 2723–2737, 2001. https://doi.org/10.1016/S1359-6454(01)00172-0

[3] M. Zecevic, R.A. Lebensohn, L. Capolungo, Non-local large-strain FFT-based formulation and its applica-
tion to interface-dominated plasticity of nanometallic laminates, J. Mech. Phys. Solids 173, 105187, 2023.
https://doi.org/10.1016/j.jmps.2022.105187
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Micromechanics: The “Strength” of Miniaturized Testing
Erica Lilleodden
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The continued miniaturization of engineering systems and the increasing complexity of multimaterialarchitectures demand characterization approaches capable of resolving mechanical behavior at the lengthscales where deformation, damage, and failure originate. Conventional testing methods often fail to capturethe localized phenomena governing performance, particularly when the representative volume approaches thecharacteristic dimensions of the microstructure and pronounced size effects emerge. This presentationhighlights recent advances in quantitative small-scale mechanical testing and nanomechanical characterizationthat enable direct correlations between processing, local microstructure, and performance, going well beyondinvestigating the “smaller is stronger” paradigm. Emphasis is placed on distinguishing intrinsic materialbehavior from testing artifacts and on establishing robust constitutive descriptions for microscale materialsand device components. By integrating advanced microstructural characterization with micromechanicaltesting, this framework provides powerful tools for accelerated process optimization, root-cause failureanalysis, and predictive lifetime assessment across a broad range of material systems and applications.Ultimately, the talk demonstrates how miniaturized testing has evolved from a characterization technique intoa quantitative diagnostic methodology, revealing that the reliability and functionality of advanced materialsare fundamentally governed by local mechanical behavior across multiple length scales.
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Motivated by the effects induced by grain boundaries and microcracks on effective electrical properties, the
focus of this contribution is on the development of generalised computational multiscale formulations for elec-
trical conductors. In line with classic energy-based approaches for bulk material, it is shown that effective
electrical conductivity tensors can be condensed from the underlying microstructure. Thereby, special em-
phasis is placed on asymptotic expansions and Hill-Mandel-type multiscale techniques. Their usefulness is
demonstrated by consideration of experimental investigations. Extending the established multiscale descrip-
tion of electrical conductors, grain boundaries together with related strong discontinuities in the microscale
fields are elaborated. This allows for a comprehensive analysis of the Andrews method, which is established as
the key materials science approach to study grain boundary resistivity and its effect on the effective electrical
properties of polycrystalline materials. Particularly, the applicability as well as the limitations of the Andrews
method are addressed. In general, material interfaces occur at different length scales – electrically conductive
adhesives being a typical example of, e.g., macroscale interfaces. Such adhesives are key elements of electronic
packages used in, e.g., communication and computing applications, with their distinct properties induced by the
underlying multiscale nature. Considering appropriate scale-bridging relations, these macroscale composite in-
terphases are approximated as zero-thickness cohesive interfaces. The proposed framework thereby generalises
classic phenomenological traction-separation approaches by relating the apparent electro-mechanical interface
response to the underlying microstructure.

ACKNOWLEDGEMENT: Financial support by the Deutsche Forschungsgemeinschaft (DFG, German Re-
search Foundation) – Project-ID 278868966 – TRR 188 is gratefully acknowledged.
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Cryogenics was born in Kraków in 1883, when Karol Olszewski, an outstanding chemist, carried out – together 

with the physicist Zygmunt Wróblewski – the first successful liquefaction of air. Nowadays, attaining 

temperatures close to absolute zero is relatively standard, although it still requires sophisticated and complex 

equipment. In the vicinity of absolute zero, the thermal conductivity, thermal expansion coefficient, and 

specific heat of metals and their alloys all tend toward zero. This behaviour is fully consistent with the third 

law of thermodynamics, which states that the entropy of a perfect crystal at absolute zero is equal to zero. It is 

well known that heat transport in a crystal lattice is governed by two fundamental mechanisms: phonon 

transport and free-electron transport. At extremely low temperatures, the contribution of lattice quantum 

vibrations (phonons) is limited to acoustic modes and can be described as the total energy of the lattice, 

represented by the sum of the energies of all harmonic oscillators. The excess lattice energy above zero 

vibrations is proportional to the fourth power of temperature; consequently, the specific heat – expressed as 

the derivative of lattice energy with respect to temperature – is proportional to the third power of temperature. 

As the specific heat approaches zero with decreasing temperature, the derivative of temperature with respect 

to heat (dT/dQ) tends to infinity. Therefore, near absolute zero, even an arbitrarily small dissipation of energy 

can produce a significant increase in temperature. In the present paper, several dissipative phenomena 

occurring in crystal lattice at very low temperatures are discussed, including intermittent plastic flow [1], 

plastic strain–induced phase transformations, the evolution of microdamage, fracture [2], as well as creep 

mechanisms. Intermittent plastic flow represents an oscillatory mode of plastic deformation that occurs below 

a critical temperature: T₀ for materials with high stacking fault energy (HSFE) and T₁ for materials with low 

stacking fault energy (LSFE). Plastic flow in metastable materials, such as stainless steels, at extremely low 

temperatures is usually accompanied by a dynamic evolution of the microstructure resulting from plastic 

strain–induced fcc–bcc phase transformation. Ductile damage and fracture are key issues for metastable 

materials operating at extremely low temperatures. A broad class of these materials, particularly stainless 

steels, exhibits clear evidence of ductile fracture. Moreover, extensive studies of the long-term creep behaviour 

of metals and alloys at cryogenic temperatures clearly indicate that creep occurs even at temperatures 

approaching absolute zero (liquid helium, 4.2 K). To explain the background of these phenomena, the 

behaviour of liquid and superfluid helium – the only element that remains in a liquid state down to absolute 

zero – is examined, with particular emphasis on phase transitions. Heat transport across the solid–fluid 

boundary and its influence on lattice-related dissipative phenomena are also illustrated and discussed. All of 

these effects are considered in the context of the fundamental principles of mechanics and thermodynamics. 

ACKNOWLEDGEMENT: Project of the National Science Centre 2021/41/B/ST8/01284 is acknowledged.   
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Formation and evolution of microstructure is a common feature in displacive transformations such as marten-
sitic transformation and deformation twinning. It is accompanied by nucleation, propagation and annihilation
of interfaces, either direct phase and twin boundaries or microstructured interfaces such as austenite–twinned
martensite interfaces. These phenomena are particularly important in the case of shape memory alloys (SMAs),
in which martensitic transformation is the main mechanism responsible for their functional properties, in partic-
ular for the shape memory effect and pseudoelasticity. In deformation twinning, the associated microstructure
evolution is typically coupled with dislocation slip, and from the modelling point of view, the strong coupling
between the two mechanisms of plastic deformation constitutes an additional challenge.

The phase-field method is a powerful computational tool for spatially-resolved modelling of microstructure evo-
lution. Its essence lies in treating the interfaces as diffuse. This is achieved by introducing a continuous phase
variable, called the order parameter, so that interface tracing is avoided and computations can be performed on
a fixed computational grid. On the other hand, the need for accurate resolution of the diffuse interfaces requires
the computational grid to be sufficiently fine with respect to the interface thickness.

At a higher scale, the stress-induced transformation in polycrystalline SMAs often proceeds in a heteroge-
neous manner, through the propagation of macroscopic transformation fronts that separate transformed and
untransformed areas of the sample and often resemble Lüders bands, although more complex patterns are also
observed. This is particularly true for NiTi subjected to tension-dominated loading. The associated instabilities
result from a non-monotonic (up-down-up) intrinsic stress–strain response. A possible approach to modelling
related phenomena is to introduce some kind of gradient enhancement into the model. As a result, the macro-
scopic transformation front is modelled as a diffuse interface, and the computational framework bears some
similarity to the phase-field method. This approach has been used in our recent work on the modelling propa-
gating instabilities and transformation patterns in pseudoelastic NiTi.

The talk will summarize our recent results on diffuse interface modelling of martensitic transformation in
SMAs [1], deformation twinning in magnesium [2, 3], both within the phase-field framework, and transforma-
tion patterns in polycrystalline NiTi within the framework of gradient-enhanced pseudoelasticity [4, 5].

[1] M. Rezaee-Hajidehi, K. Tůma, S. Stupkiewicz, Indentation-induced martensitic transformation in SMAs:
Insights from phase-field simulations, Int. J. Mech. Sci. 245, 108100, 2023.

[2] M. Rezaee-Hajidehi, P. Sadowski, S. Stupkiewicz, Deformation twinning as a displacive transformation:
Finite-strain phase-field model of coupled twinning and crystal plasticity, J. Mech. Phys. Solids 163,
104885, 2022.

[3] M. Rezaee-Hajidehi, P. Sadowski, S. Stupkiewicz, Indentation-induced deformation twinning in magne-
sium: Phase-field modeling of microstructure evolution and size effects, J. Magn. Alloys 13, 1721, 2025.

[4] M. Rezaee-Hajidehi, S. Stupkiewicz, Predicting transformation patterns in pseudoelastic NiTi tubes under
proportional axial-torsion loading, Int. J. Solids Struct. 281, 112436, 2023.

[5] A. Ahadi, E. Sarvari, J. Frenzel, G. Eggeler, S. Stupkiewicz, M. Rezaee-Hajidehi, Size-dependent transfor-
mation patterns in NiTi tubes under tension and bending: Stereo digital image correlation experiments and
modeling, J. Mech. Phys. Solids 206, 106413, 2026.
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Stress-Fractional and non-orthogonal plasticity models are capable of capturing the state-dependent 

nonassociated behaviour of soil without using additional plastic potential or even state index in some 

circumstances; however, their performances in finite element analysis involving softening and strain 

localization can be highly sensitive to mesh discretization, thereby compromising the reliability and accuracy 

of the results. To this end, a nonlocal regularised two-surface stress-fractional plasticity model is proposed, 

where a basic simplification criterion for the practical modelling in general stress condition is suggested. Given 

the critical role of plastic volumetric strain in simulating strain softening, its evolution is assumed to be 

governed by increments at both local and neighbouring integration points. The regularization method is 

implemented via a user-defined subroutines using an explicit stress integration scheme, where the nonlocal 

model is applied to simulate boundary value problems involving over-consolidated clay under biaxial 

compression, cut slope, and strip footing bearing capacity. When compared to the original model, the nonlocal 

model substantially reduces mesh sensitivity in the load-displacement response and produces more consistent 

soil failure patterns, validating the effectiveness of the nonlocal approach. 

 

[1] W. Sumelka, M. and Nowak. Non‐normality and induced plastic anisotropy under fractional plastic flow 

rule: a numerical study. International Journal for Numerical and Analytical Methods in Geomechanics, 

Vol. 40(5), pp. 651-675, 2016.  

[2] Y. Sun, Y. Gao, and Q. Zhu. Fractional order plasticity modelling of state-dependent behaviour of 

granular soils without using plastic potential. International Journal of Plasticity, Vol. 102, pp. 53-69, 2018. 
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A stress and strain tensor may be presented as a surface delimited by vectors located at angles α1, α2, α3 in 
relation to axes x, y, z (Eq. 1). Geometrically, it outlines a domain and results from the loading. Therefore, its 
geometrical presentation may be used for comparison of various loading patterns. Quantities like volume, 
surface area, cross-section area, or circumference of the cross section are the obvious options. This study 
presents basic cases of uniaxial, biaxial, triaxial tension and pure shear for an isotropic solid body. The first 
part describes analysis of the stress cases, while the other involves analysis of strain cases. Particular cases of 
pure shear and uniaxial tension proved to be most interesting. It is worth mentioning that in case of stress 
analysis this approach does not involve any material features, whereas for strain, Poisson’s ratio contributes 
this material property into consideration. For the first time this approach was presented by the author in 2022 
[1]. In Figure 1 there is an example of the stress domain for uni-axial tension, placed in a sphere of the points 
for the tri-axial tension. Next to it, its isometric view of half the domain with some geometrical quantities 
calculated is shown. The basic equation for normal stress is presented below (Eq.1) with principal stresses 
utilised. 

 )(cos)(cos)(cos 3
2

32
2

21
2

1     (1) 

 

 

Figure 1. Clouds of points referring to normal stress tensor for uniaxial tension inside a sphere of triaxial 
tension [1]. 

The discussed approach has proved to be feasible in typical comparisons between pure shear and uniaxial 
tension, and biaxial tension as well. One of the discussed geometrical quantity namely, the circumference of 
the cross sections of the domains fits well with the Huber-Misses criterion for material’s failure. 
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This contribution outlines a unified analytical framework based on a Laplace-transform approach for the static 

analysis of prismatic bending beams across multiple classical and extended beam models. Starting from the 

full Timoshenko theory [1], the governing equation is systematically reduced to the Euler–Bernoulli model [2] 

as a limiting case of vanishing shear deformation. The formulation also incorporates a Vlasov warping 

correction for asymmetric cross-sections, enabling the analysis of beams lacking geometric symmetry and 

exhibiting warping-related stiffness effects. 

The study addresses various static load types, including concentrated forces, bending moments, distributed 

loads, and beams reinforced with two internal stiffeners. All computations are performed in the Laplace domain 

using a single governing equation, even for multi-span or piecewise-loaded beams, and inverse transformation 

yields closed-form deflection fields. 

To assess the influence of support spacing on the agreement between the Timoshenko, Euler–Bernoulli and 

Vlasov-corrected models, an experimental campaign was conducted in which beam deflections were measured 

at several points and compared with analytical predictions for varying support configurations. The results 

identify the ranges of beam slenderness and support geometry for which shear deformation, warping stiffness, 

or classical bending assumptions dominate. 

The main novelty lies in solving multi-span and irregularly supported beams using a single closed-form 

Laplace-space formulation. The algorithm includes (i) system release from supports, (ii) transformation of 

loading to the Laplace domain, (iii) analytical solution in Laplace space, (iv) inverse transformation to the 

physical domain, (v) enforcement of boundary and intermediate support conditions, and (vi) computation of 

deflections, slopes, bending moments, shear forces, and reactions, enabling efficient treatment of beams with 

multiple supports, non-classical stiffness features, and non-uniform loading patterns. 

 

[1] S.P. Timoshenko, On the correction for shear of the differential equation for transverse vibrations of 

prismatic bars, Philosophical Magazine, Series 6, Vol. 41(244), pp. 744–746, 1921. 

https://doi.org/10.1080/14786442108636264  

[2] T. Haukaas, “Euler–Bernoulli Beams,” University of British Columbia, 2026. Available online: 

https://civil-terje.sites.olt.ubc.ca/files/2026/02/Euler-Bernoulli-Beams.pdf 
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Hookean elasticity is based on a linear relation between stresses and strains, which is reasonable for the most 

of solids at small deformations. In turn, linearity justifies the superposition principle leading to the classical 

generalized Hooke law. One of its well-known thermodynamical consequences is that for isotropic materials 

Poisson’s ratio lies within the interval [−1, 0.5]. In this contribution, we propose a hyperelastic isotropic 

material model based on a positive-definite strain energy function (see [1] for more details). The stress-strain 

response of the model is non-linear even at infinitesimal deformations and cannot thus be linearized. As a 

result, the superposition principle does not apply, and the generalized Hooke law is not valid even at small 

strains. In this case, one can speak about non-Hookean infinitesimal elasticity. A further unusual feature of 

this material model is that Poisson’s ratio can be smaller than −1 or greater than 0.5 in full agreement with the 

laws of thermodynamics. For example, in the latter case volume of a specimen monotonically decreases under 

uniaxial tension, which is rather unusual. The proposed model is verified in various deformations states such 

as uniaxial tension/compression, simple shear and pure dilation and demonstrates plausible and stable 

response. 

 

[1] M. Itskov, ResearchGate (preprint), 2026. https://doi.org/10.13140/RG.2.2.12123.22562 
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Modern mechanical systems, widely deployed across diverse engineering and technological applications, in-
creasingly integrate nanoelectromechanical systems (NEMS) and microelectromechanical systems (MEMS).
At these characteristic length scales, the inherently discrete and atomistic nature of matter does not fit the clas-
sical theories of continuum mechanics, which assume purely local constitutive behavior. They are therefore
inadequate for precise modeling and predictive analysis in these applications.

A wide range of nonlocal phenomenological models have been developed to capture size-dependent and scale-
related effects, including integral-type theories, general nonlocal theories, strain-gradient theories, and microp-
olar theories, among others. However, in the present work the analysis is conducted within the framework of
the Fractional Continuum Mechanics (FCM) model [1].

The primary objective of the present study is to quantify changes in the global structural response resulting from
microstructural modifications in selected members. It has been demonstrated that the microstructure governs
the nonlocal behavior of the material [3] modeled using the fractional model. Consequently, the parameters
of this model can be adjusted to represent microstructural alterations. In this work, various configurations of
fractional order of material α and characteristic length scale ℓ f for individual structural members are examined,
with particular emphasis on their influence on the global response and the emergence of unexpected asym-
metry. Additionally, due to the complex and computationally demanding nature of the numerical solution of
fractional calculus cite szajek-2019, a multilevel framework is proposed that employs fractional bar reduction
as a surrogate model [4].

The proposed procedure was assessed using full-scale models of truss-like structures that explicitly account
for local effects. The findings unambiguously demonstrate the impact of microstructural characteristics on the
global structural response, including the emergence of asymmetric deformation in geometrically symmetric
models under symmetric loading and boundary conditions.
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[1] Sumelka, W., "Thermoelasticity in the Framework of the Fractional Continuum Mechanics, Journal of
Thermal Stresses, Vol., 37/61, pp. 678–706, 2014.

[2] Szajek K., Sumelka W., Identification of mechanical properties of 1D deteriorated non-local bodies,
Structural and Multidisciplinary Optimization, Vol., 59/1, pp. 185-200, 2019.

[3] Szajek K., Sumelka W., Discrete mass-spring structure identification in nonlocal continuum space-
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This paper investigates first- and second-order strain-gradient materials by means of nonlinear wave dynamics,
using singular shock and acceleration waves to characterize admissible constitutive equations. The framework
focuses on one-dimensional continua, where the state is described by the stress σ(x, t), the strain ε(x, t), and
the velocity v(x, t), subject to the momentum equation ρvt = σx, the kinematic relation εt = vx, and a general
constitutive equation

F(σ,ε,σx,σt ,εx,εt) = 0

or
G(σ,ε,σx,σt ,σxx,σxt ,σtt ,εxx,εxt ,εtt) = 0

in the second-gradient case.

In the method of singular wave analysis, a material initially in a uniform physical state is disturbed at one
point, and the resulting disturbance propagates along a wave front ϕ(x, t) = const with speed c = −ϕt/ϕx.
Using Hadamard’s jump relations, the paper distinguishes between first-order (shock) waves, second-order
(acceleration) waves, and third-order (higher-gradient) waves, where the jumps vanish up to a given order of
derivatives but reappear at the next order. This classification allows the derivation of compatibility conditions
on the wave amplitude moduli µ,κ,ν and the propagation speed c from the governing equations.

For second-order waves, the analysis yields a third-degree polynomial in the wave speed c of the form

ρ
∂F
∂σt

c3 −ρ
∂F
∂σx

c2 +
∂F
∂εt

c− ∂F
∂εx

= 0.

For third-order (second-gradient) waves, the compatibility analysis is extended to second-order spatial and
temporal derivatives, leading to a fourth-degree polynomial

2ρ
∂G
∂σtt

c4 −ρ
∂G
∂σxt

c3 +

(
ρ

∂G
∂σxx

+
∂G
∂εtt

)
c2 − ∂G

∂εxt
c+

∂G
∂εxx

= 0.

The work thus provides a systematic way to deduce admissible first- and second-order gradient constitutive
equations from the structure of second- and third-order singular waves, linking the non-local nature of gradient
materials to the dynamics of disturbance propagation in a unified framework.

[1] Gy. Béda, Nonlinear Anal. 30, 397–407, 1997.

[2] Gy. Béda, P. B. Béda, Proc. Estonian Acad. Sci. 8(2), 101–111, 1999.

[3] Gy. Béda, Int. Appl. Mech. 10, 136–143, 2010.
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Traditional continuum models are insufficient for accurately depicting thermoelastic behavior at micro- and 

nano-scales, where size-dependent effects become significant. Long-range interactions at these scales strongly 

influence the thermomechanical response of structural systems. A novel method for simulating such nonlocal 

phenomena is space-fractional continuum mechanics, which uses fractional calculus. Space-fractional models 

can effectively represent size-dependent mechanical responses, but their application to thermoelastic problems 

remains constrained. A space-fractional thermoelastic framework for analyzing beam structures at the micro- 

and nano-scales has been described in this work. By accounting for temperature-dependent material 

characteristics, thermal effects are incorporated, enabling the examination of the impact of temperature 

changes on structural response within a coherent continuum framework. The impacts of Young's modulus, 

material grain size, and fractional order under various temperature conditions and boundary conditions are 

assessed through a parametric study. Overall, the suggested model advances our understanding of 

thermomechanical behavior at small scales and provides a useful framework for the study and design of micro- 

and nanoscale systems, such as MEMS and NEMS devices, where thermal effects are crucial. 
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The evolution of material microstructure in metallic materials plays a crucial role in determining the 

final exploitation properties of the manufactured components. However, accurate numerical model-

ling of phenomena responsible for microstructure evolution requires the use of large computational 

domains to properly capture grain morphology and their representative interactions. Therefore, sim-

ulations of microstructural phenomena, such as static recrystallization (SRX), are computationally 

demanding and often limited by execution time when implemented on fine-resolution computational 

domains. However, this high computational cost can be significantly reduced by applying parallel-

ization strategies, either through GPU computation [1] or distributed computing techniques that de-

compose the computational domain across multiple CPU processing units [2,3]. 

 

Therefore, this work investigates the use of advanced parallelization techniques to accelerate a cellu-

lar automata (CA) based model of static recrystallization. The study focuses on data-parallel ap-

proaches in which computations for individual CA cells are performed independently in multiple 

computing threads. Particular attention is given to the most time-consuming parts of the algorithm, 

including the grain growth phase, space update procedures, and nucleation processes, which dominate 

the overall simulation time. The application of shared-memory parallelization using technologies 

such as OpenMP, DPC++, or the newer C++ standard enables relatively straightforward adaptation 

of an existing sequential code to a multithreaded version by parallelizing loops that iterate over the 

CA space. This approach allows efficient utilisation of modern multicore processors without funda-

mental modifications to the underlying physical model, thus maintaining the model's predictive ca-

pabilities. Computational experiments demonstrate that, for sufficiently large problem sizes, signifi-

cant reductions in execution time can be achieved, especially for the most computationally intensive 

stages of the algorithm.  
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Fractional evolution of damage anisotropy in anisotropic hyperelasticity: 
theory and validation for roofing felts 
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This contribution presents a constitutive framework for finite-strain materials in which elastic anisotropy and 
damage anisotropy are described independently within anisotropic hyperelasticity. Two structural tensors are 
introduced: one for the directional elastic response and one for the evolving directional damage state. The 
free-energy function is decomposed into an undamaged hyperelastic part and a damage-related energy loss 
part, which provides an objective and thermodynamically admissible description. The main novelty is a time-
stress-fractional evolution law for anisotropic damage. The direction of damage growth is determined by a 
Riesz-Caputo fractional derivative with respect to the stress state, while the temporal history of damage can 
be represented by a Caputo fractional derivative with respect to time. As a result, the model can capture both 
stress-induced directional effects and memory in damage evolution. Because the evolution equations do not 
admit a general closed-form solution, a numerical approximation is derived and prepared for implementation 
in an Abaqus subroutine. The formulation is then examined through a parametric study for an isotropic 
hyperelastic solid and validated against uniaxial tension tests for roofing felts, which exhibit pronounced 
elastic and damage anisotropy due to orthogonal fibre reinforcement. The results show that the proposed 
approach can reproduce finite-strain behaviour together with direction-dependent degradation, making it a 
promising tool for anisotropically damaged hyperelastic materials. 

ACKNOWLEDGEMENT: This work is supported by the National Science Centre, Poland under Grant No. 
2023/51/B/ST8/01062. 
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Cobalt Nanorods Buckling within Nonlocal Eringen Elasticity Theory:
Numerical and Experimental Approach
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This study examines the post-buckling response of compressed nanorods using Eringen’s nonlocal elasticity
theory. We develop a nonlocal elastica model for a compressed nanorod based on the moment-curvature
relation and the corresponding equilibrium equations. The boundary conditions are chosen to reflect those
used in experiments on nanowires. The resulting nonlinear boundary-value problem is solved numerically with
a shooting method, which makes it possible to compare the classical Euler elastica with its nonlocal extension
and to evaluate the influence of the nonlocal parameter on the structural response. In particular, the simulations
are used to observe how variations in the nonlocal parameter affect the post-buckling shape, as well as the
value and location of the maximum deflection along the nanowire’s axis. The shooting method was chosen
because of its numerical stability and robustness when dealing with high order nonlinear differential equations
containing trigonometric terms and variable coefficients. The effects of the scale parameter, slenderness ratio
and boundary conditions on buckling behavior are very carefully examined.

The model was developed to match as closely as possible the conditions of the in-situ SEM compression
experiments performed with a flat-punch nanoindenter. In those tests, SEM image sequences were used to track
cobalt nanowire deflection in the post-buckling regime, providing the basis for fitting the nonlocal parameter
in the model, for given values of the initial angle and bifurcation mode. The sensitivity of the elastica shape
to variations in the nonlocal parameter is evident. The numerical results clearly show that even relatively
small changes in the nonlocal parameter can lead to noticeable differences in the predicted post-buckling
configuration of the nanorod, including the location and value of the maximum deflection. It can also be
observed that the higher the value of the initial angle is, the greater the difference between the Euler-Bernoulli
theory and the nonlocal Eringen theory. A similar conclusion can be drawn by considering the bifurcation mode
value – the higher the mode value is, the greater the difference in the results. Likewise, higher buckling modes
are associated with more pronounced discrepancies between the two models, suggesting that nonlocal effects
become increasingly important for more complex deformation patterns.

On this basis, we conclude that selecting an appropriate value of the nonlocal parameter is not just a technical
detail, but a key step in obtaining realistic predictions for a given material system. In particular, for larger
initial imperfections, the nonlocal model departs more strongly from the classical Euler–Bernoulli prediction,
which indicates that geometric imperfections amplify nonlocal effects. These studies showed overall agreement
with elastica-based predictions, but also highlighted the influence of geometric parameters and the need to
account for realistic support conditions at the nanoscale. Overall, the findings support future comparisons with
nanoscale experiments and may help in identifying appropriate nonlocal parameter values and experimentally
realistic boundary conditions for slender nanostructures.
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Why nanostructures are different?
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In my talk I will give a general introduction to vibrational properties, and their coupling to electron
liquid, in nanostructures. In the first part I wish to provide a brief and accessible explanation on
what  happens  when  a  characteristic  size  of  a  device  reaches  an  order  of  nanometers.  I  shall
introduce concepts such as energy level quantization, surface-to-volume ratio, anharmonicity and
non-adiabaticity to discuss their implications and range of applicability. To be specific I shall focus
on one- and two-dimensional systems where collective phenomena definitely determine the physics
of the material. These are the systems that are at present at the forefront of materials science such as
nanotubes,  nanorods,  stepped  surfaces,  but  also  topological  states  on  crystal  dislocations.  One
particular example that I will explore in more detail are Moire bi-layers.

The reason why Moire bi-layers are special is because at a finite twist angle, in a single sample one
obtains a set of atoms with varying degrees of anharmonicity and non-adiabaticity. Indeed, several
exotic orderings have been detected in this  platform within the last  decade of intense research,
which has lead to numerous publications in the highest level journals. Thus, in the second part of
my  talk  I  will  show  how  to  incorporate  such  extraordinary  lattice  dynamics  within  a  full
microscopic  quantum  mechanical  description:  the  method  of  effective  correlated  electron-ion
dynamics (ECEID). I will present the ECEID equation (together with a sketch of their derivation)
and compare the results with simpler methods for instance Ehrenfest dynamics.

In the last part of my talk I will show how these microscopic results can be employed into a field
theoretical description of nanostructures at the mesoscopic scale. It is at this scale that the collective
phenomena play a crucial role and ought to be captured. In this way measurable quantities can be
obtained. Overall, the aim of this talk is to show that a description of materials that include the
quantum  mechanical  effects  is  entirely  possible  already  with  a  current  state  of  knowledge.
Importantly, up to large extend it does not require a heavy numerical effort, but it is a description
that uses analytical methods.
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Titanium alloys are widely used in aerospace, biomedical, and energy applications owing to their high specific 

strength, corrosion resistance, and biocompatibility. In order to investigate the influence of the manganese on 

the mechanisms of plastic deformation in polycrystalline α-phase Ti-Mn alloys we have performed a series of 

molecular dynamics simulations for uniaxial tensile tests at 300K and 109s-1 strain rate for Ti-2at%Mn, Ti-

4at%Mn, as well as pure Ti and analyzed the results. 

 

Figure 1. Example of simulated cell after tensile test, as well as stress-strain curves for pure Ti, Ti–2Mn and Ti–4Mn. 

In pure Ti, plastic deformation is mediated mainly by the growth of the grain boundaries, reaching 56at% at 

the end of strain test, compared to 46% in Ti-2Mn and 39% in Ti-4Mn at.%. Apart from the grain boundary 

growth, a different mechanism of deformation is occurring inside the grains. When strain is applied, stacking 

faults are formed (which in HCP material are planes ordered as FCC), limited inside the grain by the 1/3<1-

100>-type edge dislocations, or by the grain boundaries. Under further application of strain, three different 

options are possible. (i) Two 1/3<1-100>-type dislocations surrounding a stacking fault form one 1/3<11-20>-

type dislocation, that is terminated on the grain boundaries, following the balance of energies, e.g. 1/3[-1010]- 

1/3[1-100]=1/3[-2110]. This leads to a decrease in the percentage of FCC atoms. (ii) Stacking fault is absorbed 

into the grain boundary, leading to a decrease in the density of 1/3<11-20>-type dislocations. (iii) Stacking 

faults grow until they fully terminate on the grain boundaries and either stabilize or split the grain in two. 

Stacking faults form in every sample of every alloy, but in alloys with Mn, their number and size are increased. 

As such, a clear trend is observed: increasing Mn content leads to higher resistance to deformation, as reflected 

in the stress–strain response. At the atomic scale, plastic deformation is governed by dislocation nucleation 

and their subsequent interactions. The addition of Mn modifies the local atomic environment, hindering 

dislocation mobility and contributing to the observed strengthening. 
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There is an effect called the ultrasonic vibration-assisted forming effect. It is a phenomenon, in which the flow 

stress decreases intensely when ultrasonic vibration is superimposed during the plastic deformation. It includes 

three effects, which are the “Stress superposition effect”, “Residual effect” and “Acoustic softening effect”. 

This study focuses on the acoustic softening effect. Asazuma elucidated that the atomic density difference 

resulting from extra atomic planes affects the interatomic potential, leading to an imbalance in atomic mobility; 

this promotes slip and gives rise to acoustic softening [1]. However, in that study, the edge dislocations 

contained kinks, and the effect of these kinks remains unclear. The aim of this study is to elucidate the influence 

of kinks in edge dislocations on the ultrasonic softening effect by comparing the yield stress, the interatomic 

potentials, and the kinetic states of atoms, which take account of their orientation. 

The molecular dynamics simulations were conducted by LAMMPS [2] using the edge dislocation inserted 

model shown in Figure 1. Two types of models are created: a tilted model and an orthogonal model. The 

orthogonal model size is 40.8Å × 88.8Å × 56.0Å and it contains 17424 atoms. Also, the no-kink model is 

tilted by 19.2Å in the xz direction to satisfy periodic boundary conditions. In this model, slip direction <111> 

adopted to the x direction, and slip plane (110) to xz plane. xy shear and ultrasonic vibrations that proportional 

to the normal yield stress were applied to both models. The stress-time curves are displayed in Figure 2. The 

yield stress of the orthogonal model decreased from 68 MPa to 40 MPa. Furthermore, the yield stress of the 

tilted model decreased from 510 MPa to 460 MPa. These results indicate that the kink caused a significant 

reduction in yield stress. It was also found that acoustic softening effects were increased efficiency by four 

times due to the kinks. 

 

 

 

 

 

 

 

[1] Akari Asazuma and Shuichi Arikawa, Absorption of ultrasonic vibration energy by dislocations in body-

centered cubic iron: a mechanistic study using molecular dynamics simulations, 2026. 

https://link.springer.com/article/10.1007/s10853-026-12331-9 

[2] LAMMPS Molecular Dynamics Simulator: https://lammps.sandia.gov 

Fig.1 (a) Orthogonal model              (b) No-kink model                                       Fig.2 Stress-Time curve 
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2D materials play important role in engineering applications and the problem how to design new ones based 

on atomistic and nanoscale modelling is the subject of the paper.  

The following problems are considered:  

- for 2D Materials with p-orbitals, (graphene analogues), i.e. the case of materials where valence electrons are 

well spread as they reside on weakly correlated p-orbitals, we shall inquire how does the change of constituents 

towards heavier atoms affect structural properties; 

- for 2D Materials with d-orbitals we shall explore whether our relatively simple method can be extended to 

capture systems with electrons correlations.  

The main goal is to find stable arrangements of selected  atoms of carbon, molybdenum, silicon and tin under 

certain imposed conditions. The total potential energy of an atomic system  is minimized by AI in the form of 

a hybrid parallel evolutionary algorithm. 

In the case of carbon a discrete atomic model and interactions between atoms are modeled using the AIREBO 

potential.  The parallel approach used in computations allows significant reduction of computation time. 

Validation of the obtained results of new 2D graphene allotrppes obtained using the described metodology is 

presented, along with their mechanical properties [1,2]. 

Apart from graphene one of the most prominent 2D material is the Single-Layered Molybdenum Disulfide 

(SLMoS2), which reveals polymorphism at the nano-level. The paper presents optimization technique which 

allows to obtain SLMoS2 heterostructures with desired mechanical properties. The behavior and energy of the 

atoms is determined by the REAX-FF potential. Examples of such periodic SLMoS2 2H/1T heterostructures 

are presented with corresponding mechanical properties [3]. 

The ability of various interatomic potentials to reproduce the properties of silicene and tin, that is, 2D single-

layer silicon and the stanene (2D tin), polymorphs are also examined [4], [5]. 

Finally, we present also mesoscopic scale superstructures, as a new tool to tailor properties of 2D materials. 

The simplest example here is Moire pattern in bi-layers, a generator of which is presented. 
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Atomistic reconstruction of dislocation sets based
on tensor algebra of lattice distortion fields
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Atomistic models of dislocations are often obtained by means of elastic-plastic relaxation of a perfect crystal
lattice subjected to external loading. Another method, widely used in ab-initio modeling, is based on insertion
of single dislocations into the perfect lattice. In such a case, the analytic formulas for displacement vector
field inserting a single dislocation into elastic continuum are used. As of yet, the methods mentioned above
do not give possibility for emerging the atomistic models of arbitrary chosen networks of dislocations. Among
others, this problem concerns reconstruction the sets of dislocations observed by means of high resolution
transmission electron microscopy. In this talk we discuss a deterministic method of obtaining atomistic models
of dislocation networks. The method is based on a tensor algebra of elemental lattice distortion tensor fields
used to subsequent insertion of single dislocations into deformed crystal lattice.

Figure 1. Preprocessed GaN lattice and glide plane along which the 5-th dislocation has been inserted[1].

Contrary to the linear-strain and linear-rotation measures, a lattice distortion tensor is the correct tensor measure
of finite deformation. Thus, many different tensor fields of finite strain and finite rotation can be extracted
uniquely from such a distortion field [2]. This enables a preprocessing of atomistic models of dislocations
in terms of finite deformation approach. A method presented here links: (i) the analytic formulas for lattice
distortions derived from the linear theory of dislocations, (ii) a tensor algebra of distortion fields, and (iii) the
atom-by-atom reconstruction of a network of dislocation cores into crystal lattice (see Fig. 1). Configurations
of atoms obtained in this way satisfy the stress equilibrium condition in terms of the linear theory of elasticity.
On the other hand, the spatial Burgers vectors of dislocations are stretched and rotated to each other according
to the finite deformation theory. Such obtained the resultant network of dislocations can be used next as the
input data for the ab-initio and/or molecular dynamics programs to find a low energy configuration of atoms
corresponding to a given interatomic potential.

[1] P. Jarosik, WURTZITE, https://github.com/pjarosik/wurtzite.

[2] P. Dłużewski K. Naplepka, CAMES 32(4), 367-383, 2025. https://doi.org/10.24423/cames.2025.1963.
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Cardiovascular diseases are the leading cause of death worldwide. Among them, aortic valve (AV) 

disorders characterized by abnormal function manifesting as regurgitation or limited leaflets movement 

become more prominent [1]. Current treatment methods involving the implantation of an artificial valve, 
despite continuous advances in engineering and medical sciences, are still far from achieving an optimal 

solution in terms of balancing the implant’s cyclic deformation with its fatigue strength. The aim of this study 

was to investigate the effect of using functionally graded materials (FGM) on the working cycle  

of the considered synthetic tricuspid AV geometries. A homogeneous reference AV model was also considered 
[see Fig. 1a]. Using ANSYS Mechanical software (ANSYS Inc., US) and the finite element method (FEM), 

dynamic simulations were performed under loading conditions corresponding to the isovolumetric contraction 

phase of the left ventricle with a maximum pressure of 120 [mmHg] and an aortic pressure of 80 [mmHg] [2]. 
Four conical curve-based rho-driven leaflet geometric variants were considered, with the coefficient ranging 

from 0.3 to 0.6. Using experimental data obtained from mSLA printed resins, hyperelastic material models 

were adopted, to which a second-order Ogden model was fitted. Within each geometry, the structure was 

divided into 4, 6, and 8 sections with varying mechanical properties, assuming a stepwise reduction in material 
stiffness along the free-edge direction of the valve leaflets [see Fig. 1b]. 

 

 
Figure 1. a) 3D-printed homogeneous AV. b) 0.4-rho AV model with six material sections. c) Total deformation [mm] 

of a one‑third section before and after loading (isometric view). d) Top view of the deformation field. 

The results of the simulations allowed the estimation of equivalent stress values, leaflet’s buckling 
pressure as well as the displacements of the elements [see Fig. 1c, d], thereby enabling the calculation of both, 

the cross-sectional areas of the valve at the characteristic points required for Gorlin’s equation  

and the assessment using clinically applied indicators. An additional outcome of this work is the development 

of a framework that provides a way to tailor the properties of the functionally graded material along  
the structure to achieve more balanced ratio between the strength of synthetic AVs and their ability to undergo 

elastic deformation. 
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Accurate numerical prediction of vertebral mechanical response depends strongly on the adopted constitutive
assumptions and representation of material heterogeneity. Simplified homogeneous material models can poten-
tially affecting the reliability of stress and deformation predictions. The present study investigates the influence
of material heterogeneity on the numerical response of an L5 vertebra model under compressive loading.

A three-dimensional finite element model of the L5 vertebra was developed, with geometry based on a com-
mercial anatomical model from Sawbones® (see Fig. 1). Three material modeling strategies were considered:
(i) a homogeneous isotropic model with uniform elastic properties defined as a volume-weighted average of
the properties of cortical and trabecular bone, (ii) a region-based heterogeneous isotropic model distinguishing
cortical and trabecular bone with different constant elastic parameters, and (iii) a region-based heterogeneous
orthotropic model assigning direction-dependent properties to cortical and trabecular regions. Quasi-static axial
compression was applied to evaluate global stiffness, displacement fields, and stress distribution patterns.

(a) (b)

Figure 1: Finite element model of the L5 vertebra: (a) overall geometry, (b) cross-section highlighting cortical (green)
and trabecular (orange) regions.

The preliminary results indicate that introducing material heterogeneity and orthotropic behavior affects both
local stress concentrations and predicted structural stiffness. Although the overall load–displacement response
remains qualitatively similar across all models, the heterogeneous isotropic and orthotropic formulations predict
higher stress levels and larger deformations compared to the homogeneous model.

These findings demonstrate the sensitivity of vertebral finite element simulations to constitutive modeling as-
sumptions and emphasize the importance of appropriate representation of tissue heterogeneity and anisotropy
for reliable numerical prediction. The study contributes to assessing the impact of model simplifications in
computational analyses of spinal biomechanics and constitutes a preliminary numerical investigation of the
influence of material heterogeneity on vertebral mechanical response.
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Porous materials are composed of a solid matrix and pores containing a fluid. One of the key properties of  

a porous medium is porosity, defined as the ratio of the pore volume to the total volume of the material. 

Biological tissues consist of cells separated by pores through which, for example, nutrients are transported. 

Therefore, it is appropriate to model them not only as homogeneous materials, but also as porous ones [1]. 

Biological systems can be analysed in the context of various phenomena, including cryopreservation, which 

involves storing biological material at low temperatures. The mathematical model considers, among other 

things, heat and mass transfer [2]. Thermal processes are governed by heat conduction and blood perfusion 

(blood convection), while mass transfer occurs as a result of diffusion associated with the movement of 

cryoprotectants (CPAs) or nutrients through the pores [1]. 

Heat transfer is described by the Fourier equation, whereas mass transfer is governed by a diffusion equation 

based on Fick’s law. The phenomena are coupled, as the diffusion coefficient appearing in the mass transfer 

equation depends on temperature. The diffusion coefficient is defined in three different ways: (1) using the 

Einstein–Stokes equation, (2) the Arrhenius expression, and (3) a formulation accounting for the porous 

structure of the material. The first two approaches treat the biological sample as homogeneous, whereas the 

third one accounts for its porous structure [3]. 

Furthermore, the parameters of biological models are determined experimentally, and may therefore be subject 

to uncertainty. Such uncertainty can be analysed using probabilistic or non-probabilistic methods. Non-

probabilistic approaches include, for example, the theory of interval numbers, defined by lower and upper 

bounds specifying the range of possible values [4]. 

This article presents a mathematical and numerical model of coupled heat and mass transfer during the 

cryopreservation of biological material. The tissue is modelled as both a homogeneous and a porous medium; 

in the former case, uncertain parameters are introduced using interval numbers. 
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[1] A.-R. A. Khaled and K. Vafai, The role of porous media in modeling flow and heat transfer in biological 

tissues, Int. J. Heat Mass Transf. 46(26), 4989-5003, 2003. https://doi.org/10.1016/S0017-

9310(03)00301-6 

[2] K. A. Jungare, R. Radha, and D. Sreekanth, Cryopreservation of biological samples – A short review, 

Mater. Today Proc. 51, 1637-1641, 2022. https://doi.org/10.1016/j.matpr.2021.11.203 

[3] A. Skorupa and A. Piasecka-Belkhayat, Analysis of Cryoprotectant Concentration During 

Cryopreservation in Articular Cartilage Sample Using Homogeneous and Porous Material Models, Ann. 

Biomed. Eng. 54, 804–812, 2026. https://doi.org/10.1007/s10439-025-03925-6 
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The oesophagus is an organ with a complex tissue structure, exhibiting nonlinear and viscoelastic mechanical 

behaviour. This response arises from the presence of structural components with distinct properties and their 

mutual interactions. Understanding the stress relaxation behaviour of oesophageal tissue is of particular 

importance in the context of developing biomechanically justified elongation methods used in the treatment 

of long-gap oesophageal atresia. 

The aim of this study was to experimentally characterise the stress relaxation behaviour of oesophageal tissue 

and to develop and validate a numerical model capable of reproducing its time-dependent mechanical response 

under different strain rates. 

The study was conducted on oesophageal tissue obtained from Pekin ducks (n = 5 per strain rate). Specimens 

were subjected to stress relaxation tests at strain rates of 1, 2.5, 5, and 10%/s, with loading corresponding to 

a stress level of 0.5 MPa and a relaxation period of 1.3 h. The material behaviour was described using a Yeoh 

hyperelastic model combined with a three-term Prony series. The model parameters were identified based on 

fitting to experimental data and subsequently implemented in finite element simulations (ANSYS, 

Transient Structural). Two approaches were considered: a direct approach using parameters fitted 

independently for each strain rate, and a normalized approach in which the material parameters were defined 

as functions of strain rate. 

A close agreement was observed between the experimental and numerical results for all analysed strain rates 

(Figure 1). The RMSE values ranged from 0.003 to 0.009 MPa, with NRMSE below 3.5%, and the coefficient 

of determination (R²) exceeding 0.96. The normalized model, incorporating the strain rate dependence of the 

material parameters, also accurately reproduced the stress relaxation behaviour. 

    

Figure 1. Comparison of experimental and numerical stress relaxation results: (a) direct model, (b) normalized model. 
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Gelatin methacryloyl (GelMA) is widely used in biomedical engineering due to its biocompatibility and 

tunable mechanical properties. Precise control of both mechanical behavior and degradation is crucial for tissue 

engineering applications. However, the effect of photo-crosslinking parameters is still not fully understood. In 

this study, synthesized GelMA hydrogels were UV-crosslinked for 60, 90, and 120 s. Mechanical properties 

were evaluated using biaxial tensile testing, enabling the determination of Young’s modulus and stress–strain 

behavior in two directions. Degradation was assessed under physiological conditions based on mass loss and 

changes in material stability [1], [2]. 

The results showed that increasing crosslinking time significantly improved mechanical properties. When 

comparing samples crosslinked for 60 s and 120 s, the median Young’s modulus increased by over 600% in 

the X-direction and over 720% in the Y-direction. This was accompanied by higher maximum stress and an 

approximately 35% decrease in maximum strain. Degradation exhibited a two-stage behavior, with a rapid 

initial mass loss (~30% after 1 h), followed by a slower increase to ~45% after 24 h, ~55% after 72 h, and 

~75% after 168 h, at which point the sample lost its structural integrity.(Fig. 1, example for the 90 s group). 

Hydrogels crosslinked for 60 s lost structural integrity after prolonged incubation, whereas samples crosslinked 

for 120 s remained stable and more resistant to degradation 

due to higher crosslinking density.  

 

Figure 1 Degradation of GelMA hydrogels crosslinked for 90 s: mass loss over time (left) and representative images of 

samples after 0, 1, 6, 24, and 72 h of degradation (right).  

These findings demonstrate that photocrosslinking time plays a key role in controlling both the mechanical 

properties and degradation behavior of GelMA hydrogels, which is important for the design of materials for 

biomedical applications. 

[1] K. Yue, G. Trujillo-de Santiago, M. M. Alvarez, A. Tamayol, N. Annabi, and A. Khademhosseini, 

“Synthesis, properties, and biomedical applications of gelatin methacryloyl (GelMA) hydrogels,” 

Dec. 2015, Elsevier Ltd. doi: 10.1016/j.biomaterials.2015.08.045. 

[2] S. Zigon-Branc et al., “Impact of Hydrogel Stiffness on Differentiation of Human Adipose-Derived 

Stem Cell Microspheroids,” Tissue Eng. Part A, vol. 25, pp. 1369–1380, Oct. 2019, doi: 

10.1089/ten.tea.2018.0237. 
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Epithelium is one of the most important tissues in the body, whether animal or plant. Externally, epithelialtissue presents a mosaic of densely packed polygonal cells. There are 4-, 5-, 6-, 7-, 8-, and 9-gons. Hexagonalcells constitute approximately 50% of the total, pentagonal and heptagonal cells approximately 45%, and theremaining 5% are tetragons, octagons, and 9-gons. A graph of the frequency of polygons versus the numberof angles produces a curve that deviates slightly from the normal distribution. If only 5-, 6-, and 7-gons areconsidered, the proportions of polygons in the epithelium resemble those in an intermediate stage of hexatictransformation.
There is an analogy between epithelium and 2D crystal. The dense packing of cells in a single-layer epithe-lium and atoms in a 2D crystal, which is revealed by the honeycomb arrangement. More over, the lattice de-fects in both are similar. The difference is that in the 2D crystal, only pairs of 5- and 7-gons (5|7 dislocations)appear.
F.T. Lewis discovered laws of epithelial cell behaviour [1]. The first law states that the average number of cellsides is 6. Strictly speaking, this is a corollary of Euler's law for polygons. The second Lewis law states thatthe surface area 𝑆 of a 𝑛-sided cell is proportional to the number (𝑛 − 2), i.e., 𝑆 = 𝐶(𝑛 − 2), where 𝐶 is a
constant. The mathematical proof of this law uses Euler's polygon theorem and the principle of maximumentropy [2]. Therefore, it is also valid for 2D crystals. This allows us to estimate the relative changes in thelengths of the polygon sides. We have 𝑎5 𝑎 = 1.06 and 𝑎7 𝑎 = 0.95, where 𝑎5 and 𝑎7 are the lengths of thesides, and 𝑎 is the length of the 6-gon side. Knowing these relative lengths and assuming the interactionpotential of the crystal atoms, we can determine, for example, the dislocation energy.
Unlike a crystal, epithelial cells can undergo division. The mother cell loses its "identity" and its 𝑛 sides aredistributed between two daughter cells, and some of its neighbours gain new edges (because the new edge ofthe daughter cells touches them). Lewis' third law states that the average number of sides of dividing cells is7. The question arises as to how the proportions of the polygons in the tissue are preserved. We consider thesystem of equations d𝑓 d𝑡 = 𝜆𝑔,  d𝑔 d𝑡 = 𝜇 𝑓 (𝑓 – number of 5|7 pairs, 𝑔 – number of 6-gons, 𝑡 – time, 𝜆
and 𝜇 - constants) whose solutions, asymptotically in 𝑡, yield constant proportion 𝑓 𝑔 = 𝜆 𝜇 .
[1] F.T. Lewis, The correlation between cell division and the shapes and sizes of prismatic cells in theepidermis of Cucumis, The Anatomical Record, 38, 341–376, 1928.
[2] N. Rivier, A. Lissowski, On the correlation between sizes and shapes of cells in epithelial mosaics,Journal of Physics A: Mathematical and General, 15(3), L143, 1982.
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Recently, there has been a growing demand for rehabilitation equipment for children. This is due to road 

accidents, disabilities, and, above all, armed conflicts, in which civilians, including children  are the victims. 

In its 2022 report [1], UNICEF summarizes that over 104,100 children were killed or injured between 2005 

and 2020.  However, the organization emphasizes that these figures are underreported. This is due to limited 

access to victims, lack of safety, and the shame, pain, and fear experienced by victims, which often hinder the 

reporting, documentation, and verification of serious violations of children's rights in situations of armed 

conflict. Since 2020, further conflicts have emerged around the world, resulting in an increase in these 

statistics. Long-term use of equipment requires adapting it to the developing body. Responding to such changes 

should be relatively quick to avoid interruptions in rehabilitation or to keep it as short as possible. 

Discontinuing exercise can result in a reversal of previously achieved results and progress. An important aspect 

is the ability to relatively quickly produce small-scale components. Solutions that can be applied to a variety 

of patients are a good direction. While this is possible in some cases, it is not always possible. There are patients 

who require personalized device adaptation. It is then necessary to use technology that allows for relatively 

easy changes and relatively rapid production. The possibility of rehabilitation in a center located as close to 

the patient as possible reduces the material and psychological costs incurred by the patient and their family. 

Aspects that have been marginalized for some time in the design process include aesthetic values and the 

possibility of external personalization dictated by the patient. Prolonged, repeated repetitions of, for example, 

an exercise can lead to fatigue and withdrawal. In rehabilitation, the patient's consistency and determination 

are often crucial. The ability to choose options provides a sense of agency. We are more likely to use devices 

we have chosen ourselves or have had an influence on their appearance. Allowing a child to choose the color 

or texture can enhance the experience of using the equipment.  

The problems presented above were observed when designing personalized medical equipment for a young 

patient. Two cases will be discussed in more detail. The aim was to propose a solution that would be adapted 

to the developing organism. It combines readily available, mass-produced components with additively 

manufactured components, which are relatively well-suited for small-scale production. Such components offer 

the potential for aesthetic personalization. Another project addressed the issue of a prosthesis designed for 

soccer. This approach was aimed at activating individuals after limb amputation. This is an important aspect – 

improving quality of life. As in the previous case, the proposed solution utilizes both mass-produced and 

additively manufactured components. In summary, the most important problems related to the design of 

rehabilitation equipment for young patients will be presented, along with possible solutions using available 

resources. 

 

[1] 25 years of children and armed conflict: taking action to protect children in war, ©United Nations 

Children’s Fund (UNICEF) June 2022;  
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This work presents a bond-based peridynamic formulation of an adaptive remodeling model for density evolu-
tion. The study investigates how the nonlocal character of peridynamics affects the numerical response and the
evolving density distribution in benchmark problems commonly analysed with the finite element method. The
density update follows the approach of Weinans et al. [1]:

∆ρi =C
(

SEDi

ρi
− k

)
(1)

where C is the rate parameter and k denotes the homeostatic set-point. The remodeling stimulus is defined
by the strain energy density SEDi obtained from the nonlocal peridynamic solution. The implementation is
developed within the open-source PeriLab framework [2] and is based on the theory introduced by Silling [3].

The analysed cases consider a 2D plate subjected to linearly varying loading. The study examines the influence
of the nonlocal interaction radius, the stiffness averaging rule, and the evolution parameters. Particular attention
is paid to numerical challenges related to the nonlocal formulation, including the sensitivity of the energy field
and the stability of the evolving response. Preliminary results indicate that both the nonlocal modeling choices
and the evolution parameters strongly affect the smoothness of the obtained fields and the emerging density
patterns. The presented work is part of an ongoing study aimed at establishing a robust peridynamic framework
for remodeling-driven structural evolution.
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Figure 1: Left: analysed problem setup. Right: representative converged density distribution for one analysed parameter
set.

[1] H. Weinans, R. Huiskes, H.J. Grootenboer, J. Biomech. 25(12), 1425–1441, 1992.
https://doi.org/10.1016/0021-9290(92)90056-7

[2] C. Willberg, J.-T. Hesse, A. Pernatii, SoftwareX 26, 101700, 2024.
https://doi.org/10.1016/j.softx.2024.101700

[3] S.A. Silling, J. Mech. Phys. Solids 48(1), 175–209, 2000. https://doi.org/10.1016/S0022-5096(99)00029-0
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This contribution presents a computational framework for analyzing the sensitivity of mechanically admissible 

squat motion to the distribution of joint moment capacities. The approach builds upon a previously developed 

model of load-constrained motion reconstruction, in which human movement is represented as the solution of 

a constrained optimization problem. 

A three-dimensional multi-segment rigid-body system is considered, including feet, shanks, thighs, pelvis, and 

torso. Joint behavior is modeled using smooth elasto-plastic rotational elements with bounded moment 

capacity. A reference squat trajectory is first generated kinematically, and subsequently corrected by solving 

a frame-wise optimization problem subject to geometric and mechanical constraints. 

The problem is formulated as minimization of the total mechanical cost [1,2], 

𝐽(𝐪) =
1

2
(𝐪 − 𝐪𝑟𝑒𝑓)

𝑇𝐊(𝐪 − 𝐪𝑟𝑒𝑓) +∑Ψ𝑖
𝑖

(Δ𝜃𝑖) +𝑊𝑒𝑥𝑡 , 

where the first term enforces trajectory tracking, the second term represents joint-level elasto-plastic energy 

contributions, and the last term accounts for external loading due to the barbell. 

A parametric study is performed by varying the critical moment capacities assigned to individual joints while 

maintaining identical external loading conditions. The results demonstrate that the admissible squat posture is 

strongly governed by the relative distribution of joint strength, leading to systematic changes in pelvis 

backshift, torso inclination, and redistribution of rotational demand between lower-limb joints. 

The study shows that squat technique should be interpreted not only as a response to external load but also as 

a consequence of internal mechanical capacity constraints, providing a consistent framework for analyzing 

strength-dependent movement adaptations. 

 

[1] K. Nowak, A. Szymczak-Graczyk, A., Cornaggia, T. Garbowski, Appl. Sci. 16(8), 4010, 2026. 

https://doi.org/10.3390/app16084010 

[2] K. Nowak, A. Szymczak-Graczyk, A., Cornaggia, T. Garbowski, BioEng. 13(5), 485, 2026. 

https://doi.org/10.3390/bioengineering13050485 
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Abstract

This paper considers the coupled linear quasi-static theory of elasticity for nanomaterials with triple 
porosity. The model combines Darcy's law with the concept of volume fractions corresponding to 
three levels of pore networks, namely macro-, meso- and micropores. The governing system of 
equations are formulated in terms of the displacement vector, the changes of pore volume fractions, 
and the fluid pressures in the three pore systems. By combining the constitutive relations, 
equilibrium equations, and fluid mass conservation laws, a general three-dimensional system of 
field equations is obtained for triple-porosity elastic nanomaterials.

Assuming harmonic time dependence, the governing equations are reduced to a system of partial 
differential equations with constant coefficients describing steady vibrations. An appropriate matrix 
differential operator is introduced, and the system is written in operator form for a nine-component 
vector function. Within this framework, the fundamental solution of the steady vibration system is 
constructed explicitly. The fundamental matrix is represented in terms of elementary functions, and 
its main properties are established, including the structure of singularities, behavior near the origin, 
and regularity away from the singular point.

The internal and external basic boundary value problems describing steady vibrations within this 
theory are formulated for regular vector functions, where the unknowns are the displacement vector 
field, the changes of pore volume fractions, and the fluid pressures in the three pore systems. 
Green's first identity is derived and used to prove uniqueness theorems for classical solutions. 
Green's second identity is obtained in operator form, and Green's third identity gives integral 
representations of solutions through surface and volume potentials constructed with the 
fundamental matrix.

In the analysis, surface potentials, both single-layer and double-layer, as well as volume potentials 
are introduced, and their basic properties are examined. A set of relevant singular integral operators 
is constructed, for which Noether-type theorems are shown to hold. The symbolic determinants and 
indices associated with these operators are explicitly computed. The boundary value problems are 
then transformed into equivalent systems of singular integral equations. Ultimately, by applying the 
potential method, the boundary integral equation approach, and the theory of singular integral 
equations, the existence of classical solutions to all formulated boundary value problems is 
rigorously established.

ACKNOWLEDGEMENT: This work is supported by Shota Rustaveli National Science Foundation of 
Georgia (SRNSFG) [YS-24-148].
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Failures at the tooth-restoration interface remain the dominant reason for replacement of resin-based composite 
restorations, with recurrent caries accounting for a significant portion of clinical failures. Each replacement 
cycle generates particulate waste derived from crosslinked polymer matrices and inorganic fillers, which is 
released into the environment and accumulates as persistent microplastic waste. Extending the service life of 
composite restorations therefore has implications that extend beyond clinical performance, directly 
contributing to material sustainability and waste-reduction strategies in modern dentistry. 

Recent efforts have introduced antimicrobial agents into resin matrices to suppress biofilm formation at 
restoration interfaces. Among the explored efforts, covalently bonded quaternary ammonium dimethacrylate 
monomers (QADMs) have provided sustained antimicrobial action [1][2]. Regardless of these encouraging 
findings at the monomer level, relatively few investigations have reported on fully formulated antimicrobial 
resin composites, limiting insights into material design and clinical translation. 

In this work, the gap is addressed through the development of a novel QAUDMA-based composite containing 
an antimicrobial monomer synthesized via a modified Menshutkin reaction and incorporated into a 
conventional resin matrix at 40 wt.%, followed by the addition of mineral-based inorganic fillers according to 
a typical formulation design. Initial mechanical performance was assessed using Vickers microhardness testing 
under a load of 1 N and a dwell time of 15 s. The experimental composite exhibited microhardness similar to 
the control composite without the antimicrobial monomer, which suggest that the incorporation of the 
antimicrobial monomer did not affect the composite’s initial surface characteristics.  

Future investigations are focused on a comprehensive assessment of mechanical, physicochemical, and 
antimicrobial performance to determine whether QAUDMA-based composites can be a clinically durable 
approach to extending the longevity of dental restorations while contributing to sustainability goals in 
dentistry. 

 

[1] P. Drejka, P. Kula, and I. Barszczewska-Rybarek, “Novel Quaternary Ammonium Urethane-
Dimethacrylates for Copolymers with Low Water Sorption and Solubility,” Mol. Basel Switz., vol. 30, 
no. 4, p. 769, Feb. 2025, https://www.doi.org/10.3390/molecules30040769. 

[2] J. E. Ampah-Essel, I. Barszczewska-Rybarek, P. Drejka, and G. Chladek, “Quaternary Ammonium 
Dimethacrylates as an Additive in Dental Composite Resins: A Review of Their Antimicrobial, 
Mechanical, and Physicochemical Properties,” Materials, vol. 18, no. 21, p. 4844, Jan. 2025, 
https://www.doi.org/10.3390/ma18214844. 
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ABSTRACT: Residual stress plays a fundamental role in determining the structural integrity, dimensional 

accuracy, and fatigue performance of manufactured components. Depending on the manufacturing process, it 

evolves under thermal loading, mechanical loading, or their coupled interaction, making its prediction a major 

challenge in manufacturing science. While experimental characterization is costly and finite element analysis 

is computationally expensive for predictive applications, this keynote lecture presents an incremental physics-

based analytical framework for predicting residual stress evolution by accounting for the entire loading history 

through sequential thermo-mechanical analysis. Owing to its general formulation, the framework is applicable 

to a broad range of manufacturing processes, including laser powder bed fusion, machining, burnishing, shot 

peening, and laser shock peening. The proposed methodology is demonstrated and verified through pulsed 

laser powder bed fusion as a representative case study, where the predicted residual stresses show good 

agreement with X-ray diffraction measurements. 

 

Figure 1: Temperature history as load path for single-pulse, multi-pulse single track and multi-pulse multi-

track pulsed laser powder bed fusion 

 

 

 

 

 

 

 

Figure 2: Distribution of residual stress in (a) track direction (b) hatch direction 
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Cellular structures are the subject of many research works due to their high capacity to absorption mechanical energy. 

These meta-materials have been classified into two main groups: 2D and 3D [1]. One of the example of spatial 3D 

structures is Triply Periodic Minimal Surface (TPMS), which has been widely studied over last years with the most 

well-known architectures like diamond and gyroid structures [2]. 

In the present paper, the EBM method was used to produce specimens of TPMS structures, which were subsequently 

subjected to uniaxial compression tests under quasi-static loading conditions in order to characterize their deformation 

behavior and energy absorption capacity. Moreover, the material model calibration was performed in the LS-DYNA 

numerical environment based on the results of quasi-static uniaxial tensile tests conducted on dog-bone specimens. The 

purpose of this paper is to present the results of experimental and numerical studies of TPMS structures manufactured 

using EBM technology from Ti6Al4V titanium alloy and tested under quasi-static compression conditions for different 

wall thicknesses. The obtained results constitute a starting point for assessing the potential use of this type of structure 

as an element of a ballistic panel. 

 

Figure 1. Deformation force vs. displacement curves from experimental test and simulations: a) Diamond structure,  

b) Gyroid structure. 

The developed LS-DYNA numerical model accurately reproduced experimental behavior, with an overall discrepancy 

between numerical predictions and experiments within 6–10% for SEA. From the conducted studies it was 

demonstrated that gyroid structures shows progressive folding and stable plateau behavior, while diamond structures 

exhibits higher stiffness and peak force associated with shear-band dominated collapse. Furthermore, diamond 

architectures gave approximately 8% higher SEA than gyroid structures at comparable relative densities.  
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Physical Vapor Deposition (PVD) is an essential industrial process characterised by the physical sputtering of 

a target material and the subsequent deposition of the particles onto a substrate, such as a semiconductor wafer. 

This technique allows for the precise control of composition, thickness, and microstructure of the deposited 

materials. 

The optimisation of semiconductor thin films necessitates a comprehensive understanding of how macro-scale 

operational parameters ultimately determine the final deposited film properties. This requires a computational 

framework capable of resolving phenomena across an enormous dynamic range, linking the ~50 cm scale of 

the entire deposition chamber (where boundary conditions are applied) through the ~1 mm shadow mask 

structural dimensions and further down to feature level of ~50 nm, where deposition spots evolve. This 

endeavour involves bridging approximately 9 orders of magnitude in volume. 

In this talk a multiscale simulation framework (Fig. 1 left) that connects the scale of the deposition chamber 

with the feature scale will be presented, explicitly accounting for shadowing effects and the role of the 

background gas (Fig. 1 right). Rarefied transport is modelled using Direct Simulation Monte Carlo (DSMC) 

to obtain energy- and angle-resolved particle fluxes at the substrate, which then serve as boundary conditions 

for level-set based feature-scale simulations. The framework is used to analyse not only local deposition 

profiles and step coverage, but also the spatial evolution of film composition across the wafer and within 

individual features. 

      

Figure 1. A multiscale simulation framework for PVD process modelling (left) and a collision model between material 

particles and background gas molecules (right). 

ACKNOWLEDGEMENT: The authors gratefully acknowledge the financial support provided by the 

Sächsische Aufbaubank (SAB) and the European Union for funding this research project. 

 

[1] E. E. Lorenz et al., Film Growth from Particle Raytracing: A Simulation Method for Vapor Deposition 

Processes with Changing Surface Topographies, IEEE Materials for Advanced Metallization Conference, 

Dresden, Germany, 2023, pp. 1-3, doi: 10.1109/IITC/MAM57687.2023.10154705 

[2] J. Gehre, Coupling between stochastic particle transport models and topographic thin film growth, Master 

thesis, Chemnitz University of Technology, 2022.  

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID185 (Keynote) Session TS4 61



 

 
44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland 

FE model for creep buckling modelling of Al–SiC composite beam 
 

Domagoj Lanc1,*, Raul Ivan Gašljević1 and Goran Turkalj1 

1Faculty of Engineering, University of Rijeka, Rijeka, Croatia 

e-mails: domagoj.lanc@uniri.hr, raul.ivan.gasljevic@riteh.uniri.hr, goran.turkalj@uniri.hr 

 
 

 
KEYWORDS: Buckling, Al–SiC composite, Creep, Numerical Model. 

 

The paper presents the finite element beam model applied on creep buckling simulation of a functionally 

graded Al–SiC composite with a spatially varying volume fraction. The creep parameters of the material were 

taken from available experimental studies on Al–SiC composites and described using the Norton–Baley creep 

law. Available experimental data were interpolated to obtain continuous creep parameters corresponding to 

the specific Al–SiC volume fraction distribution considered in this work. An original Fortran code was 

developed to simulate the creep buckling behaviour. A numerical algorithm using one-dimensional spatial 

beam finite element is developed. The corresponding equilibrium equations are formulated in the framework 

of co-rotational description. Results were compared, for validation purposes, with those obtained from FEMAP 

(see Fig. 1).. The critical creep buckling times were determined for different beam structural geometries as 

well as for several loading conditions.  

 

Figure 1. Critical buckling time for axally loaded cantiliver. 
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Mechanoluminescence refers to the phenomenon in which a material emits light in response to externally 

applied strain [1][2]. The aim of this study is to develop a multiaxial stress sensor capable of identifying the 

loading direction applied to mechanical components by using a mechanoluminescent material. To achieve this 

purpose, we focused on the stress concentration generated around circular holes. In this study, a circular plate 

with multiple holes was fabricated using a stereolithography 3D printer, and a sensor prototype was produced 

by coating its surface with mechanoluminescent paint (see Fig. 1). Tensile loads were applied from various 

directions, and the resulting luminescence intensity was quantified. The results demonstrated that the desired 

sensing characteristics can be achieved using a disk-shaped structure containing multiple circular holes. 

Furthermore, we developed an image analysis technique based on the commercial finite element software Marc 

Mentat 2023 (MSC Software Corporation). Simulation results confirmed that this method can successfully 

identify both the direction and magnitude of the applied load. 

 

  

Figure 1. Proposed model (left) and the resulting mechanoluminescence within the dotted area (right). 

 

[1] S. A. Fartode, A. P. Fartode, T. R. Shelke, S. J. Dhoble, “A comprehensive study of mechanoluminscence: 
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stress monitoring”, Advanced Science, Vol. 13 (2026): DOI 10.1002/advs.202519938. 
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White-topping represents a pavement rehabilitation technique with a thin cement concrete overlay. The paper
summarizes thermo-mechanical analysis of a single slab 1750 × 2000 × 140 mm over deteriorated asphalt
concrete pavement [1]. A non-stationary heat transport is weakly coupled with elastic material model, supple-
mented with contant mechanical elements to capture slab warping. The results show that traffic loading solely
acting on the slab induces principal tensile stresses of up to 2.4 MPa. Summer characteristic thermal cycle
induces up to 1.6 MPa (see Fig. 1). The combination of temperature cycles with traffic yields up to 4.1 MPa,
indicating cracking, concrete softening and fatigue phenomena.

The monitored data over five years comprised six pairs of vibrating wire strain gauges, twelve thermal gauges,
ambient air temperature, solar radiation and three inductive gages monitoring concrete separation from un-
derlying asphalt concrete. Unsymmetrical temperature differences across the thickness were measured and
simulated, owing to much higher heat flow from solar radiation than from night cooling. After four years,
moisture-induced warping seems already stabilized at the curvature of 2.5 km−1. Continuous separation of
the slab from asphalt concrete has been measured and stabilized at a gap of 0.3 mm after two years. The
experimental data served for calibration and successful validation of the thermo-mechanical model.
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Figure 1. Thermo-mechanical analysis (left) and strain validation during summer cycles (right).
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An Acoustic emission (AE) is a nondestructive evaluation technique that detects transient elastic waves 

generated by crack initiation, propagation, friction, and other damage-related phenomena in materials and 

structures. Resonant AE sensors using piezoelectric elements are widely employed due to the ir high 

sensitivity; however, the detected waveforms are significantly distorted by resonance and the frequency -

dependent response of the sensor, making direct comparison with simulated waveforms difficult.  To 

address this issue, methods that experimentally characterize the sensor response and incorporate it into 

simulated AE waveforms have been investigated [1]. In AE measurements, the detected waveform W(t) 

can be expressed as 

𝑊(𝑡) = 𝑆(𝑡) ∗ 𝑇(𝑡) ∗ 𝑅(𝑡) (1) 

here ∗ denotes convolution, S(t) is the source waveform, T(t) represents wave propagation characteristics 

in the material, and R(t) is the sensor response. In contrast, 3D-FDTD simulations provide only S(t)∗T(t), 

as they do not include the sensor response. Consequently, simulations alone cannot accurately reproduce 

experimentally measured waveforms. In this study, the sensor response R(t) was identified from 

experimental and simulated waveforms and incorporated into other simulated waveforms shown in Fig.1. 

As a result, the reproduced waveforms showed significantly improved agreement with experimental 

measurements compared with those obtained using simulation alone. Furthermore, regularization was 

introduced into the response identification process to stabilize the solution and enhance reproducibility. 

The proposed method demonstrated superior performance compared with conventional sensor response 

characterization approaches. 

 

Figure 1. Comparison of waveforms obtained using different approaches: (left) 3D-FDTD simulation alone; (center) 

waveform reproduced using the proposed method; (right) waveform experimentally measured with a resonant AE 

sensor. 

[1] K. Arakawa and T. Matsuo, “Acoustic Emission Pattern Recognition Method Utilizing Elastic Wave 
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The paper is focused to the study of the rotational connection stiffness between the purlin and the top chord of 
a flat truss. The steel light trusses can be characterized by high stiffness and load-bearing capacity, but only in 
their plane. In each case the roof bracing system have to be design to ensure the structural stability out of the 
truss plane [1, 2]. The guidelines for the design of the roof cross braces can be found in the European standards 
[3]. The stiffness of the connection mentioned above can have a significant impact on the truss buckling load, 
especially in case of wind loading which can cause compression in the bottom chord [1].  
In the present research the connection stiffness between the purlin (which is usually the part of the bracing 
system) and the truss top chord was taken into consideration for the structure without any additional braces 
located at the bottom chord. Based on the numerical analysis results (linear buckling analysis) performed for 
the shell model of the truss the relation between the buckling load (upward wind loading) and the described 
connection stiffness was found. Furthermore, the connection between the part of the purlin and the part of the 
top chord was tested experimentally. In this case, the prototype test stand was used to subject the bending load 
to the described element connection. As the result the relative rotation between the purlin and the top chord 
was found. On this basis the rotational connection stiffness was determined. Two different types of structural 
connection between separate steel profiles used in reality (purlin and the top chord) were taken into account. 
Also the comparison between the nonlinear static analysis results (geometric and material nonlinearity) per-
formed for the shell model of the structural connection and the experimental test results was presented. 

ACKNOWLEDGEMENT: This research was supported by the Gdańsk University of Technology IDUB 
program Argentum Triggering Research Grants, titled “Stability of trusses subjected to wind loading”. This 
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Reduced activation ferritic/martensitic (RAFM) steels are the main candidates for the construction of structural 

components in future fusion and Gen IV nuclear reactors. To ensure safe and stable reactor employment, 

RAFM-based materials require efficient methods for their characterization under harsh operational conditions. 

Constantly exposed to neutron irradiation, their mechanical properties degrade and may lead to component 

failure. However, neutron irradiation for research purposes is an expensive and time-consuming process, so it 

becomes a major limiting factor in steadily investigating its effects and delivering new research data. Hence, 

a safer, faster, and cheaper solution of ion irradiation as a tool for surrogating the neutron damage is becoming 

more and more popular. As ions are characterized by their penetrating ability, the introduced damage is non-

uniformly distributed and densely accumulated on the sub-surface. To correctly estimate their impact, the 

nanoindentation technique is widely applied. The presented study demonstrates the development process of a 

semi-empirical approach [1] to effectively interconnect the ion and neutron radiation-induced hardening in 

RAFM steels, introduced in a range of irradiation conditions. The applied set of tools, based on nanoindentation 

and tensile tests, as well as their simulations using crystal plasticity finite element method, allows us to extract 

the irradiation effect on the material law, and accurately reproduce the experimental data. Ultimately, the 

analysis performed on an ion-irradiated specimen can provide the macroscale (neutron irradiated) yield stress 

values in a range of dpa doses, which accurately correlate with the literature. The complementary investigations 

of the microstructural evolution done by focused ion milling and transmission electron microscopy are 

compared with their computational analogue to confirm the predictive capability of the method. Globally, the 

presented research is aimed at the establishment and validation of the computationally experimental procedure 

to precisely deduce the temperature-dependent irradiation hardening in metallic materials for nuclear 

applications. 
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This paper presents a comprehensive methodology for analyzing static loads acting on underground structures
due to debris accumulation following the progressive collapse of above-ground, multi-story reinforced concrete
buildings. A large set of frame-slab type structures was parametrically generated and numerically collapsed
using Abaqus/Explicit. The simulations accurately reflect real-world rubble behavior by selecting optimal
debris element sizes and distributions. Figure 1 shows an example of the collapse process of a 16-story building.
It can be observed that the majority of debris fragments accumulate in the zone near the base of the building
and in the surrounding area.

Figure 1. Snapshots of the 16-story building collapse process. Each columns shows selected frames in time.

The presented cases were further compared with the Polish notional guidelines to assess the dependence of
rubble-induced pressure on building height. Figure 2 shows the obtained results, where it is clearly visible that
the numerical simulations predict lower pressure values for each case compared to the notional guidelines.

Figure 2. Comparison of obtained loads according to PL notional guidelines.

The results provide a robust foundation for ongoing updates of the international guidelines addressing rubble-
induced static loads on buried structures, particularly in the context of progressive collapse or warfare scenarios.
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This paper presents an analysis of the deflection state of the Reinforced Concrete (RC) simply supported beam 

strengthened with Carbon Fiber Reinforced Polymer (CFRP) [1, 2] strips in a random approach. In the 

deterministic analysis, the Finite Element Method (FEM) with 2D elements and the Concrete Damage 

Plasticity (CDP) model for concrete [3], taking into account cracking phenomena, are used. Random analysis 

is based on FEM [4]. In the current work  three independent approaches were adopted: Semi-Analytical Method 

(SAM), Stochastic Perturbation Technique (SPT), and Monte Carlo simulation (MCS). These three approaches 

have already been used in previous works, e.g. [5, 6]. A normal Gaussian probability density distribution was 

assumed for each of the design parameters. It is also assumed that the selected design parameter varies 

discretely and regularly from its lowest to its highest value. For each such value of the design parameter, the 

deflection at a selected point on the beam cross-section is calculated. Since the Gaussian probability density 

function is continuous and smooth, fitting curves based on a finite number of deterministic solutions must be 

established. These functions will be used primarily in a semi-analytical approach and will also serve as a 

stochastic basis for the MCS to determine random moments, with the expected value of the structural response 

being the most important. Probabilistic moments will be defined in the form of curves (for SAM and SPT) or 

a set of points (for MCS), as a function of the coefficient of variation of the design parameter. Additionally, in 

a semi-analytical approach, one can easily define random moments as a function of two variables – the mean 

value and the standard deviation of the design parameter, and determine the so-called random response surfaces 

of the structure. Finally, by determining the so-called random entropy it will be possible to estimate the so-

called measures of structural reliability expressed e.g. by the index First-Order Reliability Method (FORM). 

[1] R. Kotynia, FRP composites for flexural strengthening of concrete structures. Theory, testing, design, 
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Reclaimed timber is increasingly used in structural applications due to sustainability considerations and the
growing demand for circular construction practices. However, its structural performance remains difficult to
assess due to natural heterogeneity and the presence of defects such as knots, which significantly influence
mechanical behaviour. Existing grading approaches, including visual sorting methods, already recognize the
importance of knot size as a key parameter affecting timber classification and strength [1]. Nevertheless, the
influence of knot location within structural elements remains less clearly quantified.

This study investigates the effect of knot location on the load-bearing capacity of timber beams subjected to
four-point bending. An experimental campaign is conducted to determine the modulus of elasticity (MoE)
and modulus of rupture (MoR) of reclaimed timber elements. A representative example of the failure mode
observed during testing is shown in Fig. 1. The obtained results serve as a reference for the development and
validation of a numerical modelling framework.

In parallel, a finite element model is being developed in Abaqus to simulate the bending response of timber
beams. At the current stage, the model reproduces the behaviour of defect-free beams in the linear elastic range.
The ongoing work focuses on incorporating knots as localized material disturbances, represented through vari-
ations in density, fibre orientation, or local stiffness reduction. The failure criterion is defined based on reaching
a critical stress level, with consideration of appropriate strength hypotheses.

The proposed approach is intended to enable a parametric analysis of the influence of knot position and char-
acteristics on beam capacity. Ultimately, the framework will be extended to include geometrically accurate
models derived from three-dimensional scans of real timber elements, following previous work on lidar-based
assessment of reclaimed timber [2]. This will allow for more reliable prediction of structural performance based
on actual material geometry.

The presented work constitutes an initial step toward integrating experimental testing, numerical modelling,
and advanced imaging techniques for the assessment of reclaimed timber structures.

ACKNOWLEDGEMENT: The work is part of TiReX project (ForestValue2 Joint Call 2023) and it has re-
ceived funding from European Union’s Horizon Europe under grant agreement No. 101094340, a joint call with
financing from NFR (Norway), National Science Centre, Poland (Poland, grant no. 2023/05/Y/ST8/00176),
MICIU (Spain, PCI2024-153432), Ministry of Higher Education, Science and Innovation (MVZI) of the Re-
public of Slovenia (Slovenia, C3360-24-45201).

[1] D.F. Llana, G. Turk, C. Osuna-Sequera, G. Íñiguez-González, Recovered timber grading system. In 14th

World Conference on Timber Engineering. Curran Associates, 2025. https://doi.org/10.52202/080513-0424

[2] J. Pełczyński, K. Ostapska, P. Arendt, Reclaimed timber assessment supported by lidar scanning. In 14th
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The paper presents the results of physical modeling and numerical simulations of the mechanical cutting 

process, focused on analyzing the kinematics of material flow and identifying factors affecting the quality of 

the cut surface. It was demonstrated that in complex metal forming processes, characterized by multiple de-

grees of freedom of the material, an intuitive approach to tool design is insufficient, and that visualization 

and process modeling play a key role. 

Physical modeling enabled the identification of regions of strong geometric and material nonlinearities de-

pending on the geometry of the cutting tool. A simulation model of the cutting process was developed, al-

lowing for the analysis of displacement, strain, and stress states as a function of time, taking into account 

load history as well as variable process parameters such as tool geometry, friction conditions, and material 

properties. 

The conducted analyses showed a significant influence of cutting tool geometry on the mechanics of material 

flow, including the formation of sticking and sliding zones, areas of deformation, and the energy consump-

tion of the process. Conditions for process realization were determined that enable the reduction of cutting 

resistance and unfavorable phenomena such as excessive material hardening or the formation of flash. 

Based on the obtained results, directions for optimizing the geometry of cutting tools were proposed, enabl-

ing the reduction of burr formation and improvement of the cut surface quality of metallic materials. The 

research results provide a basis for the development of new tool designs and can be applied in the design of 

cutting technological processes with increased efficiency and product quality. 

a) b) 

   

Figure 1. Example of physical modeling of cutting process (a), numerical modeling (b) 
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Steam furnaces, which are utilized in combined heat and power plants (CHP), are typically suspended using
complex hanger rod systems consisting of numerous vertical rods [1]. During the operation of such plants the
distribution of tension in rods tend to vary over time and as such it is essential to monitor and adjust it on a
regular basis, in order to ensure the reliable operation of the furnace [2].

Figure 1 shows a typical 12 rod hanger system of a furnace front wall with tension distribution obtained from
measurement performed at an CHP plant. In this work, the numerical modelling of such a system is presented
using both finite element method and analytical equations. Additionally, possible tension regulation of such a
system is proposed, employing optimization techniques and reinforcement learning methods.

Figure 1. 12 rod hanger model of a front furnace wall (left); tension distribution from experimental data (right)

ACKNOWLEDGEMENT: This work has been supported by the National Centre for Research and Develop-
ment through Grant No 0317/L-14/2023, „MASy 2.0: system for Monitoring and Adjusting the tenSion force
in hanger rods of power boiler”

[1] P. Duda, Ł. Felkowski, A. Duda, 2024. Analysis of the Impact of Forces in Hanger Rods on Power Boiler
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Material testing at low temperatures is typically conducted in accordance with established standards and 

procedures [1]. However, the mechanical compliance of the testing system remains insufficiently quantified. 

In particular, the stiffness of the testing machine and the overall experimental set-up can significantly affect 

the measured response. This influence becomes especially pronounced under discontinuous plastic flow 

instability (DPF), where the dynamic interaction between the specimen and the extensometer plays a critical 

role [2]. 

In this study, the equivalent stiffness of a cryogenic material testing setup (Fig. 1) is determined using a multi-

approach methodology. The stiffness is evaluated through analytical formulations, finite element modelling 

(FEM), and experimental measurements based on Digital Image Correlation (DIC). The developed approaches 

are compared and validated to ensure consistency and reliability of the obtained results. 

Subsequently, the identified equivalent stiffness is incorporated into the analysis of tensile tests to assess its 

influence on the dynamic response of the specimen–extensometer system and on its impact of material 

characterization. The obtained results indicate that the extensometer geometry significantly influences the 

measured response, highlighting the importance of its appropriate selection. Alternatively, this effect can be 

mitigated by increasing the overall stiffness of the testing system. 

 

Figure 1. Schematic view of the experimental set-up (left) and extensometer (right) [2]. 

ACKNOWLEDGEMENT: This work has been supported by the National Science Centre through the Grant 

No 2023/51/D/ST8/02370.  
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Sándwich panel are widely employed in engineering applications such as aerospace, construction, and 
transportation, where high strength-to-weight and stiffness-to-weight ratios are essential. A critical issue in 
such structures is delamination between the core and face-sheets, primarily caused due to the mis-match in 
their material properties. Previous studies indicate that the resistance to delamination can be enhanced by 
tailoring the material properties of the core. Consequently, the concept of functionally graded (FG) materials 
has gained significant attention in sandwich panel design. 

Accurate evaluation of stresses, particularly transverse stresses responsible for delamination, is crucial for 
reliable structural assessment. Classical theories often fail to capture these stresses with sufficient accuracy, 
whereas three-dimensional (3-D) elasticity theories account for the complete stress state. In this study, a 3-D 
elasticity-based solution is developed using a numerical integration approach for the bending analysis of a 
finite sandwich laminated circular cylindrical shell with a FG orthotropic core. 

The core material properties are assumed to vary exponentially in a symmetric manner with respect to the shell 
mid-surface, while the face sheets are considered homogeneous. Continuity of material properties is 
maintained at the interfaces. The proposed formulation employs a mixed approach, enabling the simultaneous 
evaluation of displacements and stresses with equal accuracy. The method utilizes the full set of 3-D elasticity 
equations without introducing simplifying assumptions, and the solution is obtained through an efficient 
numerical integration technique. The proposed method offers a valuable tool in advancing the understanding 
and analysis of laminated sándwich composite shell structures. 
 

[1] Ren, J. G. “Exact solutions for laminated composite cylindrical shells in cylindrical bending.” Composites 
Science and Technology, 29: 169–187, 1987. https://doi.org/10.1016/0266-3538(87)90069-8. 
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Numerical modelling of yield surface evolution under non-proportional multiaxial loading is critical for the 

structural integrity assessment of high-performance engineering components. Nickel-based superalloys such 

as Inconel 625, fabricated by Laser Engineered Net Shaping (LENS), inherently develop a columnar grain 

microstructure that introduces pronounced crystallographic anisotropy and direction-dependent plastic flow 

behaviour [1]. Such orientation-dependent mechanical responses remain beyond the predictive capability of 

conventional uniaxial characterisation approaches. To capture the anisotropic yielding phenomenon of LENS-

fabricated Inconel 625 thin-walled tubular specimens, a dedicated UMAT-subroutine is implemented in 

ABAQUS, enabling simulation of the initial yield surface under sequential biaxial tension-torsion loading at a 

0.01% plastic offset strain criterion. The UMAT integrates the Szczepiński anisotropic yield criterion coupled 

with the Armstrong-Frederick nonlinear kinematic hardening law to capture path-dependent back-stress 

evolution. Across all loading paths, the simulation demonstrates excellent agreement with the experimentally 

fitted yield locus. A mean angular deviation of |Δα| = 0.51° with every path within ±1.5° confirms directional 

accuracy, while a mean radial deviation of |Δr| = 2.41% (< ±5%) validates magnitude reliability. Additionally, 

Szczepiński function values are consistent within f(σ, τ) ∈ [0.90, 1.10] confirms accuracy. The antisymmetric 

angular deviation pattern of positive back-stress overshoot in 2nd and 4th quadrants constitutes direct numerical 

validation of kinematic behaviour and the Bauschinger effect under sequential non-proportional loading. 

         

 

 

 

 

 

Figure 1. (a) Specimen geometry and discretised computational domain showing contour of deformed model, (b) 

Experimental and finite element simulated yield points at 0.01% offset strain with fitted Szczepiński ellipse. 
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Fatigue of materials and structural elements has major influence on design and safety of machines and its 

components. One of the most important factor affecting the fatigue life is the stress concentration, which 

appears in the surroundings of notches and openings of various kinds. It is the common knowledge that such 

stress concentration can be reduced by different technological operations or structure modifications. On of 

these methods is the application of the stress relief holes (SRH), which reduce the stress concentration in a 

meaning way. The main problem of this approach is the determination of the optimal configuration of SRH 

(i.e. size and location). In this research the machine learning is applied for optimization of geometrical 

parameters of the applied stress relief holes. 

 

Here, the input data required for machine learning analyses is prepared by means of numerical analyses, 

namely finite element (FE) calculations. The obtained optimal configurations are the starting point for 

preparation of samples for experimental studies. The experimental research is made with the use of the 

contactless method – digital image correlation (DIC), which is the well-established method for analysis of 

deformation and strains. The DIC method is used for evaluation of introduction of SRH effectiveness, which 

is illustrated by the reduction of the strains around the notches and by comparison of numerical FE results and 

experimental ones [1, 2].  
 

[1] P.J. Romanowicz, B. Szybiński, M. Wygoda, Fracture Mechanism of Adhesive Layers in Fatigue-Loaded 

Steel Structures Reinforced by the CFRP Overlays, Appl. Sci. 2025, 15(7), 3435; 

https://doi.org/10.3390/app15073435. 

[2] P.J. Romanowicz, B. Szybiński, M. Wygoda, Assessment of Digital Image Correlation Effectiveness and 

Quality in Determination of Surface Strains of Hybrid Steel/Composite Structures, Materials 2024, 

17(14), 3561; https://doi.org/10.3390/ma17143561. 
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Applications developed in FEM systems enable comprehensive time-dependent analysis of deformation 

states (displacements and strains) and stresses occurring in an object composed of a workpiece and a burnishing 

tool. They allow flexible modification of model parameters such as geometry, loading conditions (e.g., inden-

tation depth), friction conditions, process time, and material properties (including nonlinear plasticity models 

dependent on strain and strain rate). The application developed by the author meet advanced practical require-

ments and can be successfully used for simulating real burnishing processes. Increasing technical and eco-

nomic demands, along with the development of new materials, necessitate the creation of new theoretical 

models and their implementation in numerical software. These applications are used for modeling and simu-

lation of burnishing processes. The model assumes a three-dimensional state of stresses and strains. The ap-

plications enable full analysis for a wide range of input data, including: arbitrary geometry of the workpiece 

(e.g., shaft, sleeve, cone) and tool (e.g., sphere, polyhedron), various materials with complex plastic behavior 

models, diverse surface geometries resulting from prior machining processes, deviations and surface irregu-

larities with defined profiles, different friction conditions in the contact zone, arbitrary tool displacements over 

time, arbitrary initial and boundary conditions.  

The first step involves defining the geometry of the workpiece and the tool. The analyses primarily use 

three-dimensional models, assuming the tool to be either rigid or elastic. The simulation program allows the 

introduction of various surface profiles, including different angles and deviations of surface irregularities. An 

important feature of the application is the ease of modifying geometry, refining the mesh, and optimizing the 

model, which enables accurate representation of real burnishing process conditions. To confirm these capabil-

ities, both experimental studies and numerical analyses were carried out. They involved surfaces prepared for 

burnishing by turning, made of C45 steel, characterized by surface irregularities with different apex angle θ, 

while the spacing of the irregularities was s=1 mm.  

 

 

 

 

 

 

 

Figure 1. Continuous axonometric view of the surface after burnishing with visible secondary indentations (a), 

computer simulation result (b). 

[1 ]  Jerez-Mesa, R.; Travieso-Rodriguez, J.A.; Lluma, J.; López de Lacalle, L.N. Numerical–experimental approach for  

        ball burnishing process on complex surfaces.Precision Engineering, 2021, 67, 231–243 

[2]  Kluz, R.; Antosz, K.; Trzepiecinski, T.; Bucior, M. Modelling the Influence of Slide Burnishing Parameters on the 

       Surface Roughness of Shafts Made of 42CrMo4 Heat-Treatable Steel. Materials 2021, 14, 1175.  

       https://doi.org/10.3390/ma14051175. 
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 This paper presents the concept and ongoing development of a column–slab connection system for 

reinforced concrete structures, based on a three-element mechanism with pinned joints. In conventional 

solutions, loads transferred from a slab to a column never pass precisely through the column axis, 

generating unavoidable eccentric loading. This eccentricity demands additional reinforcement steel and 

concrete volume beyond what purely axial assumptions would require, increasing both material 

consumption and construction cost. 

 The proposed system redistributes the support reaction along three distinct load paths: a vertically 

acting compressed element and two inclined tension members connected via pins. This arrangement 

creates a connection with a variable centre of rotation, enabling controlled force flow, reduction of 

bending moments, and optimisation of connection stiffness in response to varying load conditions.  

 The overall project encompasses four objectives: (1) formulation of mathematical models to 

determine optimal connection geometry, (2) design of numerical models (3) assessment of economic and 

environmental benefits. 

 The work presented here covers the research completed prior to the conference, which includes four 

stages. At first, a systematic literature review was conducted using Scopus, Web of Science, and Google 

Scholar, focusing on punching shear, unbalanced moment transfer, semi-rigid connections, and variable-

centre-of-rotation concepts. A structured comparison of existing column–slab joint solutions was 

compiled, with identification of key research gaps. Second, a Python-based optimisation program was 

developed to systematically explore the parameter space and identify geometries that maximise load -

bearing capacity while minimising material use. Fourth, a 2D finite element model was built in Autodesk 

Robot / ANSYS to validate the analytical algorithm. Bending moments and internal forces obtained from 

the FEM model were compared against Python program outputs, and a comparative analysis against 

reference cases — classical pinned and rigid connections — was performed to quantify moment and force 

reductions achieved by the proposed system. 

 The expected outcomes of the full project include design criteria for structural engineers (equations, 

geometric parameter ranges, and sample construction drawings), a validated experimental and numerical 

dataset for future research. 
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Glass is commonly used in building and daily life. However, due to its brittle property, its use needs carefully 

considered. To improve this property, safety glass or laminated glass is popular in buildings, vehicle 

engineering and aviation industry. To safely use these two types of materials, their ability to suffer the impact 

of foreign object is major tropic. The object of this work to invest the low-velocity impact of these two 

materials by both experiment and simulation approaches. In the experiment, the free fall of a small object with 

the mass of 618 g was executed under different heights to create the impact cracks on both the glass and the 

laminated glass. In the simulation approach, the peridynamic finite element method was selected to create the 

cracks during the impact. Figure 1(a) compares the fracture pattern of glass under the impact energy of 3 Joures. 

The measured force with respect time and the simulation result are compared in Fig. 1(b). Under the same 

impact energy, the crack pattern of the laminated glass is compared in Fig. 2(a), and the comparison between 

the experiment and the simulation is shown in Fig. 2(b). These comparison indicates the good results from the 

peridynamic finite element method. 

      

(a) Fracture pattern               (b) Force-time curves under impact 

          Figure 1. Fracture pattern and force-time curve of glass under impact. 

     

(a) Crack pattern                       (b) Force-time curves under impact 

          Figure 2. Crack pattern and force-time curve of laminated glass under impact. 
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The aim of the study is to analyse the vibration damping properties of an active suspension system 
designed for a child car seat that is designed to reduce the impact of vertical accelerations on the 
child’s body during vehicle travel. The motivation for undertaking this research is the absence of 
vibration isolation solutions dedicated to this group of users, despite the well-documented sensitivi-
ty of children to vibrations in the frequency range of 4–10 Hz [1-3]. The proposed system extends a 
previously developed passive suspension by introducing an active actuator in order to improve vi-
bration reduction under varying operating conditions. The actuator is implemented using a perma-
nent magnet synchronous motor (PMSM) controlled with a field-oriented control (FOC) strategy 
[4]. A physical and mathematical model of the suspension system was developed in the 
MATLAB/Simulink environment. The model includes passive suspension components as well as an 
active control force generated by the electric drive. The control algorithm determines the desired 
actuator force based on the displacement of the isolated mass and the relative displacement of the 
suspension system. To evaluate the vibration isolation performance, the SEAT coefficient and the 
relative displacement RS were used as optimisation criteria. A multi-objective optimisation proce-
dure was applied to determine the optimal control parameters and to identify Pareto-optimal solu-
tions representing a compromise between vibration reduction and allowable suspension stroke. The 
dynamic response of the system was analysed using broadband excitation representing road-induced 
vibrations in the frequency range typical for vehicle operation. The obtained results indicate that the 
application of active control significantly improves the vibration isolation performance of the sus-
pension system. The proposed approach enables effective reduction of vibration transmissibility 
while maintaining acceptable values of relative displacement. The developed model also allows 
investigation of the influence of control parameters on the dynamic behaviour of the system. The 
presented results provide a basis for further experimental validation and future development of ac-
tively controlled suspension systems for child car seats. 

[1] Giacomin J. Absorbed power of small children. Clinical Biomechanics 20, 2005. 
[2] Bai X., et al. On 4-degree-of-freedom biodynamic models of seated occupants: Lumped-parameter modeling, 
Journal of Sound and Vibration, 2017. 
[3] ISO 2631-1: 1997 Mechanical vibration and shock. Evaluation of human exposure to whole –body vibration.  
[4] Maciejewski I. et al. Vibration control of an active horizontal seat suspension with a permanent magnet synchronous 
motor, Journal of Sound and Vibration 488 (2020) 115655  
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This study presents an enhanced stability analysis based on a shear-deformable beam formulation for laminated 

composite beam-like structures with thin-walled cross-sections. Each cross-sectional wall is modeled as a thin, 

symmetric angle-ply laminate. The governing equilibrium equations for a straight beam element are obtained 

using the principle of virtual work within a Lagrangian framework, incorporating Hooke’s law and a nonlinear 

displacement field that accounts for restrained warping and large rotational effects in thin-walled sections. 

The proposed formulation incorporates shear deformation effects through the Timoshenko–Ehrenfest theory 

to describe non-uniform bending behavior and the modified Vlasov theory to model non-uniform torsion. In 

addition, an advanced shear-deformable beam formulation is introduced to capture shear-induced coupling 

between bending–bending and bending–warping torsional responses. These coupling phenomena are 

particularly pronounced in beams with asymmetric cross-sections, where the principal bending axes do not 

align with the shear axes. The beam members are assumed to be straight and prismatic, and the applied external 

loads are considered static and conservative. 

The element’s geometric stiffness matrix is derived from a nonlinear displacement field of the cross-section, 

incorporating second-order displacement terms to represent large rotational effects. This formulation enables 

the evaluation of the incremental geometric potential associated with semitangential moments arising from 

internal bending and torsional actions, thereby ensuring equilibrium of moments at joints connecting beam 

members with differing spatial orientations. 

A locking-free, super-convergent beam element is achieved by employing cubic interpolation functions for 

transverse displacements and twist rotations, together with mutually dependent quadratic interpolation 

functions for slopes and the warping parameter. This interpolation strategy accurately captures shear-

deformable behavior without the need for reduced integration schemes to mitigate shear-locking issues. 

To determine properties of a laminated thin-walled cross-section, a separate numerical model is developed. 

The cross-sectional properties are weighted by using three distinct reference moduli: the longitudinal modulus, 

which governs properties related to the coupling between normal stress forces and normal strains, including 

area, moments of inertia, area moments, sectorial inertial moments, and sectorial area moments; the shear 

modulus, which governs the torsional moment of inertia and shear coefficients; and the coupling modulus, 

which governs the coupling between the normal and shear strains. All cross-sectional properties are defined 

with reference to the midline of each branch of the cross-section. 
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Predicting the residual compressive strength of concrete after exposure to elevated temperatures is essential 

for post-fire safety assessment. However, this task remains difficult because the degradation of concrete 

strength is nonlinear, scattered, and strongly affected by testing conditions. Existing empirical and design-code 

equations usually rely on simplified assumptions and limited datasets, which may restrict their accuracy when 

applied to broad experimental databases. This study presents a comparative data-driven framework for 

predicting the residual compressive strength of normal concrete exposed to elevated temperatures. A database 

of 700 experimental results collected from 67 published studies was used. Exposure temperature and 

compressive strength at ambient conditions were selected as input variables because they are widely reported 

in the literature and are commonly used in design-code formulations. Seven predictive models were developed 

and evaluated, including multiple linear regression (MLR), support vector regression (SVR), k-nearest 

neighbor (KNN), random forest (RF), extreme gradient boosting regression (XGBR), gene expression 

programming (GEP), and multi-expression programming (MEP). The models were assessed using statistical 

error metrics, regression analysis, sensitivity analysis, and comparison with existing empirical and code-based 

equations. The results showed that ensemble learning models such as RF and XGBR provided the most 

accurate and stable predictions. In particular, XGBR achieved the best testing performance, with a test RMSE 

of 3.57 MPa and R2 of 0.914. RF also showed strong predictive capability and stable generalization. In contrast, 

MLR and several existing equations were less effective in capturing the nonlinear strength degradation at high 

temperatures. Among the symbolic models, GEP showed better generalization than MEP and provided an 

explicit analytical relation for practical estimation. Sensitivity analysis confirmed that exposure temperature 

was the dominant variable, while ambient compressive strength had a secondary influence. Overall, the 

findings indicate that ensemble models are suitable for accurate prediction, whereas GEP can support 

transparent engineering assessment through an explicit formulation. 
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Physics-informed Neural Networks (PINNs) have been introduced by G. Karniadakis [1] as a way to apply
Deep Learning methods to solving partial differential equations (PDEs). Unlike the more common data-driven
approaches, PINNs operate by minimizing a loss function based on the residual of the strong formulation of the
PDE, evaluated on a set of collocation points. Because of that, PINNs fail to provide accurate solutions in some
problems with low regularity of the data, since the solution only makes sense in a variational form. A natural
way to overcome this limitation is to build the loss function using the residual of the variational formulation of
the underlying PDE – an approach known as Variational PINN (VPINN) [2].

While the VPINNs have been successfully applied in a number of areas, they have a considerable drawback
in that the loss is sensible to the choice of basis functions, and may not be robust, that is, the loss value can
tend to zero, while tue true error in a relevant Sobolev norm does not. To mitigate that problem, Robust
Variational PINN (RVPINN) has been proposed [3], which follows the core ideas introduced in Minimum
Residual (MinRes) methods. The RVPINN loss function is constructed as the dual norm of the residual of the
variational (Petrov-Galerkin) form of a PDE. As long as the variational formulation satisfies the assumptions
of the Babuška theorem (continuity and inf-sup stability of the bilinear form), such loss function constitutes
an efficient and reliable estimator of the true error. More precisely, the norm of the true error is bounded from
below and above (up to an oscillation term) by the square of the loss.

Unfortunately, to compute the weak residuals, RVPINNs require expensive numerical integration. We proposed
an alternative combining their robustness with the efficiency of standard PINN – Collocation-based Robust
Variational PINN (RVPINN) [3]. The continuous spatial domain and integral forms are replaced with a discrete
set of collocation points and discrete weak formulation, mimicking the properties of the continuous, Sobolev
space-based theory, similar to the finite difference method. The result is a robust loss function, which does not
require integration.

ACKNOWLEDGEMENT: The work is supported by the “Excellence initiative- research university" for AGH
University of Krakow. The authors are grateful for support from the funds the Polish Ministry of Science
and Higher Education assigned to AGH University of Krakow. This project has received funding from the
European Union’s Horizon Europe research and innovation programme under the Marie Skłodowska-Curie
grant agreement No 101119556.
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FFT-based numerical methods, introduced by Moulinec and Suquet [1], are now a class of highly efficient
solvers in computational micromechanics. Their success relies on their simplicity of implementation and their
low computational cost, of order O(N logN), which is significantly lower than that of approaches based on the
assembly and inversion of global matrices. However, the representation of fields using Fourier series inherently
implies periodic boundary conditions. This limits their application to problems where more realistic boundary
conditions are required, such as non-periodic microstructures or transient problems. Extending these methods
to non-periodic frameworks is therefore a major scientific challenge.

Recent works [2] have extended these methods [1] to non-periodic boundary conditions using a decomposition
of the solution field into a term satisfying the boundary conditions and a second term, referred to as a fluctuation,
described by sine and cosine series and vanishing at the boundaries. This approach allows one to move beyond
the strictly periodic framework and has enabled the solution of elasticity problems [3] for microstructures
subjected to Dirichlet and Neumann boundary conditions.

In this work, this framework [2] is used to develop solvers for mechanical problems involving microstructures
subjected to non-periodic boundary conditions. Starting from the classical elasticity formulation [3], an implicit
method is proposed for elastodynamic problems with stress wave propagation in heterogeneous me dia, based
on the approach developed in [2] and on a Newmark-β time discretization, following [4]. The method is
validated using analytical solutions in both homogeneous and heterogeneous cases. It is then applied to study
wave propagation in polycrystalline media with different levels of anisotropy and compared with a reference
finite element solution.

[1] H. Moulinec, P. Suquet, A numerical method for computing the overall response of nonlinear composites
with complex microstructure, Comput. Methods Appl. Mech. Eng. 157, 69–94,
https://doi.org/10.1016/S0045-7825(97)00218-1.

[2] J. Paux, L. Morin, L. Gélébart, A Discrete Sine-Cosine Transforms Galerkin Method for the Conductivity
of Heterogeneous Materials With Mixed Dirichlet/Neumann Boundary Conditions, Int. J. Numer. Methods
Eng. 126 (1) e7615,
https://doi.org/10.1002/nme.7615.

[3] J. Paux, L. Morin, L. Gélébart, A. M. Amadou Sanoko, A discrete sine–cosine based method for the
elasticity of heterogeneous materials with arbitrary boundary conditions, Comput. Methods Appl. Mech.
Eng. 433,
https://doi.org/10.1016/j.cma.2024.117488.

[4] R. Sancho, V. Rey-de Pedraza, P. Lafourcade, R. A. Lebensohn, J. Segurado, An implicit FFT-based method
for wave propagation in elastic heterogeneous media, Comput. Methods Appl. Mech. Eng. 404, 115772,
https://doi.org/10.1016/j.cma.2022.115772.
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The leading role of heterogeneous materials used in civil engineering requires dedicated numerical methods 

for detailed analysis of their behavior. The Finite Element Method (FEM) is used in our research as the general 

tool for numerical analysis. Due to the heterogeneity of the analyzed domain and the physical nonlinearity 

(observed mainly within the matrix phase), the straightforward approach is rather ineffective. In our ongoing 

research, the numerical homogenization is developed. As the test material, asphalt concrete is considered. 

A number of homogenization methods based on the Representative Volume Element (RVE) can be found in 

the literature [1-3]. For the purposes of this research, the numerical homogenization approach presented in [4] 

is adopted. Based on the high-quality image and its further processing, the asphalt concrete specimen with the 

underlying microstructure is reconstructed. In this research, the analysis is limited to the 2D case with two 

phases distinguished, i.e. the aggregate and the mastic. The reconstructed microstructure is accounted for at 

the RVE level and the effective tensors of material parameters are subsequently evaluated. The main idea of 

the proposed approach is to avoid time consuming evaluation of the tangent matrices resulting from the 

transient problem. Instead, the inelastic strain evolution contributes to the load vector. As a result, the effective 

stiffness matrices of macroscale elements remain the same for the whole time-stepping algorithm. Moreover, 

the nonlinear strain evolution needs to be analyzed, accounting for the microstructure solely at the RVE level. 

The averaged inelastic strain is transferred to the corresponding Gauss point. 

The obtained numerical results confirm the applicability of the proposed approach. One can observe a 

substantial reduction of the number of degrees of freedom compared to the straightforward analysis carried 

out using the overkill mesh. On the other hand, the additional modeling error introduced by the homogenization 

is kept at the acceptable level of several percent (measured in L2 norm). 

The proposed framework can be further generalized to the 3D case with the microstructure reconstructed using 

e.g. the X-ray computed tomography. Also, a number of nonlinear material models can be easily incorporated 

at the RVE level to increase the applicability of the developed approach. 

[1] I. Özdemir, W. Brekelmans, M. Geers, Int. J. Numer. Methods Eng. 73, 185-204, 2008. 
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[2] M. Hain, P. Wriggers, Comput. Mech. 42, 197–212, 2008. https://doi.org/10.1007/s00466-007-0211-9 

[3] I. Temizer, P. Wriggers, Comput. Methods Appl. Mech. Eng. 198, 495–510, 2008. 

https://doi.org/10.1016/j.cma.2008.08.018 

[4] M. Klimczak, M. Oleksy, J. Theor. Appl. Mech. 62, 351–364, 2024. https://doi.org/10.15632/jtam-
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The paper concerns numerical modelling of transient heat transfer in a cylindrical container used for vaccine 

transport, with the application of phase change materials (PCMs). The considered system consists of a 

multilayer structure including an insulating layer, an ice domain and an additional PCM layer. The role of the 

PCM is to stabilize temperature and prevent vaccine freezing. Due to the geometry, the problem is formulated 

in an axisymmetric coordinate system. 

The mathematical model is based on the heat conduction equation in cylindrical coordinates 

( , , ) 1 ( , , ) ( , , )
.

       
 =  +    
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T r z t T r z t T r z t
c r

t r r r z z
 (1) 

Thermophysical parameters depend on temperature, and the phase change process is described using the 

apparent heat capacity approach. Heat transfer in the domain is assumed to be conductive, while appropriate 

boundary conditions, including convection and radiation, are imposed on the outer surfaces. 

In contrast to the reference model based on the finite element method [1], the present study applies the finite 

difference method (FDM), formulated directly in cylindrical coordinates [2]. This formulation enables efficient 

numerical implementation and reduces computational cost. 

Calculations are performed for selected geometric parameters, including the thickness of insulation, ice and 

PCM layers. The analysis focuses on the influence of the additional PCM layer on temperature distribution in 

the storage region, particularly in the range required for safe vaccine transport (2–8°C). The numerical results 

are analysed with respect to data reported in the literature [1]. The obtained agreement confirms the correctness 

of the model and the suitability of the FDM approach for this type of problem. 

The results show that the application of an additional PCM layer significantly improves thermal conditions 

and extends the safe storage time. The developed model can be used in further analysis and optimization of 

thermal systems applied in cold chain transport. 
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The study concerns numerical modelling of transient heat transfer in a multilayer system containing a phase 

change material (PCM) layer. Particular attention is devoted to the analysis of selected methods for modelling 

the phase change process. The governing equation is solved using the finite difference method. 

The mathematical model is based on the one-dimensional heat conduction equation 

 
( ) ( ), ,T x t T x t

c
t x x

  
 =  

   
. (1) 

In the case of the PCM layer, thermophysical parameters are temperature-dependent, and the phase change 

process is taken into account. The phase change is described using two approaches: the effective heat capacity 

method and the enthalpy method [1, 2]. In the enthalpy approach, the enthalpy is defined for the PCM 

and includes latent heat effects. 

Calculations are carried out for a multilayer roof system containing a PCM panel. The influence of the applied 

modelling approach on the temperature distribution in the system is analysed. The comparison is performed 

under identical boundary and initial conditions. 

The numerical results are compared with experimental data reported in the literature [1]. The obtained 

agreement confirms the correctness of the model and the suitability of the applied approaches. The differences 

between the considered methods are particularly visible in the phase change interval, where the distribution 

of latent heat affects the temperature evolution. 

The results indicate that both approaches enable effective modelling of the phase change process. The enthalpy 

method provides a continuous representation of thermophysical properties, while the effective heat capacity 

approach offers a simpler and computationally efficient formulation. The comparison allows for the assessment 

of accuracy and computational efficiency of the considered methods. 
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This work addresses the classical Schleicher-Love problem of an elastic, isotropic half-space subjected to a
uniform vertical load applied over a rectangular area. While the theoretical foundation for such contact prob-
lems dates back to the Boussinesq solution, obtaining explicit analytical formulas for displacements throughout
the 3D domain remains complex. This study utilizes the recent analytical solutions [1], which provide explicit
formulas for the displacement components at any point in the half-space.

The primary objective of this research is to perform a comparison between analytical solutions and numerical
results obtained through the Finite Element Method (FEM) using Abaqus. The study focuses on three key
modeling aspects: the influence of mesh refinement on solution accuracy, a comparison between fixed boundary
conditions and the use of infinite elements, and the evaluation of convergence behavior.

Preliminary results are presented in Fig.1 for a model utilizing infinite elements at the boundary with a progres-
sively refined mesh, where the element size h ranges from 1 to 1

8 of the characteristic length. The results show
good convergence in the energy norm, while the displacement field exhibits poor convergence. This occurs
because the formulation with infinite elements does not fully constrain rigid body modes, leading to a constant
shift in displacement field. The magnitude of this shift was observed to vary depending on the configuration of
the infinite elements. Possible improvements to this problem will be discussed.

Figure 1: Left: comparison of vertical displacement uz along the y-axis between analytical and numerical solutions.
Right: convergence in the energy norm measured in 5×5×5 domain of the characteristic length of the rectangular load.

[1] M. Nagirniak, ZAMM 106(1), e70310, 2026. https://doi.org/10.1002/zamm.70310
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Ensuring the safety and reliability of structures requires accurate identification of both the magnitude and 

location of impact loads. In this presentation, we propose a method for estimating these quantities using the 

Cuckoo Optimization Algorithm (COA) [1] (see Fig. 1). Assuming that the structure undergoes elastic 

deformation, the temporal variations in the rotational angles measured by wireless gyroscopic sensors mounted 

on the surface are related to the impact loads through a response matrix equation. The impact location is 

determined using the COA, while the magnitude of the impact load is computed using the Moore–Penrose 

generalized inverse [2]. 

The proposed approach enables efficient identification of both the time history and the location of impact loads 

without the need for a large number of sensors. To verify its effectiveness, the method was applied to impact 

problems involving a simply supported beam and a plate. The results confirm that the proposed method can 

accurately estimate both the magnitude and the location of the applied impact load in these cases. 

 

 

 

Figure 1. Overview of the proposed load identification method, which uses COA to search for the load position in the 

fitness landscape and the Moore-Penrose generalized inverse to estimate the load magnitude. 
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Improved Evolutionary Algorithms (EA) applied to a wide class of large non-linear constrained optimization 

problems are considered in this paper. The long-term objective of this research is a significant acceleration of 

the EA based solution approach and its application to chosen engineering problems of mechanics, including 

residual stress analysis. In the problems considered, a function given in the discrete form, e.g. expressed in 

terms of its nodal values, is sought. In order to obtain discrete formulation, any discretization method may be 

applied, including Meshless Finite Difference Methods (MFDM) [3, 4] considered here.  

The standard EA are understood here as real-value coded Genetic Algorithms using three operators: selection, 

crossover, and mutation [1]. Dedicated approach proposed includes several additional speed-up techniques, 

namely: smoothing and balancing, step-by-step mesh refinement, a’posteriori solution error analysis combined 

with non-standard parallel computations, estimation of the convergence point of population, efficient 

constraint handling techniques, and population averaging [5]. These very general ideas may be applied in many 

ways. Recent advances in development of all proposed techniques, including searching of the most efficient 

combinations and numerous parameters, are considered here.  

Presented is the efficiency analysis of all speed-up techniques proposed. Simple but demanding benchmark 

problems are used, including residual stress analysis in chosen elastic-perfectly plastic bodies under various 

cyclic loadings [2], and problems resulting from the Physically Based Approximation (PBA) of experimental 

and/or numerical data. Such approximation may simultaneously use all information available for the problem 

considered: all experimental data obtained by means of various measurement techniques, their statistics, 

as well as theoretical and/or heuristic knowledge. Chosen benchmark boundary value elliptic problems, 

with various geometrical shapes are considered as well. All these benchmarks allow to choose almost any 

number of decision variables involved. The largest executed numerical tests involved more than 3000 decision 

variables. Results obtained indicate a possibility of practical application of the improved EA to the large 

optimization problems considered. Each one of the techniques considered allowed for significant acceleration 

of computations. The final engineering objective of this research includes real complex problems, e.g. residual 

stress analysis in railroad rails, and vehicle wheels. 

 

[1] A.P. Engelbrecht, Computational intelligence: an introduction, Wiley, Chichester, 2007. 

https://doi.org/10.1002/9780470512517 

[2] R. Hill, The Mathematical Theory of Plasticity, Oxford University Press, online, 1998. 

https://doi.org/10.1093/oso/9780198503675.001.0001 

[3] T. Liszka, J. Orkisz, Comp. & Struct. 11, 83–95, 1980. https://doi.org/10.1016/0045-7949(80)90149-2 

[4] S. Milewski, Eng. A. Bound. El. 131, 100–117, 2021. https://doi.org/10.1016/j.enganabound.2021.06.010 
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In  the  equilibrium finite  element  approach  to  the  analysis  of  the  Reissner‒Mindlin  plate,  bending  and
twisting moments,  along with shear forces, are expressed in terms of first  and second derivatives of the
Southwell stress vector function [1]. The boundary conditions then take the form of linear constraints on the
degrees of freedom at nodes located along the plate boundary. 

The statically admissible solution of the Reissner‒Mindlin plate, obtained using the Hsieh‒Clough‒Tocher
(HCT) element presented in [1], yields excellent results for hard (2D) boundary conditions. Unfortunately,
this approach suffers from over-constraining when soft (3D) boundary conditions are applied, as the number
of required constraints exceeds the number of degrees of freedom associated with these conditions.  

To overcome this difficulty, an additional term related to bending and twisting moments has been  introduced
in the present formulation.  This  modification makes it possible to impose independent constraints on the
three stress resultants—namely, the bending moment Mn, the twisting moment Mns, and the transverse shear
force Qn —defined with respect to the local coordinate system ns, associated with the plate boundary.

Two C1 triangular elements were used in computations: the HCT element with 36 degrees of freedom and
cubic interpolation functions, and the Argyris element with  63 degrees of freedom and fifth-degree shape
functions.  Elements with smooth shape functions are required  because the shear forces, represented by second
derivatives of the stress function, contribute to the strain energy.

The HCT element allows for the representation of an arbitrary parabolic distribution of bending and twisting
moments  along  the  edge  and  a  linear  distribution  of  the  shearing  force.  The  Argyris  element  enables  the
application  of  boundary  conditions  with  bending  and  twisting  moments  following  a  quartic  polynomial
distribution and a cubic distribution of the shearing force.

The results obtained using the equilibrium FEM are dual to those derived from the kinematically admissible
approach,  which  provides  bounds  on  the  exact  value  of  the  strain  energy.  The  duality  can  be  readily
exploited to estimate the error of the approximate solution using Synge's metod [2].

[1] Z. Więckowski, P. Świątkiewicz, Equilibrium-Based Finite Element Analysis of the Reissner–Mindlin
Plate Bending Problem, Materials 18(21), 4969, 2025. https://doi.org/10.3390/ma18214969 

[2] J.L. Synge, The Hypercircle in Mathematical Physics. Cambridge: Cambridge University Press, 1957.
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In material science and fracture mechanics, accurate evaluation of extremal, rather than average, values of 

physical fields is of prime significance. This requires studying high physical fields near edges of open sur-

faces, which are sources of unfavorable effects such as potential discharge, static fracture, fatigue, etc. Their 

strength is characterized by the field intensity factors (FIFs). The tail distributions of FIFs define the proba-

bility of rare high values, and serve to assign safety factors for a given fracture risk. To the date, FIFs are 

calculated mostly for 2D problems. In 3D, they are found for planar crack and for the axisymmetric spherical 

cap-like crack. Extensions to arbitrary open curvilinear surfaces have been hampered by the difficulties, in-

volved by the need to solve 3D hypersingular boundary integral equation with the density, whose asymptot-

ics defines the FIF. Nowadays, the tangent-plane approach (TPA) opens a possibility to remove the difficul-

ties [1]. Our objective is to employ the new options for developing accurate and efficient method of FIF 

evaluation at edges of open surfaces in 3D. We reach the goal due to the improvements sketched below. 

We consider an open surface, at which a physical field 𝑈 is discontinuous. The edge contour is assumed to 

be a smooth curve. Then the field discontinuity 𝛥𝑈 near an edge point 𝑥 has the monomial asymptotics  

𝛥𝑈(𝑠) = 𝐾 𝑥 𝑠𝛼(𝑥) (1) 

where 𝑠 is the distance to the edge point, measured in the cross-section normal to the contour; 𝐾 is actually 

the FIF at this point; 𝛼(𝑥) is the known exponent (usually, 𝛼 = 1/2). We account for the asymptotics (1) 

in approximation of the density 𝛥𝑈. This significantly increases its accuracy at a vicinity of the edge. 

Yet, the improved approximation of 𝛥𝑈 requires appropriate adaptation of the TPA to the monomial 

asymptotics (1). We performed the needed modification by complementing the TPA with the corrective 

terms derived. The modification drastically improves the accuracy of the density 𝛥𝑈 near the edge.  

Furthermore, by (1), the FIF is defined as the limit of the ratio 𝐾(𝑥𝑗) = lim
𝑠𝑗→0

 𝛥𝑈(𝑥(𝑠𝑗))/𝑠𝑗
𝛼(𝑥) , in 

which both numerator and denominator go to zero. Consequently, with decreasing distance 𝑠𝑗 , the rela-

tive error of conventional finding FIF via a single value of the pseudo-FIF 𝐾𝑃 𝑥𝑗 = 𝛥𝑈(𝑥(𝑠𝑗))/𝑠𝑗
𝛼(𝑥) 

unavoidably goes to infinity. To prevent the loss of the accuracy, we have designed extrapolation formu-

lae of  order 𝑚 > 0, which employ 𝑚 + 1 values of the pseudo-FIFs at 𝑚 + 1 different distances from the 

edge. They provide notably better accuracy of FIFs, than the conventional calculations, corresponding to 

𝑚 = 0. 

Summarizing, the objective to develop a universal method for accurate evaluation of FIFs in 3D potential 

and elasticity problems is reached by combining the three improvements briefly reported above. These are: 

(i) accounting for the monomial asymptotics; (ii) appropriate modification of the TPA, and (iii) extrapolation 

formulae of higher orders. Numerical results for a number of examples confirm that the method sug-

gested provides accurate and computationally efficient evaluation of FIFs. 
 

[1] A. Linkov, E. Rejwer-Kosińska, L. Rybarska-Rusinek, Eng. Anal. Bound. Elem. 179, Part B, 106394, 

2025. https://doi.org/10.1016/j.enganabound.2025.106394  
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Accurate numerical modelling of wave propagation remains a challenge in computational mechanics, as 
spatial discretization may introduce artificial dispersion and anisotropy that are not present in the underlying 
physical system. Even for isotropic materials, finite element (FE) models may exhibit direction-dependent 
wave speeds and, more critically, frequency ranges in which wave propagation is completely suppressed. We 
adopted a broader definition of numerical anisotropy that includes not only directional variations of phase 
and group velocities, but also the presence of directional numerical frequency band gaps. From the 
perspective of wave modelling, such band gaps represent an extreme manifestation of anisotropy, as they 
completely eliminate wave propagation in parts of the angular spectrum.  

The study focuses on three formulations: classical finite elements (FEM), time-domain spectral finite 
elements (TD-SFEM), and a class of spline-based finite elements (spFEM) developed by the authors [1]. 
Dispersion relations are obtained by combining the finite element formulation with Bloch–Floquet theory, 
allowing the analysis of the complete angular-frequency behaviour of the discretized system.  

The results show that classical formulations of FEM and TD-SFEM exhibit pronounced numerical 
anisotropy, including directional band gaps which significantly limit their applicability in wave propagation 
problems. In contrast, the proposed spline-based formulation eliminates numerical frequency band gaps and 
substantially reduces directional dependence of wave velocities. As a consequence, a much larger portion of 
the numerical spectrum becomes usable, leading to a more efficient use of degrees of freedom.  

Time-domain simulations of wave propagation confirm these observations. While standard formulations 
exhibit direction-dependent distortion and suppression of wave fronts, the spline-based model maintains 
stable and nearly isotropic propagation over a wide frequency range. Even near the upper limit of its 
applicability, the observed deviations remain small and systematic, without the abrupt breakdown associated 
with band-gap formation. 

The presented results demonstrate that elimination of numerical band gaps is a key to improv the reliability 
and efficiency of finite element models for wave propagation. The proposed spline-based formulation 
provides a promising alternative to standard approaches, particularly in applications requiring accurate 
broadband simulations. 
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The heating of thin double-layered (gold-copper, gold-chromium) film that has been exposed to 

an ultra-short laser pulse is considered. The system of equations determining the electron and 

lattice temperatures, as well as the dependences between the intensities of the heat fluxes and 

the temperature gradients in which the phase lag appears, for the first and second layer, 

respectively, provide the mathematical foundation for the description of this process (a 

hyperbolic two-temperature model) [1]. In the first version, a condition of perfect contact at the 

interface of layers was assumed, while in the second version, a condition of imperfect contact 

was adopted. A no-flux condition was accepted on the external surfaces. The initial condition is 

also known.  

The main goal of the work is the correct wording of the mathematical form of  ideal and imperfect 

contact conditions for hyperbolic two-temperature model presented here. In literature, the 

conditions of ideal or imperfect contact corresponding to the macroscopic Fourier model is most 

often applied, which does not take into account the relaxation time of free electrons in metals 

and the relaxation time in phonon collisions. 

The finite difference method's implicit scheme is used to solve the issue [2]. Comparisons were 

made between the solutions obtained using the hyperbolic and parabolic models (Figure 1) and on 

this basis appropriate conclusions were formulated. 

 
Figure 1. The distribution of temperature of: a) electrons, and b) lattice after 0.3 ps, tp = 0.1 ps for hyperbolic ideal contact 

condition (solid lines) and parabolic ideal contact condition (dashed lines) 
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The behaviour of structures of multi-story buildings under extreme loads arising from strong seismicity, gas 

explosions, drone impacts, artillery shell impacts, etc., is considered. At the first stage, the problem of 

progressive destruction is solved, and the proposed approach, unlike conventional methods, allows us to 

instantly or gradually remove the finite elements of not only spatial frames, but also finite elements of any 

type, including fragments of load-bearing walls and staircase-elevator blocks modelled by the finite elements 

of plane shells [1]. The proposed technique for adding and removing auxiliary supports, based on the method 

of time-dependent penalty parameters, as well as adding finite elements, allows us to simulate the leveling of 

a structure that has significant deformations and the replacement of destroyed finite elements with new, 

undamaged ones [2]. 

The finite element library includes quadrilateral and triangular Mindlin-Reissner finite elements, as well as a 

space frame finite element. In reinforced concrete, reinforcement is modeled as inclusions. For concrete, the 

plastic flow theory is applied, and the yield surface is assumed to be a non-circular Geniev paraboloid. In the 

hardening zone, the yield surface expands, and in the softening zone, it contracts. When the limiting 

deformations are exceeded, the destruction of concrete is modeled using the damage parameter. For steel, the 

von Mises plastic flow theory with kinematic hardening is adopted. When the limiting deformations are 

exceeded, the failure of the reinforcement is also modeled using the damage parameter. The calculation is 

carried out according to a deformable scheme – after each converged time step, the nodal coordinates are 

updated using nodal displacements. 

As a result, we obtain the Cauchy problem: 

𝐌(𝑡)𝐮̈ +
𝑑𝐌

𝑑𝑡
𝐮̇ + 𝐂𝐮̇ + 𝐟𝑖𝑛𝑡(𝐮, 𝑡) + 𝚪(𝑡)𝐮 = 𝐟𝑠𝑡𝑎𝑡 + 𝐟𝑑𝑦𝑛(𝑡) + 𝚪(𝑡)𝐮̂(𝑡)

𝐮(0) = 𝐮0,   𝐮̇(0) = 𝐯0

.     (1) 

Here 𝐮 is the vector of nodal displacements, M and C are the mass matrix and dissipation matrix, 𝐟𝑖𝑛𝑡(𝐮, 𝑡) is 

a nonlinear operator returning the vector of internal forces, 𝚪(𝑡) is the diagonal matrix of penalty parameters, 

𝐟𝑠𝑡𝑎𝑡 is the vector of static loads, 𝐟𝑑𝑦𝑛(𝑡) is the vector of dynamic loads, 𝐮̂(𝑡) is the vector of imposed 

displacements. The derivative 
𝑑𝐌

𝑑𝑡
 appeared because the mass matrix changes over time when finite elements 

are removed/added. The Cauchy problem is solved numerically using the implicit α-HHT method. Details are 

presented in [1, 2]. 
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This study investigates the Saint-Venant torsion of functionally graded (FGM) shafts using the Finite Element 

Method. For the purpose of this research, numerical models of shafts with circular, elliptical, equilateral 

triangular, and square cross-sections were developed. A functional material gradation was applied radially 

from the geometric center to the outer boundary, transitioning from an aluminum (Al) core to a titanium (Ti) 

surface. The effective material properties were evaluated using the Mori-Tanaka micromechanical model. Two 

distinct gradient modeling techniques were employed and compared: a conventional discrete layer-wise 

gradation and a novel approach utilizing a continuous field variable interpolated directly from nodes to Gauss 

integration points. Boundary conditions consistent with Saint-Venant free torsion theory [1] were applied, 

allowing for the unconstrained warping of the non-circular cross-sections. To prevent rigid body motion 

without overconstraining the model, a weak springs algorithm was implemented, yielding negligible reaction 

forces on the order of 10-14 N.  Figure 1 shows a concept of the shaft material gradation using: a), d) the discrete 

layer-wise method, and b), c) the continuous method. 

                          

Figure 1. Material gradation in various cross sections using different modeling methods. 

The effective material properties were evaluated using the Mori-Tanaka [2] homogenization, governed by: 

𝐺𝑀𝑇 = 𝐺1 +
𝑉𝑓(𝐺2−𝐺1)𝐺1

(1−𝑉𝑓)(𝐺2−𝐺1)𝛽1+𝐺1
, 𝛽1 =

6(𝐾1+2𝐺1)

5(3𝐾1+4𝐺1) 
.                                        (1)   

The model incorporates the reinforcement volume fraction Vf [0-1], alongside the shear and bulk moduli of Al 

and Ti. High-fidelity results are ensured via rigorous strain energy-based mesh convergence and GCI 

calculations. Subjecting the shafts to +/-1Nm torsional moments, the study evaluates the impact of Al/Ti 

gradation on cross-sectional warping and resultant shear stress distribution, using a homogeneous aluminum 

shaft as a baseline. Figure 2 shows results of uz displacement for triangular cross-section. 

 

Figure 2. Results of uz displacement for triangular cross-section, a) aluminium, b) Al/Ti FGM. 

[1] De Saint-Venant, A. J. C. B. (1856). Mémoire sur la torsion des prismes. Mémoires présentés par divers 

savants à l'Académie des Sciences, 14, 233-560. 

[2] Mori, Tanaka, and Kohichi Tanaka. "Average stress in matrix and average elastic energy of materials 

with misfitting inclusions." Acta Metallurgica 21.5 (1973): 571-574. 
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This work presents the formulation and analysis of a Discontinuous Galerkin Method (DGM) for second-order 

boundary value problems defined on two-dimensional domains with curved boundaries. The method is 

developed within a broken-Sobolev-space framework over meshes composed of convex polygonal finite 

elements. In DGM, the underlying function space is discontinuous across the mesh skeleton in the 

infinite-dimensional setting, and this discontinuity is inherited by the corresponding finite-dimensional 

approximation space. Within the infinite-dimensional space, we identify the subspace consisting of continuous 

functions that satisfy homogeneous Dirichlet boundary conditions. In the finite setting, we determine the 

subspace that minimizes both the interelement discontinuities and the deviation from homogeneous Dirichlet 

boundary conditions [1]. 

In contrast to the standard FEM, the basis functions in the DGM are defined independently on each finite 

element, and therefore do not depend on the element’s shape. Then, a wide range of basis functions can be 

employed, and polygonal finite elements of arbitrary geometry may be used. In particular, elements with 

curved edges can be incorporated to accurately represent the curved outer boundary of the computational 

domain. For numerical integration, each polygonal element is subdivided into triangles, to which suitable 

quadrature schemes are applied. Standard numerical integration rules are used for triangles with straight edges. 

When a triangle possesses one curved edge, integration is performed using a scaled boundary approach [2]. 

The outer boundary of the domain must be described analytically by a parameterized function. This 

parametrization is then transferred to the polygonal edges aligned with the outer boundary in order to curve 

those edges and to generate the corresponding numerical integration schemes for both the curved elements and 

the curved portions of the external boundary. 

It is well known property of higher-order finite element approximations yield higher convergence rates, 

allowing significantly improved accuracy with comparatively fewer degrees of freedom than low-order 

elements. However, when the boundary of the domain is curved, small elements must often be used to faithfully 

recover the geometry, which diminishes the advantages of high-order elements. The approach adopted in this 

research enables the use of relatively large finite elements while providing an exact representation of the 

domain geometry. Under these conditions, the size of the finite elements is determined solely by the need to 

reduce the approximation error of the numerical solution, rather than by geometric constraints. 

The capabilities of the method are demonstrated through a series of numerical examples. These include 

benchmark Poisson problems featuring highly irregular solutions on strongly curved domains. In addition, the 

method is applied to the Stokes problem that combines the velocity and pressure fields. The presented examples 

illustrate the flexibility of the approach and its numerical robustness, even for high-order approximations. 

[1] J. Jaśkowiec and N. Sukumar, Int. J. Numer. Methods Eng. 125(12), e7472, 2024. 
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The Multiscale Finite Element Method (MsFEM), originally proposed three decades ago [1] and further de-
veloped in subsequent years, e.g., [2], is an efficient framework for multiscale analysis. In this approach,
computations are performed at the macroscale while properly accounting for material properties and physical
phenomena occurring at the microscale.

The core idea of MsFEM is the construction of special shape functions associated with coarse finite elements.
These shape functions are computed offline by employing a fine-scale discretization within each coarse-mesh
element and solving an auxiliary boundary value problem defined on the element domain. The resulting solution
provides the degrees of freedom of the approximated shape functions, which constitute the columns of the
prolongation matrix mapping degrees of freedom from the coarse grid to the fine grid. Through the Galerkin
coarsening procedure, this prolongation matrix enables the computation of coarse-scale element matrices that
incorporate the effects of heterogeneous material microstructures.

In certain applications, such as microstructure optimization [3] , it is necessary to compute the prolongation
matrix multiple times for a single element. To enchance the efficiency of such analyses, we propose the use of
artificial neural networks. The training inputs include material properties as well as arbitrary spatial distribu-
tions of components within the microstructure. Once trained, the neural network enables efficient evaluation
of prolongation matrices without the need to repeatedly solve auxiliary boundary value problems. This ap-
proach is inspired by the application of artificial neural networks, known as Physics-Informed Neural Networks
[4], to the direct (non-multiscale) solution of boundary value problems. Our preliminary results obtained for
the Laplace problem with two materials distributed in a piecewise-constant manner confirm the potential of
enhancing MsFEM through the use of artificial neural networks.

[1] T. Hou and X. Wu, A Multiscale Finite Element Method for Elliptic Problems in Composite Materials and
Porous Media. J. Comput. Phys. 134, 169–189, 1997.

[2] M. Oleksy, W. Cecot, W. Rachowicz, M. Nessel, An improved Multiscale FEM for the Free Vibrations of
Heterogeneous Solids. Comput. Math. Appl. 110, 110–122, 2022.

[3] H Liu and Y. Wang and H. Zong and M. Wang, Efficient Structure Topology Optimization by Using the
Multiscale Finite Element Method. Struct. Multidiscip. Optim. 58, 1411–1430, 2018.

[4] S. Roy, C. Annavarapu, P. Roy, D. M. Valiveti, Physics-informed Neural Networks for Heterogeneous
Poroelastic Media. Int. J. Comput. Method Eng. Sci. Mech. 26, 187–207, 2024.
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Critical structural components in the various industries are connected via flanges using riveted joints, which 

offer superior shear strength compared to bolts, making them well-suited for load-bearing applications. Despite 

their geometrically simple shape, the stress behavior of rivets is complex due to assembly-specific features 

such as preload, interference fit, and the use of sealing elements or adhesives [1]. This complexity makes it 

impractical to model rivets with solid finite elements. To address this, rivets are commonly represented as 

mesh-independent point fastener elements in finite element models. Existing approaches in the literature — 

including formulations by Huth, Boeing, Douglas, Tate & Rosenfeld, and Grumman — estimate fastener shear 

compliance using semi-empirical expressions derived from test data [2]. However, these formulations may 

vary and can be difficult to choose for specific systems. 

 

Figure 1. Reduced riveted joint FEA model in ABAQUS. 

In this study, a new semi-empirical shear compliance formulation was developed using tensile test data 

obtained from riveted plate specimens covering a range of plate thicknesses and rivet diameters. The base term 

structure of the formulation was adopted from existing literature formulations such as Huth, Boeing, and 

Douglas, utilizing fundamental terms of the form (t/d)^0.8/Et, 1/tE, 1/(tE_f ), 1/(dE_f ) and similar expressions. 

The iterative finite element models employed shell elements for plates with contact definitions. Shear 

compliance values were extracted iteratively from global stiffness measurements, and multiple regression 

techniques — including least squares, weighted least squares, regularized least squares, and PCA-based order 

reduction — were applied to determine the formulation coefficients. A three-term model was selected by 

balancing prediction error and condition number stability. 

Finite element analyses using the new formulation were compared against rigid fastener modeling and existing 

literature formulations. The results demonstrate that the new formulation correctly predicts failure modes and 

produces structural responses consistent with the actual assembly behavior — an outcome not reliably achieved 

with rigid modeling approaches. 

[1] Vivio, F., Fanelli, P. & Ferracci, M., Experimental characterization and numerical simulation of riveted 

lap-shear joints using Rivet Element., Int. J. Adv. Struct. Eng. 10, 37–47 (2018). 

https://doi.org/10.1007/s40091-017-0176-7 

[2] Jarfall, L., Shear loaded fastener installations., Int. J. Veh. Des. 7(4–5), 337–380 (1986), 
https://doi.org/10.1504/IJVD.1986.061155 
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In the case of thin-walled structures, error-controlled adaptive finite element (FE) analysis requires estimation 

of the total, approximation and modelling errors, in contrast to 3D-elasticity where only approximation error 

is required. The approximation and modelling error estimators control the p- and q-adaptivity in the 

longitudinal and transverse directions of the shell (or plate) structures, respectively. Here, p and q represent 

longitudinal and transverse approximation orders within adaptive shell finite elements. In this work, the order 

q characterizes also the order (I ≡ q) of the 3D-based hierarchical shell models MI. These 3D-based models 

apply through-thickness shell degrees of freedom (dofs), instead of mid-surface dofs of the conventional 

hierarchical shell models. 

The applied equilibrated residual method (ERM) of approximation error estimation have been presented in [1] 

and [2] for the general elliptic and specific 3D-elasticity problems, respectively. The ERM approximation error 

estimation for the conventional and 3D-based hierarchical (q ≥ 1) shell models MI (I ≡ q) has been proposed 

in [3] and [4], respectively. Application of the last two approaches to the total and modelling error estimation 

is possible for higher-order and first-order models (q ≥ 1). However, the first-order hierarchical model (I ≡ q 

= 1) suffers from the  improper solution limit and has to be replaced with the first-order (q = 1) Reissner-

Mindlin (RM) model of the correct solution limit. Unfortunately, direct application of ERM to the total and 

modelling error estimation for this model does not lead to the correct estimation results as this model is not a 

regular member of the hierarchy of models MI. In this work, we show how to resolve the problem of incorrect 

total and modelling error estimation results for the RM model. Note that the approximation error estimation 

for this model is presented in [5].     

One of the elements of ERM are local (element) problems, the solution of which leads to element error 

indicators. The removal of the incorrect estimation of the total and modelling errors for the RM model requires 

modification of these local problem through energy projection of the work of the RM-based inter-element 

forces of the element so as the local problem solution moves from the incorrect solution space to the projected 

solution space closer energetically to the MI solution space. The projection can be applied to Neumann and 

Dirichlet (with 6 rigid body vertex displacement constraints) genuine local problems or tuned both Neumann 

and Dirichlet problems with 18 vertex displacement constraints. We also show that the first-order hierarchical 

model MI (I ≡ q = 1) requires energy projection of the 18 vertex constraints in the Neumann and Dirichlet 

problems, so as the local problem solution moves from the incorrect solution space to the MI (I ≡ q ≥ 2) correct 

space. Error estimation effectivity indices are used to demonstrate effectiveness of the proposed approaches. 

[1] M. Ainsworth, J.T. Oden, Comput. Math. Appl. 25(2), 101–113, 1993. DOI: 10.1016/0898-1221(93)90184-7 

[2] M. Ainsworth, J.T. Oden, W. Wu, Appl. Numer. Math. 14, 23–55, 1994. DOI: 10.1016/0168-9274(94)90017-5 

[3] J.T. Oden, J.R. Cho, Comput. Meth. Appl. Mech. Eng. 136, 317–345, 1996. DOI: 10.1016/0045-7825(95)00986-8 

[4] G. Zboiński, Comput. Meth. Appl. Mech. Eng. 267, 531–565, 2013. DOI: 10.1016/j.cma.2013.08.018 

[5] G. Zboiński, A posteriori error estimation for hp-approximation of the 3D-based first-order shell model. Part I. 

Theoretical aspects, Appl. Math. Inform. Mech. 8(1), 104-125, 2003. 
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Artificial neural networks (ANNs) are increasingly used in structural health monitoring (SHM) for damage
detection and localization [1]. In our previous work, ANNs were successfully applied to identify damage in
isotropic plates using data generated with the time-domain spectral finite element method (TD-SFEM). This
approach forms the basis for the development of a digital twin framework, in which numerical simulations are
used to generate training data for data-driven diagnostic models.

Accurate localization of smaller defects, as well as improvement of spatial resolution, requires the use of shorter
wavelengths, which in turn necessitates higher excitation frequencies. However, increasing the frequency range
introduces significant challenges in numerical modelling. In particular, discretization errors become more pro-
nounced and may manifest as numerical anisotropy, including direction-dependent wave speeds and frequency
band gaps. These effects distort the simulated wavefield and degrade the quality of the data used for training
neural networks.

A straightforward way to extend the usable frequency range is to refine the mesh, increasing the number of finite
elements. While this approach improves accuracy, it leads to a substantial increase in computational cost. This
becomes a critical limitation in the context of ANN training, where large datasets are required and simulation
time directly impacts the feasibility of the approach.

To address this issue, a class of spline-based finite elements is employed, which significantly reduces numerical
anisotropy and eliminates numerical band gaps without a substantial increase in computational cost. As a result,
the usable frequency range of the numerical model is extended, enabling one to generate higher-quality training
data within practical computational limits.

The improved numerical data are subsequently used to train artificial neural networks for damage localization.
The results demonstrate that the proposed approach allows for accurate identification of damage at higher
frequencies, while maintaining computational efficiency. These findings highlight the importance of controlling
numerical properties in simulation-based machine learning pipelines and demonstrate the potential of spline-
based finite elements in supporting data-driven SHM applications.
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In this presentation, new multi-field variational formulations are introduced for solving the following thermo-
dynamic models [1]: (i) the ballistic-conductive system, (ii) the Guyer–Krumhansl heat conduction model, and
(iii) the Maxwell–Cattaneo–Vernotte model, which are representative models of extended irreversible thermo-
dynamics. In these formulations, the temperature, heat flux, and the current density of heat flux are treated as
independent field variables [2]. Based on this variational framework, a family of mixed hp-version finite ele-
ment methods (FEM) is developed, which is capable of reliably and efficiently modeling temperature responses
[1].

The performance of the proposed hp-FE framework is demonstrated through two benchmark heat pulse experi-
ments: (1) a sinusoidal laser pulse heating process and (2) a rectangular (step-like) laser pulse train. Numerical
results confirm that uniformly stable (robust) and oscillation-free temperature response functions can be ob-
tained not only for the ballistic-conductive system and the Maxwell–Cattaneo–Vernotte model, but also for
both under-diffusive and over-diffusive parameter regimes of the Guyer–Krumhansl model.

It is shown that the hp-FE solutions successfully reproduce the expected characteristics in all cases, in contrast
to COMSOL Multiphysics simulations (see [3]). This is particularly significant, as low-order, mesh-refinement-
based FE approaches do not perform satisfactorily in all scenarios.

ACKNOWLEDGEMENT: The research work reported has been supported by the National Research, Devel-
opment and Innovation Office-NKFIH under grant No. STARTING 149487.

[1] B. Tóth, A unified mixed hp-finite element framework for modeling laser pulse heating pro-
cesses in the refined thermodynamics, Int J Heat Mass Transfer, 238, paper ID 124663, 2025.
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We verify the hypothesis attributed to L. Euler [1] that loading by conservative body forces in finite incom-
pressible elasticity is manifested only by a change of the pressure reaction without affecting the deformation of
the body. The modification of the pressure reaction is by the negative potential provided that also the Neumann
boundary condition is modified by the corresponding negative potential.

We experiment with the so-called Eriksen’s class of controllable deformation [2] in isotropic incompressible
elasticity. These are the problems for which exclusively stress loading on the boundary is prescribed and
whose analytical solutions are found. The numerical solutions corresponding to the additional conservative
body forces are obtained using the Simo, Taylor and Pister [3] finite element method for nearly incompressible
elasticity with hexahedral elements. The technique is based on a mixed formulation using the displacements
and the pressure. Such mixed formulation prevents the solutions from instabilities, oscillations and locking
usually appearing when one approaches to incompressible material.

a b
Figure 1: Pure torsion of a cylinder, r = 1, by angle of 450. Gravitational potential v̄ = −0.02/r, r =‖ x− xc ‖, xc =
(1.4/

√
2,1.4/

√
2,1): a) pressure over vertical, and b) horizontal cross-section of the cylinder (deformed configuration)
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While the Finite Element Method (FEM) remains the dominant approach for engineering problems, meshless 
methods offer attractive alternatives. A wide range of meshless methods differ from each other in the process 
of construction of local approximation. In general, they can be classified into methods based on strong 
formulation and methods based on weak formulations [1]. 

One of the basic meshless methods, the Meshless Finite Difference Method (MFDM), is typically described 
in strong collocation form [2]. However, recent developments extended this method, including its higher-order 
multipoint variant [3], to various weak formulations [4]: global variational (Galerkin, Petrov-Galerkin), energy 
functional minimization, and meshless global-local Petrov-Galerkin (MLPG), particularly the computationally 
efficient MLPG5 approach using Heaviside test functions. 

The multipoint meshless FDM raises approximation order by introducing additional degrees of freedom at 
stencil nodes via moving weighted least squares (MWLS), enabling analysis of elliptic boundary value 
problems in both strong local and various weak global and global-local formulations without mesh 
densification. The method also shows potential for integration with physics-informed neural networks (PINNs) 
via MFDM discretizations in the PDE residual loss [5]. 

Numerical tests for 2D elliptic Poisson problems, plate bending, and prismatic bar twisting confirm that all 
weak formulations yield results comparable to strong form solutions while global-local MLPG5 form [6]  
significantly reduces computational effort through boundary-only integration. 
 
[1] J.-S. Chen, M. Hillman, S.-W. Chi, J. Eng. Mech. 143(4), 04017001, 2017. 

https://doi.org/10.1061/(ASCE)EM.1943-7889.0001222 
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Shape memory alloys (SMAs) possess unique properties that make them suitable for various applications, 
including energy-efficient actuators, biomedical devices for minimally invasive surgery, and aircraft 
morphing. Their distinct behaviour involves the recovery of large strains under stress or thermal cycles, and it 
is well-known that microstructural twinning governs this exotic mechanism. However, it is crucial to 
understand the structure and mobility of twin systems in martensite microstructures to determine why specific 
twinning systems arise more frequently than others [1]. 
In this study [2,3], we demonstrate with the prototypical NiTi SMA that twin interface mobility can strongly 
influence twin emergence. We employ an integrated methodology that combines crystallographic theory [4], 
state-of-the-art atomistic modelling, topological model [5], and validation using high-resolution transmission-
electron micrographs [6]. Our atomistic model is based on a machine learning Atomic Cluster Expansion 
(ACE) interatomic potential trained on an extensive density functional theory (DFT) database, and tested on 
key benchmark properties of B2 and B19’ phases in NiTi. 
Our atomistic simulations reveal that twinning stress, rather than interfacial energy, determines the occurrence 
of twins. Moreover, our simulations address long-standing questions by explaining the atomistic structure and 
propagation mechanisms of twin interfaces at zero and finite temperatures, which established theories of 
martensite crystallography cannot explain. This mechanistic understanding of the role of interface mobility in 
twin formation can help predict variant selection and inform the design of SMAs with enhanced functional 
performance. Moreover, our predictions of twin interface energetics and kinetics can inform higher scale 
models of microstructure formation (e.g. phase-field). 
 
ACKNOWLEDGEMENT: F. Maresca acknowledges the support of the Startup Budget of the Faculty of 
Science and Engineering at the University of Groningen. 
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This work presents a general contact formulation for coupled chemical, mechanical and thermal contact. It
is derived from the balance laws of mass, momentum and energy at the contact interface, thus exposing the
general coupling between the different fields [1]. Chemical bonding and debonding is assumed to occur be-
tween bonding sites following a kinetic reaction equation. A quadratic contact potential is used to describe the
free energy of contact, bonding and debonding. The proposed formulation corresponds to the known thermo-
mechanical contact equations [2] extended to chemical contact, see Fig. 1.

Figure 1: Thermo-chemo-mechanical contact [1]: Bodies in contact with their chemical, mechanical and thermal contact
fields (left). Exemplary evolution of the contact bonding state for various initial conditions (right).

The formulation is discretized and implemented in the 3D nonlinear finite element framework of [3] using a
fully monolithic coupling formulation. Implicit time integration is used of the chemical and thermal evolu-
tion equations. The formulation is illustrated by several applications. A particular focus is placed on implant
osseointegration [4] and thermo-chemo-mechanical bonding.

[1] R.A. Sauer, T.X. Duong and K.K. Mandadapu, A chemo-mechano-thermodynamical contact theory for
adhesion, friction and (de)bonding reactions, Math. Meth. Solids., 27(4):711-745, 2022.

[2] T.A. Laursen, Computational Contact and Impact Mechanics: Fundamentals of modeling interfacial phe-
nomena in nonlinear finite element analysis, Springer, Berlin, 2002.
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It is well-known that surface energy plays an increasingly important role in modeling of objects at nano-
scales. In this talk,  surface energy model proposed by Steigmann and Ogden will be applied to fracture 
problems and to problems with thin inclusions in two-dimensional setting. Introduction of surface energy 
leads to non-classical boundary conditions incorporating both stresses and derivatives of displacements. An 
importance of tip conditions, which is often overlooked in literature, will be explored. The mechanical 
problem will be reduced to systems of singular integro-differential equations which are further reduced to 
systems of weakly-singular equations. The existence and uniqueness of the solutions will be discussed. The 
effects of introduction of Surface mechanics on the solution fields willbe investigated, including stress and 
strain singularities at the tips of inclusions and cracks, and size-dependency in the system. Both of those 
represent significant divergence of the studied theories from classic results. A numerical schemes of the 
solution of the relevant systems of integral and integro-differential equations will be suggested. The 
numerical results, parametric studies, and comparisons with known in the literatura results will be presented. 
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Polymers and polymer-based coatings are widely applied on pipelines exposed to abrasive environments, due 

to their low density, cost-effectiveness, mechanical reliability, and excellent corrosion resistance. Given the 

extensive use of polymer coatings in the oil and gas industry, especially as protection against the corrosion of 

subsea pipelines, an understanding of the long-term degradation of the polymer coatings is important for as-

sessing the potential release of polymer waste into marine environment. Therefore, a practical model is re-

quired to evaluate abrasion due to interaction between polymer coating on pipelines and seabed sand parti-

cles. The primary objective of this study is to identify the dominant mechanisms and to develop a numerical 

framework capable of predicting the abrasion response of aged polymer coatings exposed to seabed sand par-

ticles. 

In the present study a spherical indenter is employed to represent the sand particles. The analytical solution 

for a spherical contact follows Hertzian contact theory and distinguishes three deformation regimes—elastic, 

elastic–plastic, and fully plastic - based on the magnitude of the applied normal force. The proposed numeri-

cal model focuses on the elastic–plastic and plastic regimes by systematically varying the applied normal 

load. 

Previous studies using the Finite Element Method (FEM) have demonstrated that the abrasion resistance and 

damage modes of polymer coatings are strongly correlated with their elastic–plastic properties and the asso-

ciated contact conditions when a single hard spherical asperity slides across the surface [1], [2]. In the cur-

rent study, finite element analysis is carried out to quantify the abrasion of polymer coating due to a hard 

spherical particle. The material nonlinearity is accounted for by using experimentally measured stress – 

strain response of the polymer. Consideration of multi-passes of the particle on the polymer surface enables 

the assessment of the evolution of the material loss due to increasing abrasion. 

The results showed that the ratio of the shear or sliding force to the applied normal force is a linear function 

of the normalized normal force for a perfectly plastic polymer coating material, while the ratio is a quadratic 

function of normalized normal force for a strain hardening polymer coating material. An empirical model for 

the wear rate is developed which was found to be in good agreement with existing data from literature.  
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We study the behavior of a nonlinear viscoelastic rod in contact with a deformable foundation along its length
and with an obstacle at its end. The system is subjected to body forces, which drive the evolution of its
mechanical response over time.

A key feature of the model is a boundary condition that describes the contact at the rod’s end, where the internal
stress depends on both displacement and velocity. This relation is formulated using a subdifferential inclusion
and, in a particular case, reduces to the damped normal compliance condition introduced recently in [1].

The proposed model extends earlier approaches [2] in which the stress depended only on velocity, allowing for
a more general and physically realistic description of contact effects.

From a mathematical perspective, we establish the existence of a weak solution to the problem. The analysis is
based on a time discretization scheme for second-order differential inclusions with multivalued pseudomono-
tone operators.

ACKNOWLEDGEMENT: Research supported by the National Science Centre of Poland under Project No.
2021/41/B/ST1/01636.
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The increasing density of orbital debris poses a significant threat to the sustainability of our space environment.
Collisions and breakups trigger an uncontrolled proliferation of fragments, heightening the risk of subsequent
impacts; a cascade effect known as the Kessler syndrome [1]. To assess these risks, space agencies rely on
breakup models, which in turn depend on empirical parameters. Physics-based models of dynamic fragmenta-
tion offer a path to significantly refine these models. Such simulations must capture multiple time scales—from
crack initiation and propagation to secondary fragment interactions—making numerical robustness and compu-
tational efficiency a significant challenge. Prior work showed that combining explicit time integration with an
extrinsic cohesive-zone model and penalty-based contact leads to severe instabilities [2]. While negligible over
short durations, these instabilities worsen over time, introducing artificial fragmentation and energy errors that
compromise the reliability of fragment statistics. To address these limitations, we propose an impulse-based
contact treatment that accounts for the non-smooth nature of contact mechanics. This approach is embedded
implicitly within an explicit time-integration framework, leveraging the nonsmooth Newmark-β scheme [3].
Benchmarking against dynamic fragmentation scenarios demonstrates that this method restores energy conser-
vation and enhances long-term robustness. Despite an overhead of the implicit contact solver, the increased
stability permits larger time steps, yielding computational efficiency comparable to, or exceeding, that of ex-
plicit penalty-based methods. This work establishes impulse-based contact as a reliable and efficient alternative
for long-term fragmentation modeling.

ACKNOWLEDGEMENT: This research was funded by the Swiss National Science Foundation (SNSF)
[Grant N° 212935].

[1] D. J. Kessler and B. G. Cour-Palais, “Collision frequency of artificial satellites: The creation of a debris
belt,” Journal of Geophysical Research: Space Physics, vol. 83, no. A6, pp. 2637–2646, 1978.

[2] T. Ghesquière-Diérickx, J.-F. Molinari, and G. Anciaux, “Stability of extrinsic cohesive-zone model with
penalty-based contact in explicit dynamic fragmentation simulations,” Mechanics of Materials, vol. 215,
p. 105581, 2026.

[3] Q.-z. Chen, V. Acary, G. Virlez, and O. Brüls, “A nonsmooth generalized-α scheme for flexible multibody
systems with unilateral constraints,” International Journal for Numerical Methods in Engineering, vol. 96,
no. 8, pp. 487–511, 2013.

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID151 Session TS6 112



44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland

Instabilities accelerate cyclic degradation: a macroscopic model of functional
fatigue in shape memory alloys accounting for structure–material interplay
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Instabilities play a crucial role in stress-induced martensitic transformation in superelastic shape memory al-
loys (SMAs). Under tension-dominated loading, instabilities emerge as localized martensite bands, which,
upon further loading, evolve into patterned interfaces (so-called macroscopic transformation fronts) separating
austenite and martensite regions. The associated global mechanical response exhibits a stress drop followed
by a stress plateau. The global stress that accompanies martensitic transformation is typically well below the
plastic yield stress of the material. Nevertheless, as a results of cyclic forward–reverse transformation, the
material accumulates irrecoverable strain and exhibits degradation of functional properties, notably reduction
in the transformation stress and hysteresis loop area. This phenomenon is called functional fatigue and is gen-
erally attributed to the transformation-induced plasticity (TRIP). TRIP is inherently a multi-scale mechanism,
operating across both the micro-scale and macro-scale levels [1]. Specifically, when phase transformation takes
place within a grain, high strain incompatibilities and large local stresses are created near the austenite–twinned
martensite interfaces, which promote dislocation slip. Upon cyclic transformation, slip accumulates and im-
pedes the motion of phase interfaces, and thus gives rise to stabilized martensite that can no longer transform
back to austenite. By a similar reasoning, transformation instabilities at the macro-scale level are expected to
influence significantly the fatigue response of the material. Despite the longstanding recognition of this crucial
aspect, its direct validation was provided only a few years ago in the experiments conducted by Zheng et al [2].
It was demonstrated that in view of the repetitive nucleation and propagation of the localized transformation, a
rapid degradation of superelasticity occurs that accelerates the fatigue crack initiation and failure.

While existing models of functional fatigue are able to reproduce general degradation trends, they do not dis-
tinguish between homogeneous and localized transformation modes. To address this limitation, a novel macro-
scopic model of functional fatigue is developed in this work that integrates the effects of localized transforma-
tion into the fatigue constitutive description. The model adopts a gradient-enhanced formulation, in which the
gradient of the martensite volume fraction is incorporated to represent the interfacial energy associated with the
transformation front. The evolution law of fatigue-related variables is then enriched with the gradient effects
so that the accelerating impact of localized transformation on the fatigue response is accounted for.

The resulting finite-element model is employed to investigate the impact of specimen thickness on the fatigue
behavior of a straight NiTi specimen subjected to uniaxial tension with subloop deformation path. Experiments
have shown that a thicker NiTi specimen develops a more diffuse transformation front, in contrast to a thin
specimen with a sharp and more strongly branched front. Importantly, the latter exhibits a shorter fatigue
life [3]. The developed model is capable of capturing morphology-dependent localization effects and their
implications for the functional fatigue response.

[1] Y. Zhang, Z. Moumni, Y. You, W. Zhang, J. Zhu, G. Anlas, Multiscale TRIP-based investigation
of low-cycle fatigue of polycrystalline NiTi shape memory alloys, Int. J. Plast. 115, 307–329, 2019.
https://doi.org/10.1016/j.ijplas.2018.12.003

[2] L. Zheng, Y. He, Z. Moumni, Effects of Lüders-like bands on NiTi fatigue behaviors, Int. J. Solids Struct.
83, 28–44, 2016. https://doi.org/10.1016/j.ijsolstr.2015.12.021

[3] S. Zhang, Y. He, Fatigue resistance of branching phase-transformation fronts in pseudoelastic NiTi poly-
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In structural engineering, accurate modeling of material damage is crucial, particularly the tension–compression
asymmetry observed in quasi-brittle materials and adhesive joints. While cohesive interface models are com-
monly employed in the analysis of bonded structures, the parameters of these models frequently lack a di-
rect correlation with the physical properties of the adhesive layer. To address this issue and capture the ten-
sion–compression asymmetry, this study uses asymptotic analysis to derive two new interface damage models
(termed F1d and F2d) from a thin damaging interphase [1]. The proposed models are formulated within a
thermodynamically consistent framework [2]. The F1d model uses a single damage variable with an asymmet-
ric evolution law, whereas the more advanced F2d model uses separate variables for tensile and compressive
damage, enabling independent evolution kinetics [3]. To bridge the gap between scales and link macroscopic
damage to micro-defect evolution, the new models are coupled with two micromechanical schemes: the non-
interacting Kachanov–Sevostianov model and the Mori–Tanaka–Benveniste model, the latter of which accounts
for defect interactions. The theoretical formulations of the models are presented, and their predictive capabili-
ties are demonstrated through numerical simulations of a bonded joint under axial loading.

[1] M. Serpilli, R. Rizzoni, F. Lebon, Int. J. Eng. Sci. 217, 104384, 2025.

[2] M. Frémond, Non-smooth thermomechanics, Berlin Heidelberg: Springer-Verlag, 2002.

[3] M. Frémond, B. Nedjar, Nucl. Eng. Des. 156, 323–335, 1995.
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A Sharp-Interface Approach for Diffusion-Controlled Phase Transformations
with Application to Cu6Sn5 Growth
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The formation and growth of intermetallic compounds (IMCs) are common in soldering and electroplating
applications. In many cases, IMC growth is diffusion-controlled. At the atomistic scale, composition typically
varies rapidly but continuously across phases. However, at the mesoscale, interfaces can be effectively treated
as discontinuous, motivating the use of a sharp-interface formulation, which forms the basis of the present
work.

We present a model that consistently couples mechanical deformation with atomic diffusion. The thermo-
dynamic formulation treats the bulk material, grain boundaries, and phase interfaces within a unified frame-
work, following [1]. The theoretical development follows a consistent structure in which general thermo-
dynamic principles are clearly separated from constitutive assumptions. In the bulk, the framework allows
for elasto–plastic deformation. At grain boundaries, the framework provides a thermodynamically consistent
description of stress-driven grain boundary sliding and diffusion. Grain boundary diffusion and sliding are
implemented through a three-field variational formulation, while phase interfaces are evolved using a level-set
method known as the Voronoi implicit interface method.

A binary Cu–Sn system is considered, in which a Sn layer is deposited on a Cu substrate, leading to the
formation of the IMC Cu6Sn5 at the interface. The evolution of biaxial stress in the Sn layer is shown in
Figure 1 for both columnar and equiaxed microstructures. The results indicate that grain boundary diffusion
significantly enhances stress relaxation in the equiaxed microstructure, while its effect is negligible in the
columnar case. These findings suggest that grain boundary diffusion is a plausible mechanism for explaining
the increased stress relaxation observed experimentally in equiaxed microstructures [2].
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Figure 1. Biaxial stress in the Sn film for a columnar (left) and an equiaxed (right) microstructure.
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Enforcing inequality constraints in phase-field method using Uzawa algorithm
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Multiphase-field models are essential for investigating materials systems where secondary precipitates emerge
within a primary matrix. A prominent example is the titanium-molybdenum system, where the parent β phase
and distinct ω phase variants coexist. These variants differ based on the crystallographic orientation with respect
to the β phase [1]. In this study, a phase field framework [2] is applied to model the β→ω transformation.
Each phase is defined by an order parameter that is bounded between zero and one and satisfies a sum-to-
unity constraint. The microstructural evolution is driven by the minimization of a global rate-potential [3],
where interfacial contributions are modeled via a double-obstacle potential [2]. In this system, the energy
associated with ω–ω interfaces is significantly higher than that of the ω–β interfaces [4]. So, the potential must
be penalized to favor the formation of the β phase between ω variants. Enforcing these sharp energy gradients
via the standard penalty method requires excessively high penalty parameters, which drastically increases the
condition number of the system matrix. This induced ill-conditioning prevents the efficient application of
iterative linear solvers that are needed in the case of large-scale simulations, particularly in 3D.

To overcome these limitations, an augmented Lagrangian framework is employed to transform the constrained
minimization into a well-conditioned saddle-point system. This system is solved using the Uzawa algorithm,
which iteratively computes the primal variables while holding the dual variables (Lagrange multipliers) con-
stant, followed by an iterative update of the dual variables to approach the saddle-point solution. The results
demonstrate that this reformulated optimization approach provides a numerically efficient and robust method
for simulating complex transformations in metallic alloys, bypassing the convergence issues typical of high-
penalty regimes.

[1] S. Banerjee and P. Mukhopadhyay. Phase transformations: examples from titanium and zirconium alloys,
volume 12. Elsevier, 2010.

[2] I. Steinbach. Phase-field models in materials science. Modelling and simulation in materials science and
engineering, 17(7):073001, 2009.

[3] C. Miehe. A multi-field incremental variational framework for gradient-extended standard dissipative
solids. Journal of the Mechanics and Physics of Solids, 59(4):898–923, 2011.

[4] J. Kozlík, K. Tůma, O. Souček, J. Dobrzański, and S. Stupkiewicz. Multiwell phase-field model for arbi-
trarily strong total-spreading case. International Journal of Engineering Science, 221:104474, 2026.
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This work presents the first stage of a study focused on the numerical modelling of bearing fixation mech-
anisms in electric motor housings applied in steer-by-wire systems using staking-type joints. This stage is
dedicated to the development of a computational approach enabling the analysis of contact interactions and
load transfer mechanisms governing the mechanical performance of such connections. The final objective of
the study is to develop a comprehensive methodology for the design and optimisation of these joint systems.
A three-dimensional finite element model was developed in ANSYS Mechanical using a cyclic symmetry
approach to represent a segment of the staking-type joint [1]. The model includes an elastic bearing and a
deformable housing region, where fixation is achieved through geometric interference, with material behavior
of the housing defined in the elastic–plastic regime. Contact interactions were defined using a frictionless
formulation to ensure numerical stability. The loading scenario consists of an axial displacement applied to
the bearing (see Fig. 1), simulating the extraction process and enabling determination of the force–displace-
ment response. The analysis focuses on contact pressure, equivalent stress distribution, and reaction force
evolution, while a parametric study is prepared to assess the influence of selected geometric parameters.

Figure 1. Left: geometry and loading scheme of the staking-type bearing fixation system (yellow - staking features;
salmon red - motor housing; gray – bearing outer race; navy - bearing to housing contact zone; red – bearing push off

force applied to bearing during the simulation); right: plastic strain simulation result.

The obtained results show the evolution of the reaction force with imposed displacement, allowing identific-
ation of the initial slip threshold and the maximum resistance force of the joint. The results indicate a strong
dependence of the load–displacement response on staking geometry, where changes in design significantly
affect stress concentration and joint stiffness. The numerical analysis reveals the occurrence of plastic deform-
ation in the staking region, with a maximum equivalent plastic strain of 0.022, indicating localized material
yielding governing the mechanical response of the joint. The maximum displacement obtained in the simu-
lation reaches approximately 0.4mm, reflecting the progressive deformation of the joint under axial loading.
Further work will include correlation of numerical results with experimental tests conducted on physical
samples of the joint, aimed at refining the contact-based formulation.
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Athermal β → ω transformation in Ti–Mo alloys produces a multivariant microstructure with four ω variants.
We build on our recent multiwell phase-field model for total spreading [1], in which a double-ditch term in the
interfacial energy suppresses direct contact between different ω variants, keeping them separated by thin layers
of the parent β phase. The four ω variants are described by order parameters, while the β phase follows from the
sum-to-unity constraint. Here, we extend this framework by including fully anisotropic elasticity with phase-
dependent stiffness tensors, a chemical driving force computed from the local molybdenum concentration and
temperature through the Gibbs free energies of the β and ω phases [2], and a Langevin noise term representing
thermal fluctuations and enabling nucleation from an initially β state. The molybdenum field is obtained by
atomistic preprocessing with realistic short-range order and projected onto the computational grid.

We apply the model to cooling of a Ti–15Mo sample studied by in-situ synchrotron X-ray diffraction. The
experiment resolves the parent β phase, four ω variants associated with the four ⟨111⟩β directions, and a tran-
sition phase related to incomplete β → ω shuffle. Three-dimensional large-scale simulations in a periodic cube
of side 42 nm with a realistic molybdenum background reproduce preferential nucleation of ω in chemically
favorable regions, subsequent growth of the four variants, and their separation by the β phase, see Figure 1.
The simulations show good agreement with the experimentally observed evolution during cooling.

Figure 1: Snapshot of the simulated β → ω transformation in Ti–15Mo during cooling at 200 K. The four colors denote
the ω variants, which remain separated by the parent β phase (transparent).
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In most shape memory alloys (SMAs), a direct interface between the austenite phase and a single variant of 

martensite is typically not observed. Instead, compatibility is generally considered in an averaged sense 

through laminates composed of two variants of martensite, commonly referred to as twinned martensite. 

Within the framework of crystallographic theory of martensite, these laminate structures are postulated to be 

macroscopically stress-free. However, local incompatibilities still develop at the austenite–twinned martensite 

(A–MM) interface, which gives rise to microstructural morphologies within the transformation zone. Experi-

mental studies indicate that a branched microstructure or a reduction in twin spacing occurs in the vicinity of 

the A–MM interface. This refinement is occurred to minimize elastic strain energy near this interface, even 

though it leads to an accompanying increase in twin boundary energy. 

Early mathematical modeling of branching was introduced by Kohn and Müller [2], in which a scaling law for 

branching generations was proposed. Subsequently, Seiner et al. [3], based on the concept of a discrete branch-

ing framework and estimates of the elastic strain energy, twin boundary energy, and elastic micro-strain energy 

near the A–MM interface, calculated the number of branching generations in SMAs. More recently, Stupkie-

wicz et al. [4] proposed a one-dimensional model for twin branching based on the principle of energy minimi-

zation, in which the twin spacing varies continuously. 

Accurate representation of branched microstructures in SMAs via the phase-field approach necessitates the 

use of highly refined meshes in order to resolve successive branching generations in the vicinity of the A–MM 

interface. This requirement significantly increases computational expense, thereby limiting the feasibility of 

capturing higher-order branching generations. Accordingly, an alternative modeling strategy is required. 

The present work aims to establish a methodology for simulating branched microstructures in SMAs within a 

phase-field framework. To alleviate computational demands while preserving the morphological features of 

branching, the austenite phase is approximated by linear springs that mimic the elastic strain energy of the 

austenitic bulk material. By adjusting the stiffness of these springs, different branching levels can be repre-

sented, corresponding to various stages of microstructural refinement. The proposed approach is validated 

through comparison with previously reported results in the literature [3,4]. 
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A very simple scheme that avoids the complicated treatment of contact inequality constraints is provided by
third medium contact, which was first introduced in [1] using anisotropic modelling near the contact area.
Since then, the methodology has been improved and mainly applied in areas such as optimisation, soft robotics,
and the development of metamaterials (see Fig. 1). Recently, however, the third medium approach has been
(re)discovered for its potential to include contact in topology optimisation, where boundaries are a priori un-
known. In this class of problem, voids are part of the modelling and make the contact problem differentiable.
This has led to very recent rapid developments of the approach [2], [3], and the present paper contributes to
this.

The third medium contact formulation is characterised by its simplicity of implementation, resulting in an abun-
dance of proposed formulations in recent years that mainly differ in the regularisation term. The regularisation
term is needed to control severely deformed elements that appear in finite strain contact problems. Despite the
overall success of the formulation, several serious deficiencies have been recognised, including: the need for
higher order elements in most formulations, lack of scale invariance, parameter dependency, ill-conditioning of
the resulting system of linear equations, high spurious stresses in the case of separation, significant error in the
deformation field of contact bodies just before first contact is made, inability to release contact when contact
is lost due to sliding among the bodies, and the description of frictional contact is also not straightforward. In
this contribution, we provide a series of benchmark problems in the field of third medium contact, where the
above-mentioned issues will be discussed and compared for different recently proposed formulations.

Figure 1. Third medium contact based simulation of evolving micro-structure.
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Numerous problems in material science and technology are related to varying interfaces. Let us mention suchproblems as crystalline grain growth or dissolution, austenite-martensite phase transformation, dislocationmotion on slip plane, or frictional slip on contact surface. In the study of design improvement the interfaceshape is varied to obtain an improved or optimal design. In metal forming processes the interfaces betweentool and work piece are modified to increase the product quality and reduce the work of acting loads.
The interface can be regarded as a surface on which static and kinematic fields suffer discontinuities. Severalmajor types of interfaces can be considered. First, most popular is a coherent interface 𝑆i specifying varyingshape inclusion inducing stiffness increase, or growing damage zone with its interface boundary 𝑆d to a limitstate and ultimate failure. The discrete set of stiffeners in the form of thin shell or beam elements representreinforcing interfaces 𝑆rcharacterized by traction discontinuity. The softening response is generated by slipinterfaces 𝑆sl characterized by displacement discontinuity. Both elastic and dissipative slips then occur, suchas friction, or dislocation slips.
On the interface 𝑆i both displacements and surface tractions are continuous, thus 𝑢 = 0, and 𝑇 = 𝜎𝑛 = 0,where 𝑢, 𝜀, 𝜎 denote displacement, strain and stress fields,   denotes the discontinuity of enclosed fieldsymbol, thus 𝑢 = 𝑢2 − 𝑢1. The displacement and traction gradients then are: 𝑢𝑖,𝑗 = 𝑎𝑖𝑛𝑗 and 𝑇𝑖,𝑗 = 𝑡𝑖𝑛𝑗.
The reinforcing interface 𝑆r is represented by a thin shell inclusion of different stiffness from the matrixmaterial or a thin layer of concentrated eigenstrains. This case can also correspond to a grain boundary or toan austenite-martensite interface. The traction discontinuity is related to interface generalized forces 𝑁 throughlocal equilibrium equations, thus: 𝑢 = 0, and 𝑇 = 𝜎𝑛 = 𝐿(𝑁,𝑞), where 𝐿 is a differential operator and 𝑞
characterizes geometric interface parameters.
On the softening or slip interface 𝑆sl: the traction vector is continuous, but the displacement vector suffersdiscontinuity, so that: 𝑇 = 0, 𝑢 = 𝑢s = 𝐵 𝑇, where 𝐵 is the symmetric compliance matrix. The interfacecan be conceived as a thin surface layer undergoing localized shear strain, such as that growing in adelaminated inclusion boundary zone. Usually, the friction slip accompanies elastic deformation, then frictionslip rules should be introduced.
The evolution of interfaces can now be specified by introducing a transformation velocity field 𝜑̇(𝑥,𝑡), such
that each material element undergoes the shape transformation 𝑥 = 𝑥0 + 𝜑̇𝑑𝑡 with no stress introduced. The
rate (or incremental) formulation is presented for 4 types of interfaces. The limit state conditions for movingdamage interfaces and post critical states are examined. A hysteretic response on the frictional interface inreciprocal slip-sliding regime is discussed, presenting dissipated and stored energy balance.
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Electro-chemo-thermo-mechanical couplings, wherein electro-chemo-thermal processes interact with mechan-
ical deformation, govern the behavior of a wide class of multi-functional materials and devices. Typical exam-
ples are batteries and shape-morphing devices that comprise electrodes separated by (liquid or solid) electrolyte.
In these systems, ionic transport, electrochemical reactions, and electric fields are intrinsically coupled with de-
formation, both in the bulk material and, not the least, at interfaces.

To retain maximal generality at the outset, we consider the interface as an "energetic" surface that is equipped
with its own balance and constitutive equations. It is thereby tacitly assumed that the interface is "imperfect" in
the sense that kinematic as well as flux variables are discontinuous across the interface. We develop a generic
thermodynamically consistent framework, while restricting to small strain kinematics, that provides constraints
on constitutive relations for the bulk material, as well as for the interface. A particular challenge is offered by
extending Ampere’s and Faraday’s laws, as well as establishing the proper definition of the Poynting vector
(representing the electro-magnetic power), for interfaces. The work represents an extension of previous efforts
pertinent to mechanics, Javili et al. [1, 2]. As an illustration of the general framework, we consider the specific
system (under isothemal conditions) of a half-cell, wafering an SEI-layer, in a battery or in a shape-morphing
device.
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Nuclear power plants represent safe and reliable source of electrical energy with low carbon emissions. Steam 

generator tubes represent critical component in nuclear power plant as they form boundary between primary 

circuit with radioactive water and secondary circuit with clean water. Rolled plugs are used for defected steam 

generator tubes plugging by forming leak tight seal with the tube to prevent leakage of radioactive water from 

primary circuit into the environment. Proper installation and formation of leak tight seal between rolled plug 

and tube is of pivotal role. 

Installation of rolled plug is performed by roll expansion process. Roll expansion uses rollers which are rotating 

and radially expanding rolled plug shell to form a leak tight seal with defected steam generator tube. Numerical 

modelling of roll expansion process is essential to accurately determine the impact roll expansion process has 

on the formation of leak tight seal and also to determine stress distribution and impact process has on the rolled 

plug structural integrity. Impact of the contact area between rolled plug and tube also causes stress distribution 

inside the tube and tube sheet [1]. Additionally, by implementation of phase field method to determine damage 

levels in rolled plug provides additional layer of information rolled plug installation process has on the rolled 

plug structural integrity, especially in area where significant radial expansion occurs. 

Numerical modelling of roll expansion process allows to determine proper roll expansion parameters [2]. 

Determined roll expansion parameters are used for numerical modelling of rolled plug installation with aim to 

form a proper leak tight seal with the tube and prevent radioactive water leakage but also to have a minimal 

impact on the tube and tube sheet structural integrity. 

This paper presents numerical modelling of roll expansion process which includes non-linear analysis, contact 

analysis and simulation of complex roller kinematics and results analysis of overall impact of the roll expansion 

process. 
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Numerical simulations in mechanized tunnelling is subject of long-term research due to the highly complex
interactions between the various components involved in the construction process, namely the ground, the tun-
nel lining, the grouting medium and the tunnel boring machine (TBM). Solutions based on standard FEM-
and Cut-FEM techniques have already been developed to predict the excavation-induced response [1], but are
lacking in terms of computational costs and numerical robustness. Thus, to address the challenge of perform-
ing efficient and accurate large-scale three-dimensional analysis, we developed a fully IGA-based simulation
framework, able to capture the strongly non-linear and coupled-field behavior arrising during the excavation
process. The computational model inherits multiphase formulations for fully and partially saturated soils, as
well as the contact between the TBM and the ground. To account for the process-oriented analysis, the pressure
boundary conditions are also included.

By employing trivariate Non-Uniform Rational B-Spline (NURBS) shape functions together with combining
Isogeometric Analysis (IGA) with Bézier decomposition, circular tunnel profiles can be precisely described in
the numerical simulation, directly. This eliminates the need for conventional mesh generation and, thus, the
corresponding geometric error often seen in FEM, allowing the presented framework to be integrated within an
automated BIM-FEM design-to-analyis workflow in the future [3]. Furthermore, the smoothness and continuity
of NURBS-based surface representations improves the robustness and accuracy of the contact algorithm. The
computational model comprises only several patches and connecting interfaces, therefore constructing it is
done fast and easily during preprocessing stage. On top of that, the higher-order discretization capabilities,
enabled by hpk-refinement, improves computational efficiency of the simulation [4]. The results show that the
convergence rate is faster than with traditional finite element analysis (FEM) using Lagrange shape functions.
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[3] H.-G. Bui, J. Ninić, C. Koch, K. Hackl, G. Meschke, Integrated BIM-based modeling and simulation of
segmental tunnel lining by means of isogeometric analysis, Finite Elements in Analysis and Design, 229th
ed., 104070, 2024. https://doi.org/10.1016/j.finel.2023.104070

[4] T. Hughes, J. Cottrell, Y. Bazilevs, Isogeometric analysis: CAD, finite elements, NURBS, exact geometry
and mesh refinement, Computer Methods in Applied Mechanics Engineering, 194th ed., 4135–4195, 2005.
https://doi.org/10.1016/j.cma.2004.10.008

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID384 Session TS6 124



Session TS7

Experimental mechanics



 

 
44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland 

Real-time in-situ X-ray imaging of dynamic shear fracture and spallation in 

porous metals 
 

José A. Rodríguez-Martínez1,2 

1 Department of Continuum Mechanics and Structural Analysis, University Carlos III of Madrid. Avda. de la 

Universidad, 30. 28911 Leganés, Madrid, Spain 

e-mail: jarmarti@ing.uc3m.es  

 
2IMDEA Materials Institute, c/Eric Kandel 2, Getafe, 28906, Madrid, Spain 

e-mails: joseantonio.rodriguez@imdeamaterials.org  

 
 

 
KEYWORDS: Planar plate impact, Spall fracture, Split Hopkinson pressure bar, Shear fracture, X-ray 

phase-contrast imaging, X-ray tomography, Porous microstructure, Additively manufactured metals 

 

Recent advances in high-energy X-ray imaging enable real-time, in-situ observation of dynamic deformation 

and fracture processes in metals subjected to extreme loading. This lecture presents results from impact 

experiments conducted at the ID19 beamline of the European Synchrotron Radiation Facility, where ultra-

high-speed detectors resolve damage evolution over nanosecond to microsecond time scales. The study focuses 

on additively manufactured Ti6Al4V and AlSi10Mg specimens with controlled porosity, exhibiting void 

volume fractions from 0.04 % to 0.77 % and broad pore size distributions spanning a few micrometers to more 

than 180 μm. Dynamic shear fracture is investigated through impact loading of shear–compression specimens 

in Split Hopkinson Pressure Bar experiments, while spallation is examined through planar plate impact tests 

performed with a single-stage helium-driven gas gun. These two complementary loading configurations allow 

the influence of porosity on shear- and tension-dominated failure regimes to be explored within a consistent 

experimental framework and a wide range of loading rates. Time-resolved radiographic measurements provide 

direct insight into porosity evolution during dynamic deformation and the formation of shear bands and spall 

planes. These in-situ observations are complemented by extensive post-mortem X-ray computed tomography, 

enabling the contribution of individual voids to shear fracture and spallation to be identified. Together, the 

measurements clarify the interplay between pore collapse, void growth, strain localization, and crack initiation, 

and distinguish damage mechanisms governed by pre-existing pores from those associated with sub-resolution 

or dynamically nucleated defects. The lecture concludes with a brief outlook on current limitations and future 

directions, including three-dimensional time-resolved tomography, higher repetition rates, and tighter 

integration with physics-based modeling approaches.  
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The rapid adoption of laser powder bed fusion (LPBF) for stainless steel 316L (SS316L) components 

necessitates a deeper understanding of anisotropic plasticity under complex loading conditions [1]. This study 

presents a comprehensive experimental investigation of the initial and evolving yield surfaces of LPBF-

fabricated SS316L, explicitly addressing the influence of printing orientation and plastic pre-deformation. 

Tubular specimens were manufactured in three orientations (XY, ZX45 and Z) and subjected to multiaxial 

loading using a single-specimen probing methodology, enabling efficient and precise yield surface 

characterization in axial–shear stress space. 

Yield surfaces were determined using Szczepiński anisotropic yield criterion at initial state and subsequently 

tracked after controlled tensile plastic pre-strain equal to 0.35%, 0.5% and 0.8%. The results reveal pronounced 

anisotropy in LPBF specimens, strongly governed by build orientation. The Z-oriented samples exhibit 

reduced yield strength and enhanced softening in yield loci, while XY and ZX45 orientations demonstrate 

comparatively higher yield strength under selected loading paths. Additionally, specimens exhibit orientation-

dependent yield surface translation and rotation, indicating complex interactions between strain-induced 

hardening/softening mechanisms and inherent microstructural anisotropy [2]. 

 

Figure 1. Initial yield surfaces at 10µε offset definition of yield and IPF maps of three printing orientations. 

Microstructural analysis using electron backscatter diffraction (EBSD) establishes a strong correlation between 

grain morphology and mechanical anisotropy. Columnar grains aligned along the build direction in Z-oriented 

samples promote directional deformation and strain localization, whereas more equiaxed structures in XY and 

ZX orientations contribute to improved mechanical uniformity. Despite weak crystallographic texture, melt 

pool geometry and interlayer boundaries emerge as primary drivers of anisotropic plastic response. 
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Understanding dynamic fracture in brittle solids is a fundamental aspect of materials science, with implications
for engineering, geophysics, and advanced manufacturing. Linear Elastic Fracture Mechanics (LEFM) provides
the relevant framework to evaluate quantitatively the mechanical energy flux released to the tip of a growing
crack and subsequently to predict fracture speed [1]. Still, observations revealed different instabilities occurring
at high speed, which render the problem more complex. In particular, it has been observed in amorphous
polymers [2, 3] that crack growth can suddenly switch from a slow-speed regime (<cm/s) to a fast-speed
regime (>100m/s), which cannot be explained within conventional LEFM [4].

The present research intends to shed light on this instability by experimentally studying the mode-I fracture
and crack velocity that develop during the dynamic failure of brittle solids, such as polymethylmethacrylate
(PMMA, classically considered the archetype of brittle amorphous materials) and artificial rocks (heteroge-
neous materials made of sintered glass beads). Crack speed is measured by potential drop methods, and meso-
scale dissipation and damage processes are inferred from morphological analysis of fracture surfaces. The
transition between the slow and fast fracture regimes will be characterized, and the role played by damage
processes occurring at the fracture process zone scale will be discussed.
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The progressive ageing of infrastructure and increasing safety requirements for engineering structures have 
driven the rapid development of structural health monitoring (SHM) and non-destructive evaluation 
techniques. In recent years, particular attention has been devoted to methods based on the propagation of elastic 
waves generated, among others, by piezoelectric transducers (PZT). These approaches enable the detection of 
changes in material properties, stress states, and local damage, thereby supporting real-time monitoring of 
structural condition [1-3]. As shown in [4], the changes in the strain field result in changes in elastic wave 
propagation. Acknowledging the truth of this phenomenon, inverse problem solving is trying. Namely, the 
load level identification. The presented study aims to investigate the possibility of actual applied load 
identification, based on the elastic wave propagation, generated and registered using the PZT transducers in            
a steel structural element with dimensions and shape identical to those of civil engineering structures.                  
The experimental study is conducted using a laboratory test setup in which the steel element (a node combined 
with HEB 160 column-fixed on the top and bottom in a measuring stand, and IPE 300 cantilever beam welded 
to the column and loaded near the free end) is subjected to cyclic static loading, resulting in a gradual increase 
in displacement at the free end of the cantilever. The measurement system consists of four piezoelectric PZT 
transducers installed on the upper and lower flanges of the cantilevered part of the element, and two electrical 
resistance strain gauges used to measure local strains in the structure. The 3.5 sine signal at 38,571 Hz 
(resulting in an operational frequency of 135 kHz) was used to excite the wave. Measurements are performed 
at successive loading stages, allowing analysis of changes in wave-propagation parameters as a function of 
load level. Simultaneously, the magnitude of force, hydraulic piston displacement, and strain at selected points 
of the structure are continuously recorded. Recorded signals are filtered, carefully analysed to select the crucial 
parameters, and divided into learning and testing pattern sets. Due to the load level identification the artificial 
intelligence tools are applied. The results show the potential application of wave-based methods for structural 
health monitoring of steel structures with complex geometry. 
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Development of lunar habitation modules is actively underway for future lunar exploration [1]. In the early 

stages of construction, building materials must be transported from Earth; therefore, lightweight materials and 

deployable structures are of particular interest. In this study, cellulose nanofiber (CNF) materials were 

investigated as candidate structural materials due to their low density, high strength [2], and water-induced 

flexibility, which enables folding and deployment. However, lunar environments are characterized by intense 

ultraviolet (UV) radiation and extreme temperature fluctuations, which may significantly degrade material 

performance. In particular, the influence of UV irradiation on the mechanical properties and durability of CNF 

has not yet been sufficiently clarified. Therefore, this study first aims to evaluate the effects of UV exposure 

on the mechanical properties and failure behavior of CNF materials under simulated lunar conditions. In 

addition, since CNF materials are expected to be used in deployable structures, they are subjected to repeated 

folding and unfolding processes. Such mechanical loading may also affect their structural integrity. Therefore, 

the influence of folding conditions, including folding angle, on the mechanical properties of CNF is also 

investigated. To evaluate these effects, tensile tests were conducted, and deformation behavior was analyzed 

using sequential digital image correlation (DIC). Video images captured during the tests were divided into 

consecutive frames, and DIC analysis was applied to quantify time-resolved deformation and strain fields. This 

approach enabled visualization of localized deformation and the progression of damage leading to failure. CNF 

specimens were first exposed to UV irradiation, and their mechanical properties, including tensile strength and 

elastic modulus, were evaluated before and after exposure. Subsequently, the relationship between folding 

angle and strength was examined. Furthermore, microstructural observations of surfaces and cross-sections 

were conducted using scanning electron microscopy (SEM) to characterize internal damage. The results 

revealed the effects of UV irradiation and folding conditions on the mechanical properties of CNF. In addition, 

sequential DIC analysis provided detailed insights into strain localization and failure processes. These findings 

contribute to evaluating the applicability of CNF materials for deployable structures in lunar environments. 
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Collapsible materials like closed-cell aluminum foams, being lightweight and effective energy-absorbers, are
desirable options in the manufacture of blast shields. In order to minimize the damage, the collapsibility of
such materials is utilized to arrest shrapnel, solid debris and fragments flying out of a blast. But these materials
are not effective mitigators of a blast wave emerging out of a detonation, for the reason of stress amplification
at the distal end [1], damaging the objects covered by the collapsible shields. Due to the impulsive collapse
involved in the phenomenon, the direct sensors used for measuring the distal-end stress are often worn-out and
damaged during the process requiring multiple replacements affecting the accuracy, repeatability and reliability
of the measurement [2]. Hence an accurate, robust and a high-fidelity stress measurement technique is required
for the analysis of shock mediation by the collapsible materials used in blast shields.
In this backdrop, we developed a transducing-type measurement technique to capture the dynamic stress-time

Figure 1. Experimental setup and signal output of the stress transducer.

history at the distal-end of collapsible materials exposed to shock waves. The technique involves a T-beam
transducer instrumented with high-frequency strain gauges, in which the head of the T-beam is exposed to the
collapse of the functional material, while the sensing junction is located near the bottom of the beam, away
from the spot of impact, thus preventing the sensor impairment. The strain gauges are rigged in a modified, full
Wheatstone bridge configuration, embedded in a strain meter. Calibration of the sensor was carried out using
known inputs from an impulse hammer of PCB Piezotronics make, yielding a sensitivity of 0.556µε/N. Post
calibration, the sensor was tested in a shock tube for a dynamic response under shock loading, without and with
two collapsible materials, viz. closed cell of aluminum foam (ρ = 0.374g/cc) and balsa wood (ρ = 0.142g/cc),
which have a potential utility as blast shield materials. The output of the sensor was collected on a PC-based
data acquisition system, through a signal conditioner. The sensor output indicated an amplification of 4.8 times
the applied shock load at the proximal end of the aluminum foam, which is consistent with the information
reported in literature [1, 2]. At the distal end of balsa wood, the amplification factor was 2.95 times the applied
load/pressure at the proximal end. Finite element analysis was performed on the transducer, using ANSYS, to
validate its dynamic response numerically, the results of which show a good agreement with the experimental
data. The sensor developed is compact, durable, cost-effective and moreover, can be designed to suit the harsh
test environments of blast loading.

[1] O.E. Petel, S. Ouellet, A.J. Higgins, D.L. Frost, Shock Waves. 23(1), 55-67, 2013.
https://doi.org/10.1007/s00193-012-0414-7

[2] M. Thorat, V. Menezes, A. Gokhale, C. Dey, Journal of Performance of Constructed Facilities. 35(6),
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Advanced nuclear reactor concepts require novel alloy designs to circumvent irradiation-induced degradation 

in existing materials. Although Fe-Ni-Cr-based austenitic steels (ρ: 7.85 g-cc-1) are widely adopted for various 

reactor core structural applications, they are susceptible to radiation-induced phase instabilities, such as void 

swelling, embrittlement, and irradiation-assisted stress-corrosion cracking. The present investigation explores 

a Ni-free alloy design in the form of a lightweight austenitic steel (Fe-30Mn-5Al-1C-3Mo, wt.%) with reduced 

density (~7 g-cc-1), exhibiting deformation characteristics comparable to those of 316 LN at high temperatures. 

The defect evolution has been characterised using EBSD, ECCI, and TEM, revealing limited grain growth, the 

absence of the RIS effect, and network dislocations. The room-temperature and elevated-temperature 

mechanical properties of bulk material is evaluated using hardness (nanoindentation), uniaxial tensile, and 

creep tests at 650°C. The underlying mechanisms are established in post-deformed substructures using 

correlative microscopy and compared with SS 316 LN under similar conditions. The alloy has been subjected 

to 10 MeV Fe²⁺ ion irradiation at 300°C and doses up to ~8 dpa, mimicking the end of the material's lifetime 

under operating conditions, as shown by SDTrimSP simulations at a fluence of 5×10¹⁵ ions·cm⁻². The 

calculations incorporate temperature-dependent corrections, including thermally activated diffusion and 

dynamic target evolution, enabling a more realistic representation of high-temperature irradiation conditions. 

The key results of the investigation will be discussed in detail.  

 

Figure 1. Initial microstructure with tensile and creep curves, and crept microstructure. 
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In this work, the magnetic Barkhausen noise method will be presented as a tool for assessing the service life 
of structural components. The presented article extends the author’s previous research on the application of 
Barkhausen noise in the diagnostics of structural material degradation [1, 2], as well as in the assessment of 
microstructural quality and mechanical properties of manufactured components [3]. 

The blades working under identical operation parameters were cut from four steam turbines that were taken 
out of service after various periods of exploitation. The operating times of the blades were 26 400 h, 39 800 h, 
36 100 h, and 60 800 h. Barkhausen noise measurements were performed on the trailing edge and the leading 
edge of the blades before and after removing the oxide layer. The results of such tests are presented in Fig. 1. 

 

  
(a) trailing edge (b) leading edge 

 

Figure 1. Full width at half maximum (FWHM) of the effective Barkhausen noise voltage envelope in relation 
 to the service life of the turbine blade 

 
The FWHM parameter clearly changed for both the trailing and leading edges of the blades as their service 
time increased. These relationships were observed for specimens with the oxide layer and without it. 
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This study evaluates energy-based fatigue damage measures - specifically the energy accumulation graph and 

the unified mechanics theory (UMT) thermodynamic approach - for predicting low-cycle fatigue life in steels 

exhibiting cyclic softening. The energy accumulation graph characterizes fatigue behavior by relating 

cumulative plastic strain energy to the number of cycles to failure in a double-logarithmic scale, obtained by 

summing the plastic strain energy dissipated in successive hysteresis loops (Fig. 1). This representation extends 

the classical Palmgren-Miner concept by using experimentally measured cumulative energy rather than 

assuming a constant per-cycle damage fraction. Lines parallel to the main curve denote equal damage levels 

and enable fatigue-life prediction under variable loading by comparing accumulated energy with the critical 

failure threshold. As an energy-based metric, it provides a more physically grounded description of degradation 

than stress- or strain-based methods and captures microstructure-dependent effects, including anisotropy. 

The UMT approach further enhances fatigue prediction by integrating energy, entropy, and thermodynamic 

state variables, offering a more robust description of degradation than empirical models and improving 

differentiation between sample orientations. Experimental verification demonstrates that these energy-based 

methodologies improve the accuracy of fatigue-life calculations, particularly for anisotropic materials or 

components produced using advanced manufacturing, by enabling service load histories to be transformed into 

incremental plastic energy contributions and summed to a critical failure value. 

(a) (b) 
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Figure 1. (a) Summing up damage using a cumulative chart; (b) Hysteresis loops in a single load block (last 

block before sample fracture) [1]. 
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The behavior of bio-based composite materials reinforced with flax fibers as a function of temperature beyond 

Tg has been very little studied. In this study, our aim is to make a significant theoretical and experimental 

contribution to this issue. The viscoelastic behavior of the material is described by a complex modulus de-

pendent on the frequency of loading and on temperature. 

An original experimental setup was designed to determine the stiffness modulus and the loss factor as a func-

tion of temperature, including beyond the glass transition temperature, a range that few standard devices man-

age to cover reliably. The setup combines regulated heating elements, a specimen excitation system in a 

clamped-free configuration, a vibration response sensor, a data acquisition chain, as well as thermal monitoring 

through thermocouples and infrared thermometry. We tested the two classical methods for determining the 

loss factor: the first method using the -3 dB bandwidth and the time decay method. For our materials, whose 

typical damping values are on the order of 1.2%, the -3dB method requires very fine sampling to achieve a 

good resonance peak resolution. For this reason, the time decay method was chosen. The storage modulus is 

derived from the resonance frequency using the classical modal relationship. This frequency is itself obtained 

by two complementary methods: extraction of the peak from the frequency response function, and fitting of 

the time signal with a damped sinusoidal response. 

The tests confirm the expected trend: a marked drop in the storage modulus at the passage through Tg, accom-

panied by a peak in the loss factor. These observations qualitatively validate the implemented setup and will 

help to support the complex modulus approach adopted in the theoretical study. 
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Current knowledge of thermally sprayed cermets is mostly limited to surface-level properties, and existing 

studies focus on these materials as thin coatings, where the physical volume is negligible[1]. Therefore, this 

talk investigates the mechanical properties of these, but fabricates them thick enough to be considered bulk 

material. This study specifically focuses on evaluating and analyzing the stress-strain behavior of those mate-

rials as well as strain-rate dependence. The methodology employs a dual-testing approach to assess the me-

chanical properties of the cermet using distinct procedures. A hydraulic testing machine was used to perform 

quasi-static compression tests to determine the material's properties under low-strain-rate loading. Addition-

ally, dynamic compression experiments were conducted using a Split-Hopkinson Pressure Bar (SHPB), a well-

established method for testing materials under high-strain-rate conditions[2]. Cylindrical specimens with a 

diameter of 6 mm and a height of 3 mm were used for experimental testing. The results show a strong strain-

rate sensitivity, with the flow stress of the ceramic-metallic composite increasing significantly under dynamic 

loading compared to quasi-static conditions. In this paper, the results presented provide a novel qualitative and 

quantitative analysis of the mechanical properties of these materials in bulk form, providing important data on 

their response under both static and dynamic testing conditions, which is crucial for applications. 
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The structured light (SL) method is currently one of the most widely used techniques for accurate shape 

measurement in industry, medicine, and cultural heritage applications [1]. However, when displacement and 

strain measurements are also required, for example in structural integrity monitoring, 3D digital image 

correlation (3D DIC) is often preferred. In 3D DIC, all relevant quantities – namely 3D shape as well as 

displacement and strain fields – can be obtained using a relatively simple measurement setup consisting of 

only two cameras [2]. 

It should be noted, however, that successful application of 3D DIC requires the presence of a sufficiently 

random surface texture (either natural or artificially applied), and the subset selection strongly depends on the 

quality of this texture. Therefore, the aim of this work is to provide practical guidance on whether, and under 

what conditions, the accuracy of shape reconstruction using 3D DIC can be comparable to that achieved by 

the structured light method, which is here treated as a reference (SL measurements done with Smarttech3D 

MICRON3D scanner). In particular, we investigate how the choice of subset size affects the reconstruction 

accuracy. 

To evaluate the influence of 3D DIC parameters on the recovery of both global and local geometric features, 

we analyse several objects with different spatial frequency content, including a technical sample (wire arc 

additive manufacturing (WAAM) specimen), a cup (both with artificial texture), and an oil painting (with 

natural texture). Example results illustrating the influence of subset size on the shape measurement of the 

WAAM specimen are presented in Fig. 1. 

 

Figure 1. a) WAAM specimen used for shape measurements,  b) cross-section of WAAM specimen with SL compared 

to different subsets of DIC. 
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Material testing at cryogenic temperatures is essential for the development and validation of materials for 

energy, aerospace, and superconducting applications. Accurate characterization under such conditions requires 

experimental systems capable of stable operation at very low temperatures and synchronized acquisition of 

multiple physical signals. 

This work presents a DIC-enhanced experimental platform with a multi-detector array designed for uniaxial 

tensile testing at cryogenic temperatures. The system enables tests at 4 K, 77 K, 300 K and integrates force 

and displacement measurements with full-field strain analysis using Digital Image Correlation (DIC). The 

experimental setup is equipped with a cryostat featuring an optical access window, allowing in-situ DIC 

measurements under cryogenic conditions. In addition, the platform incorporates acoustic emission (AE) 

monitoring and temperature sensing, with all signals fully synchronized in time. 

The developed system enables quantitative characterization of deformation processes, including strain 

localization, plastic instability, and the evolution of deformation mechanisms at cryogenic temperatures [1, 2]. 

The combination of full-field measurements and multi-sensor data provides a detailed insight into the material 

response beyond conventional stress–strain analysis. 

The proposed platform offers a versatile and reliable tool for advanced material characterization and supports 

the investigation of coupled thermomechanical phenomena in cryogenic environments. 
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The safe service life for most power units used in domestic power plants has already been significantly 

exceeded, and therefore ongoing actions are being taken to monitor the condition of structural elements still in 

operation. Heat-resistant steels used in heating devices and steam transport during the commissioning period 

of the mentioned energy facilities were characterized by significantly lower strength than materials used today. 

During repairs and the construction of new structures, increasingly modern heat-resistant materials are being 

used, such as steels with increased chromium or nickel content. Despite the use of advanced materials, there 

is still a lack of sufficient research aimed at predicting their behaviour in the period preceding failure. 

Therefore, the presented work proposes a new methodology that allows assessing the effectiveness of non-

destructive testing in the form of optical measurement systems in monitoring the development of damage in 

power engineering steel subjected to cyclic loading. The tests were carried out on power engineering steel 

10CrMo9-10 (10H2M) used in pipelines and steam distribution systems in the supercritical state. Experiments 

were conducted on the material in the as-received state and after its long-term service for 280 000 hours at an 

elevated temperature of 540°C and an internal pressure of 2.9 MPa. A series of strength and microstructural 

studies were conducted, including tensile tests as well as high- and low-cycle fatigue tests within a stress 

amplitude range from 250 MPa to 450 MPa, in order to characterize the damage mechanisms depending on 

the degree of material exploitation. A development of damage during fatigue tests was monitored using Digital 

Image Correlation. In addition, to characterize the dynamics of material damage development, laboratory-

measurable indicators of material damage were used in the form of: (a) fatigue damage strain indicator φ, 

reflecting the mechanisms of the degradation process, Fig.1; (b) defined fatigue damage parameter D; [1]. 

  

Figure 1. Variation of the fatigue damage strain indicator φ as a function of the number of cycles for the as-received 

and exploited steel; tests were carried out for stress range 350 MPa and 400 MPa. 

ACKNOWLEDGEMENT: This work was funded partly by the National Science Centre in Poland through 

the grant no. 2023/51/B/ST8/01751. 

 

[1] A. Brodecki, M. Kopeć, Z.L.  Kowalewski, Int. J. Pres. Ves. & Pip., 202, No.104889, pp.1-9, 2023, 

https://doi.org/10.1016/j.ijpvp.2023.104889 

   
 

 

 

 

 

 

 

N 

   
 

 

 

 

 

 

 

N N 

Exploited 
As-received 

 

Exploited 
As-received 

 

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID193 Session TS7 139



 
 

44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland 

Self-Sensing Behavior of Laser-Processed sCFRP  
Based on Electrical Resistance Change 

	
K. Horio1,*, K. Iizuka2, S. Yuan3 and S. Yoneyama3 

1Graduate School of Science and Engineering, Aoyama Gakuen University, Sagamihara, Japan 
e-mail: c5625214@aoyama.ac.jp 

 
2Japan Aerospace Exploration Agency, Fuchu, Japan 

e-mail: iizuka.keisuke@jaxa.jp 
 

3Depatment of Mechanical Engineering, Aoyama Gakuen Universit, Sagamihara, Japan 
e-mails: yoneyama@me.aoyama.ac.jp 

 
 

	
KEYWORDS: sCFRP, Laser-processing, Electrical resistance, Strain sensor, Self-sensing. 
 
This study proposes a self-sensing approach for laser-processed short carbon fiber reinforced plastic (sCFRP) 
based on electrical resistance change. In recent years, lightweight and highly formable sCFRP has been 
increasingly used in automotive components and complex-shaped parts. However, internal microdamage is 
difficult to detect from the surface, which may reduce structural safety. Therefore, the development of a self-
sensing technique that enables the material itself to detect damage and strain without external sensors is 
required. In this study, local electrical conductivity is introduced into originally insulating sCFRP by laser 
processing [1]. The objective is to investigate the possibility of using the material itself as a strain sensor by 
utilizing changes in electrical resistance associated with mechanical strain.  

The effects of processing conditions on the electrical properties are investigated by characterizing the 
processed surfaces. Scanning electron microscopy (SEM) observations show that carbon fiber accumulation 
in the laser-processed region strongly influences conductive path formation. In regions with greater fiber 
accumulation, increased fiber-to-fiber contact forms a continuous conductive network, resulting in electrical 
conductivity. Surface roughness measurements using a laser microscope further show that the smoothest 
processing condition gives the lowest initial resistance. On smoother surfaces, electric current flows more 
directly, whereas on rougher surfaces, the current path becomes more tortuous, leading to higher resistance. 
These results indicate that both carbon fiber accumulation and surface morphology affect the electrical 
properties. 

The relationship between electrical resistance and strain is examined under tensile loading. Laser processing 
is performed at different scanning speeds to compare the conductive paths formed under each condition. Strain 
is measured using a strain gauge, and electrical resistance is simultaneously recorded using a radio-frequency 
identification (RFID) tag, enabling correlation between mechanical deformation and electrical response. At 
low laser scanning speeds, longer irradiation promotes carbon fiber accumulation, resulting in low initial 
resistance and a small resistance change rate. The resistance changes linearly with strain and shows stable, 
reproducible behavior. In contrast, at high laser scanning speeds, insufficient laser energy hinders conductive 
path formation. As a result, the initial resistance is high, and even small strain causes large changes in fiber-
to-fiber distance, leading to a high resistance change rate. The response is nonlinear, variable, and unstable. 
Cyclic tensile tests further show that electrical resistance increases during loading and decreases during 
unloading. These results demonstrate the potential of laser-processed sCFRP as a self-sensing material. 
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Engineered wood products and bio-based layered materials are widely used due to their favorable strength-to-

weight ratio, energy absorption capabilities, and potential for sustainable material design. In many engineering 

applications, including impact loading, crash scenarios, and high-rate material processing, these materials are 

subjected to dynamic loading conditions. However, material models are often based on quasistatic data, which 

do not adequately capture their behaviour at high strain rates. This limitation is particularly critical for 

anisotropic multilayered composites, where strain-rate sensitivity, interlayer interactions, and wave 

propagation effects influence both the mechanical response and the governing failure mechanisms. Reliable 

experimental methods are therefore required to improve understanding and support predictive modelling. 

The Split Hopkinson Pressure Bar (SHPB) technique is a well-established method for investigating material 

behaviour at strain rates ranging from approximately 10² to 10⁴ s⁻¹ [1]. The method is based on one-dimensional 

elastic wave propagation in bars, where incident, reflected, and transmitted strain signals are used to determine 

stress-strain response, strain rate, and energy absorption of the tested specimen (see Fig. 1). 

 

Figure 1. Principal sketch of split Hopkinson pressure bar apparatus. 

In this study, compression experiments were performed on selected multilayered composite materials, 

including carbon-epoxy laminates and Norway spruce. A wide range of strain rates was covered by combining 

quasi-static testing using an MTS system with high strain-rate experiments using SHPB. Mechanical response 

parameters, including stress, strain, boundary forces, stiffness, and energy dissipation, were evaluated. The 

influence of strain rate and material orientation was examined, and differences in deformation and energy 

absorption between polymer-based and bio-based layered materials were observed.  

The results highlight the importance of strain-rate effects in composites under compression and the need for 

further experimental work to support reliable modelling and engineering design. 

ACKNOWLEDGEMENT: The work was done within the research profile Neopulp financed by the 

Knowledge Foundation. 

 

[1] Kolsky, H. An investigation of the mechanical properties of materials at very high rates of loading. Proc. 

of the Physical Society B, 62, 676–700, 1949. http://dx.doi.org/10.1088/0370-1301/62/11/302 

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID253 Session TS7 141



 

 
44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland 

On the Origin of Discontinuous Plastic Flow in Austenitic Steels: An Acoustic 

Emission Study 

H. Nejman1, J. Tabin1*, A. Szyszko1, Z. Ranachowski1, J. Kawałko2 

1Institute of Fundamental Technological Research, Polish Academy of Sciences, 02-106 Warsaw, Poland 
1*Corresponding author. E-mail address: jtabin@ippt.pan.pl 

 
2Academic Centre for Materials and Nanotechnology, AGH University of Krakow, 30-059 Krakow, Poland 

 

 

KEYWORDS: acoustic emission, cryogenic tensile test, austenitic steel, experimental mechanics, waterfall 

plot analysis 

 

Austenitic steels subjected to cryogenic tensile loading may exhibit discontinuous plastic flow (DPF) below 

temperature T0,[2] visible as serrations in stress-strain response [1,2]. Acoustic emission (AE) provides a 

complementary in-situ tool for tracking intermittent plastic activity associated with this instability [3]. In this 

study, cryogenic tensile tests of 304, 316L and N50 austenitic steels were performed with simultaneous 

monitoring of stress response and AE activity investigated on site shown on Fig. 1.  

Particular attention was paid to individual serration events and to short time intervals containing one or two 

serrations, analyzed together with the corresponding stress response. Full-record AE representations were 

complemented by selected interval-based time-frequency plots in order to resolve local changes in signal 

organization associated with isolated discontinuities of plastic flow [3]. The results indicate that AE signal 

evolution correlates with the stress response and enables identification of successive stages of DPF [4] and 

give an ability to predict its occurrence. 

  

Figure 1. Acoustic emission (AE) signal acquisition and processing workflow used in cryogenic tensile tests. 
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Modern additive manufacturing (AM) strategies increasingly focus on optimizing process parameters in order 

to balance production efficiency with the mechanical performance of complex geometries. In this context, 

particular attention is given to structures with an extremely high volumetric porosity of 96% and ligament 

diameters ranging from 0.4 to 1.2 mm, whose collapse behaviour is especially sensitive to microstructural 

defects and phase distribution. This study investigates the influence of Selective Laser Melting (SLM/PBF-

LM) build parameters on the mechanical response of High-Porosity Random Open-Cell Lattices (HPROCL) 

fabricated from Inconel 718 (IN718) alloy using a Renishaw AM 250 system [1]. 

Two distinct sets of build parameters, designated as Set A and Set B, were evaluated to assess the effect of 

processing conditions on the collapse behaviour of the lattice while reducing build time and microporosity. 

For the standard configuration (Set A), a laser power of 200 W was employed, with energy densities ranging 

from 2.2 to 5.5 J/mm2 for volume scanning and from 0.6 to 3.1 J/mm2 for surface layers. In contrast, the 

modified configuration (Set B) utilized a lower laser power of 175 W, with energy densities of 1.9 to 4.9 J/mm2 

for the volume and 4.5 to 6.4 J/mm2 for the surface. The resulting structures were then subjected to quasi-static 

(MTS) and dynamic (DIHPB [2]) compression at loading velocities of 2.5 × 10
−5

 m/s and 10 m/s, respectively. 

Dynamic impacts reached nominal strains above 0.5, with collapse mechanisms and failure modes captured 

via synchronized DIC and high-speed imaging (HSC). 

The results confirm that appropriate adjustment of SLM/PBF-LM build parameters can enhance both 

manufacturing efficiency and the collapse resistance of highly porous IN718 lattice structures. 
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Modern materials require reliable characterization of failure parameters for numerical modelling, particularly 

in ballistic applications. This includes proper description of failure initiation and propagation mechanisms, as 

well as the associated thermo-mechanical effects. The aim of this study was to investigate temperature 

evolution on the surface of selected materials during uniaxial tensile testing using infrared thermography. The 

investigated materials included structural steel as well as high-performance ballistic fibres such as aramid 

fibres and ultra-high molecular weight polyethylene (UHMWPE). Two measurement approaches were 

analysed: (i) specimens with natural surface condition and (ii) specimens coated with black paint to increase 

and standardize surface emissivity. Temperature fields were evaluated in terms of average temperature within 

the selected region of gage length as well as maximum local temperature. The UHMWPE fibre specimen 

mounted in the testing machine together with the thermographic images obtained during tensile testing are 

presented in Figure 1. 

 a)  b)    

Figure 1. Example UHMWPE specimen mounted in a universal testing machine during uniaxial tensile testing (a), and 

representative failure progression recorded by infrared (IR) thermography during tensile loading (b). 

The thermographic signal is fundamentally related to thermal radiation governed by the Stefan–Boltzmann 

law, where the emitted radiation E is proportional to the fourth power of the absolute temperature T [1]: 

𝐸 = 𝜀𝜎𝑇4.         (1) 

In practical infrared thermography, the recorded signal includes emitted and reflected radiation contributions, 

while atmospheric effects are typically negligible under laboratory conditions [2]. Therefore, emissivity 

coefficients 𝜀 were experimentally determined for all investigated materials. The observed temperature 

distributions reflected the local damage development and failure progression occurring during tensile loading. 
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In this study, tubular specimens of Inconel 625 and Inconel 718 were additively manufactured using the Laser 

Engineered Net Shaping (LENS) technique (Fig.1a). Their initial yield surfaces were experimentally 

determined under biaxial stress loading at 0.005% and 0.01% plastic offset strain (Fig.1b). Uniaxial tensile 

tests showed yield strengths of 509 MPa and 461 MPa, with Young's moduli of 180 GPa and 171 GPa for 

Inconel 625 and Inconel 718, respectively. Yield surfaces, fitted using the Szczepiński anisotropic criterion, 

revealed elliptical shapes with axis ratios below 1.73, confirming moderate anisotropy. Inconel 625 exhibited 

nearly symmetric yield strengths in tension and compression, with a higher tensile-direction elongation of the 

surface, whereas Inconel 718 showed stronger directional dependence, reflecting a higher degree of mechanical 

anisotropy [1]. 

 

Figure 1. LENS process parameters with overview of the built plate with manufactured specimens (a); comparison of 

the yield surfaces of Inconel 625 and Inconel 718 for 0.005% plastic offset strain (b). 
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Cellulose nanofibers (CNF) are attracting attention as a sustainable natural resource for reducing 

environmental burden. CNF is a lightweight, high-strength renewable resource, and further increases in 

strength are expected by enhancing the orientation of the fibers. 

In previous studies, it was confirmed that producing CNF in a filamentary form result in high orientation and 

improved mechanical properties[1]. There is a need for longer CNF filaments that offer high performance at a 

lower cost. In this study, we aim to develop a simple, low-cost method for producing filaments composed 

solely of CNF, with the goal of achieving high orientation and long lengths through air drying. 

 

     
    

Figure 1. (a) the relationship between the X-ray diffraction angle and intensity (b) SEM image 

Test specimens were produced by filling a syringe with Sugino Machine Co., Ltd.’s 2 wt% CNF water 

dispersion (Ima-10002), manually extruding the material, and air-drying. A 1 ml syringe was used, fitted with 

a 38 mm long needle having an inner diameter of 0.25 mm and a flat-tipped design. It was possible to produce 

a filament up to approximately 150 mm in length with a diameter of 100 μm or less. 

Fig. 1(a) shows the relationship between the diffraction angle and intensity in X-ray diffraction. It confirms 

the fiber of orientation. Fig. 1(b) shows a SEM image of the produced CNF filament. It clearly demonstrates 

the high orientation of the CNF. 

In addition, tensile strength is evaluated. Further improvements in performance are being considered. 
 
 

[1] Guantong Wang et al, “Enhanced High Thermal Conductivity Cellulose Filaments via Hydrodynamic 

Focusing”, NANO Letters, Vol. 22. No.21, pp. 8406-8412, 2022. 
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Conventional composites made of synthetic fibres are widely used in various applications, ranging from the
wind-energy sector to the automotive and aerospace industries. Most of them are non-biodegradable and non-
recyclable, and are ultimately disposed of in landfills after their service life. Therefore, it is imperative to
develop environmentally friendly composite materials. Plant and mineral-based fibers have shown promising
results as alternatives to non-biodegradable fibers for semi-load-bearing structural elements. This research in-
vestigates the fracture toughness behavior of Ramie, Basalt, and Hybrid combination in Ramie/Basalt laminates
under Mode I and Mode II loadings. The specimens were fabricated by hand layup method followed by vac-
uum bagging using unidirectional Ramie and Basalt fibers and an aircraft-grade epoxy resin system (Araldite
LY5052 / Aradur 5052 CH). A major focus of the study is on understanding how hybridization affects the
fracture toughness relative to the reference samples. The experiments were performed using Double Cantilever
Beam (DCB) and End-Notched Flexural (ENF) tests in accordance with ASTM standards. The findings give in-
sights into the synergistic toughening mechanism, which ultimately helps us to design a reliable and sustainable
hybrid composite structure at a commercial level.
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Salt crystallization is a primary factor contributing to the deterioration of porous building materials, including 

masonry, concrete, and natural stone. Salt damage occurs when a porous medium contains both soluble salts 

and moisture. Dissolved ions, such as chlorides, nitrates, and sulfates, are transported by liquid water through 

the interconnected pore network via capillary flow. Moisture ingress can result from hygroscopic absorption, 

rainwater infiltration, condensation, or capillary rise from the ground, the latter being particularly common and 

difficult to mitigate. Under conditions that promote evaporation or temperature fluctuations, supersaturation 

may develop, leading to the nucleation and growth of salt crystals within the pore structure. 

Salt crystallization can induce surface exfoliation or the development of microcracks due to crystallization 

pressure. The latter process, referred to as subflorescence, is particularly damaging, as crystal growth within 

pores generates expansive forces that lead to the initiation and propagation of internal damage within the 

material. 

This paper focuses on the mechanical analysis of the effects of salt crystallization in porous materials, with 

primary emphasis on structural masonry components. In the first part of the study, inelastic constitutive 

relations governing deformation in the presence of salt crystallization are presented. Instead of explicitly 

modeling crystallization pressures, which are difficult to quantify due to complex pore geometry, the approach 

extends classical rate-independent plasticity by introducing an additional internal variable, viz. the pore 

volume fraction occupied by crystallized salt, defined as an explicit function of time. Subsequently, a coupled 

hydro–chemo–thermal framework for modeling salt crystallization in porous masonry materials is outlined. 

The formulation integrates moisture transport, dissolved salt advection–diffusion, temperature-dependent 

solubility, and kinetic crystallization laws within a finite element framework. The evolution of porosity and 

permeability induced by salt precipitation is explicitly incorporated, enabling reliable prediction of transport–

crystallization interactions under transient environmental conditions. 

Two independent benchmark problems are analyzed first to validate the transport formulation. These involve 

(i) a cooling–warming simulation focused on the evolution of dissolved salt concentration and crystallization 

dynamics under cyclic thermal loading, and (ii) the simulation of a drying process that captures evaporation-

driven supersaturation and surface-dominated precipitation. The mechanical effects of crystallization are 

examined by analyzing a masonry specimen subjected to tension parallel to the bed joints. The spatial 

distribution of precipitated salt obtained from the transport analysis is incorporated into the mechanical model, 

and the localized fracture mechanism is analyzed by employing a constitutive law with embedded 

discontinuity. The crystallization effects are introduced through degradation of strength parameters at the 

brick–mortar interfaces. In addition, another heuristic example is provided, in which a masonry triplet is 

subjected to a sustained lateral load under a prescribed temporal history of salt deposition. This loading 

scenario leads to a spontaneous loss of stability of the specimen. 
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The numerical investigations focus on two-dimensional simulations of the behavior of concrete under 

uniaxial compression and tension in both quasi-static and dynamic conditions. The influences of fluid 

migration, aggregate fragmentation, strain rate, and thermal conditions were examined. Concrete was 

characterized as a four-phase material, consisting of aggregate, mortar, interfacial transition zones (ITZs), 

and pores, derived from a micro-CT image. A comprehensive coupled DEM/CFD methodology, grounded in 

a pore-scale thermal-hydro-mechanical model [1], was employed for simulations. The method's concept 

established a network of channels among 3D discrete elements inside a continuous region to facilitate fluid 

flow. It was proposed that partly saturated material with low porosity exhibited a two-phase laminar fluid 

flow consisting of air and water. The fluid in the channels was both immiscible and incompressible across all 

flow regimes. In contrast to the channels, the fluid was compressible within the pores and fractures (grid 

elements). The locations and volumes of pores and fractures were ascertained to precisely monitor the 

liquid/gas content.  Heat transport was regulated by fluid dynamics (diffusion and advection), particle 

interactions (conduction), and phase transitions. In multi-phase fluid flow, temperature was uniform, 

although enthalpy was exchanged. The heat transmission model was simplified in a manner analogous to the 

fluid flow model. Consequently, a homogenous heat transfer model was presumed in multiphase flow, 

disregarding mass transfer between phases. The multi-phase fluid was converted into a single-phase fluid. 

The effective fluid characteristics and velocity were determined using volume averaging over the phases. 

The numerical solution used the identical coarse mesh of both domains utilized to establish the fluid flow 

network for solving the governing equations. The model [1] was augmented by incorporating phase 

transitions at elevated temperatures. An technique known as clump breakage [2] was utilized to simulate 

intra-granular fragmentation of aggregate, employing clumps made of small spheres to represent particles of 

varying dimensions and shapes. Various aggregate strengths were expected.  

Numerical computations were conducted with YADE, an open-source discrete element method (DEM) tool, 

employing the soft-particle methodology. Focus was directed towards the strength, brittleness, fracture 

mechanisms, free water pressures and velocities, and temperatures in concrete during simulations of uniaxial 

compression and tension at varying strain rates. The effects of fluid viscosity and fluid saturation were also 

examined. The numerical results were juxtaposed with the relevant experiments [3]. 

 

REFERENCES 
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Determination of Mode I fracture toughness in brittle geomaterials typically requires complex and specialized 

loading systems, limiting the practical use of established methods such as the pseudo-Compact Tension (pCT) 

and ISRM Short Rod (SR) tests [1,2]. This study presents a simplified and cost-effective approach that enables 

both methods to be performed using a conventional direct shear apparatus. A novel shear-to-tensile (ST) 

loading fixture is developed to generate controlled tensile loading within the shear box. The fixture consists of 

CNC-cut structural steel plates and can be easily installed without additional equipment. This setup allows the 

execution of pCT, proposed here as a direct fracture mechanics test, and SR testing within a single, accessible 

system. Finite element simulations in Abaqus were conducted to design and optimize the fixture prior to 

manufacturing, ensuring adequate stiffness and load transfer. The numerical model and representative pCT 

results are shown in Fig. 1. The method supports both dry and submerged testing conditions and enables stable 

crack propagation with post-peak response capture. Experimental validation on gypsum specimens shows that 

the obtained fracture toughness values are consistent with standard methods, including Semi-Circular Bend 

(SCB) and Cracked Straight Through Brazilian Disc (CSTBD) tests. For SR, an average 𝐾𝐼𝐶 of approximately 

0.287 MPa√m was obtained, compared to approximately 0.288 MPa√m from SCB, demonstrating good 

agreement. The proposed approach significantly reduces experimental complexity, cost, and setup time, while 

eliminating the need for external displacement measurement devices such as LVDTs. It provides a practical 

and efficient alternative for fracture toughness testing, with potential for broader application to stronger rock 

materials. 

  

a) b) 

Figure 1. (a) FEM model of the ST tool for pCT. (b) Comparison of 𝐾𝐼𝐶  results from pCT, SCB, and CSTBD tests. 

[1] Muñoz-Ibáñez, A., Delgado-Martín, J., Costas, M., & Juncosa-Rivera, R. (2020). Pure Mode I fracture toughness 

determination in rocks using a pseudo-compact tension (pCT) test approach. Rock Mechanics and Rock 

Engineering, 53, 3267–3285. https://doi.org/10.1007/s00603-020-02102-6  

[2] Ouchterlony, F. (1988). ISRM commission on testing methods: Suggested methods for determining the fracture 

toughness of rock. International Journal of Rock Mechanics and Mining Sciences & Geomechanics Abstracts, 25(2), 

71–96. 
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Bulk solid-structure interfaces commonly occur in the field of silo constructions. The study investigates the 
interface between granular material and silo walls during confined flow, with particular emphasis on 
frictional behavior and wall geometry. The interface behavior is characterized by the formation of shear 
zones in the material region adjacent to the construction surface which play a critical role in governing flow 
kinematics and stress transmission in silo structures [1]. For this purpose, a series of experimental and 
numerical tests of granular flow in a model-scale silo have been carried out. 

Laboratory experiments and numerical simulations were conducted using a rectangular silo. In the 
experimental part, Digital Image Correlation (DIC) was applied to quantify displacement and strain fields, 
enabling identification of shear localization zones near the wall. Tests were performed for different wall 
geometries (shallow and wavy), using sand as bulk material. In addition, during the experimental study, 
forces acting on corrugated walls and on the silo bottom were measured. The results demonstrate that wall 
geometry-especially corrugation depth-strongly influences flow patterns and the development of shear zones 
at the interface.  

Complementary numerical analyses were carried out using the Discrete Element Method (DEM) [2]. In the 
study, the granular material was modelled as hundreds of thousands spheres with rolling resistance. The 
simulations reproduced the experimental setup and provided insight into both macroscopic flow behavior and 
grain-scale mechanisms, including particle rotations, force chains, and void distribution. The numerical 
results showed good agreement with experiments and confirmed that wall profile significantly affects flow 
force distribution. During the flow, the forces between the grains and the walls of the silo were measured 
along the entire height of the silo wall. It has been shown that the increase of the, e.g. corrugation depth 
induced the increase of the pressures exerted on these walls. 

Overall, the study demonstrates that wall geometry has a substantial impact on interface behavior and 
pressures exerted on silo walls. These findings contribute to a more accurate assessment of loads in 
corrugated silo structures. 

ACKNOWLEDGEMENT: This research work has been carried out within the project "Experimental and 
numerical (DEM) analysis of the contact zone between granular material and corrugated surface during silo 
flow" financed by the National Science Centre, Poland (NCN) (UMO-2022/45/N/ST8/03567). 
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The microstructure of cement paste, formed during hydration, is typically composed of hydration products, 

unreacted clinker particles, and pores. Microstructure-informed micromechanical models establish a link 

between the microstructure and the effective mechanical properties [1]. This study addresses the computational 

homogenization of cement paste, accounting for different types and sizes of representative volume elements 

(RVEs). Two microstructure models are considered: one based on simulations of the hydration process, and 

the other derived from experimental microtomographic data [2]. The hydration process is simulated using the 

Virtual Cement and Concrete Testing Laboratory (VCCTL) software [3]. To enable a direct comparison 

between the considered microstructure models, a simplified three-phase virtual microstructure is also 

developed [4]. A multilevel Mori–Tanaka analytical scheme is employed to perform preliminary 

homogenization of anhydrous cement grains and hydration products. Subsequently, the homogenization is 

carried out using a Fast Fourier Transform (FFT)-based method. In addition, local stress distributions at the 

microstructural level are analyzed for both microstructure models. For sufficiently large RVEs, good 

agreement is observed between the simulation-based and experimentally based microstructure models. During 

the conference, the influence of RVE size on effective properties, along with the differences between model 

outcomes, will be discussed. 

 

ACKNOWLEDGEMENT: The research is supported by a grant implemented within the framework of the 
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The problem of reinforcement degradation is a key issue in assessing the durability of reinforced and 
prestressed concrete structures. The term corrosion here refers to the combined effects of various mechanisms, 
including electrochemical and stress corrosion, as well as, in some cases, the influence of aggressive substances 
that contribute to the degradation of both steel and concrete (e.g., ammonium ions). An example illustrating 
the importance and complexity of corrosion-induced damage is the collapse of the prestressed Carola Bridge 
in Dresden in 2024 [1]. 

This paper concerns the generalization and application of a thermomechanical model formulated in [2] to an 
elastic–plastic medium with diffusion (a non-electrically neutral model). The study focuses on applying the 
model to various material descriptions of steel (e.g., J2 and Chaboche models with different hardening rules), 
concrete (e.g., Menétrey–Willam and microplane models), degradation of the contact zone, and different types 
of reinforcement corrosion (e.g., stress corrosion and the effects of ammonium ions). The calculations were 
performed using ANSYS software and the APDL scripting language. 

 
[1] M. Fiedler, G. Schacht, R. Ritter, S. Marx, S. Scheerer, L. Clages, G. Ebell, D. Czeschka, C. Voigt, The 

Collapse of the Carola Bridge – Forensic Engineering and Palliative Monitoring, in.: 13th International 
Conference on Structural Health Monitoring of Intelligent Infrastructure; SHMII-13, Verlag der Technischen 
Universität Graz, 762-767, 2025. https:// doi.org/10.3217/978-3-99161-057-1-118B  

[2] T. Krykowski, Application of the theory of diffusion-elastic-plastic medium to evaluate the load-bearing 
capacity of structural elements subject to corrosion, no. 4, 2026 (accepted to print). 
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The Hardening Soil (HS) model [5] is widely used as a standard simulation tool in advanced geotechnical anal-
yses. It is implemented in many commercial finite element codes, and its parameters are typically derived from
standard laboratory or field tests, or from empirical correlations. The model incorporates well-established con-
cepts in soil mechanics, including barotropy, dilatancy, shear strength, and nonlinear pre-failure stiffness. In its
basic form, the elastic component of the HS model is isotropic and hypoelastic. In a recent refinement of the HS
model, a small-strain stiffness extension, referred to as HS-Brick, was introduced [3]. This extension accounts
for the degradation of small-strain stiffness. It captures the initially high stiffness of soil before shear strains
are mobilized, enabling more realistic predictions of deformation in engineering practice. It preserves the same
general assumptions and material parameters as the widely used HSS model [1], but without the significant
issue of stiffness overshooting observed in the HSS model. Both the original HS model and its small-strain
extensions remain entirely isotropic. While accounting for the nonlinearity of small-strain stiffness represents
a significant improvement, numerous studies have shown that incorporating anisotropy of small-strain stiffness
leads to much more accurate deformation predictions when compared with geotechnical measurements. De-
spite its importance, anisotropic pre-failure stiffness is rarely implemented in commercial constitutive models
due to the increased complexity of their formulation and calibration. Its practical application is also limited
by the scarcity of reliable parameters describing anisotropy. However, recent advances in field and laboratory
testing have enabled more precise investigations of anisotropic soil behavior. In most cases, cross-anisotropy
is assumed to describe the directional dependence of soil mechanical properties. In elastoplastic modelling,
cross-anisotropy can be introduced in both pre-failure stiffness and ultimate shear strength (e.g., via strength
criteria or yield surfaces). The Anisotropic HS-Brick model (AHS-Brick), proposed and validated in this pre-
sentation, is the first extension of the HS-Brick model to incorporate inherent cross-anisotropy, limited to the
pre-failure range [2]. Cross-anisotropy is introduced through a specialised scaling of the isotropic hypoelastic
stiffness matrix [4]. The model is primarily intended for simulating the pre-failure mechanical behaviour of
cross-anisotropic, stiff, fine-grained soils. Details of the finite element implementation are provided, along with
selected element-level tests. Finally, the model performance is evaluated using an exemplary boundary value
problem involving tunnelling-induced deformations. The results are analysed and discussed.

[1] T. Benz. Small-strain stiffness of soils and its numerical consequences. PhD thesis, University of Stuttgart,
2007.

[2] M. Cudny, K. Lisewska, and A. Truty. Incorporation of cross-anisotropic small strain stiffness into the
hardening soil model. accepted to Acta Geotchnica, 2026.

[3] M. Cudny and A. Truty. Refinement of the Hardening Soil model within the small strain range. Acta
Geotchnica, 15(8):2031–2051, 2020.

[4] A. Niemunis and K. Staszewska. Pure cross-anisotropy for geotechnical elastic potentials. Acta Geotech-
nica, 17:1699–1717, 2022.

[5] T. Schanz, P. A. Vermeer, and P. G. Bonnier. The Hardening Soil model: Formulation and verification. In
Beyond 2000 in Computational Geotechnics - 10 Years of Plaxis, pages 1–16. Balkema: Rotterdam, 1999.
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 This study proposes a hexagonal unit cell with an asymmetric membrane that undergoes expansion 

deformation under acoustic excitation. The proposed design aims to realize a two-dimensional periodic 

structure driven by contactless and wireless acoustic energy transfer, eliminating the need for conventional 

wiring or onboard power supplies. First, finite element analysis was conducted to investigate the deformation 

behavior of the proposed structure under sound-wave excitation. Based on the analytical model, test specimens 

were fabricated using a 3D printer, and experiments were performed to validate the deformation characteristics. 

In the experiments, the membrane was excited by acoustic waves incident normal to its surface. Under acoustic 

excitation at the resonant frequency of 50 Hz, the membrane exhibited stable expansion deformation, and the 

expansion behavior was maintained even when multiple unit cells were connected vertically and horizontally 

to form a two-dimensional periodic structure. Quantitative evaluation showed that the static expansion 

displacement increased from 5 μm in a single unit cell to 10 μm after interconnecting the unit cells into a 

periodic structure. Moreover, the equilibrium position shifted by 20 μm toward the expansion direction, 

suggesting that structural periodicity promotes both static and dynamic expansion responses under acoustic 

excitation. The proposed expansion behavior under acoustic excitation was confirmed through both numerical 

analysis and experimental validation.  

In addition, theoretical investigations were conducted to clarify the conditions required to sustain the expanded 

state by examining the curvature and bending moments induced by membrane resonance. These findings 

demonstrate the potential of acoustically driven mechanical metamaterials [1] for lightweight, adaptive, and 

wirelessly actuated structures.  

Figure 1. Test specimens and experimental results 

[1] Pengcheng Jiao, Jochen Mueller , Jordan R. Raney , Xiaoyu (Rayne) Zheng, Amir H. Alavi, Mechanical 

metamaterials and beyond, Nature Communications (2023)14:6004  
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This study examines the mechanical response of additively manufactured metamaterial specimens under 

tensile, compressive and bending loads. The analysis focuses on how cell orientation and internal topology 

affect the macroscopic performance of the structures. Two principal geometric concepts of regular lattices 

were considered (see Fig. 1): auxetic, composed of re-entrant concave cells and conventional, with convex 

unit geometries. Both variants were analysed in horizontal and vertical orientations of the unit cells. 

 

Figure 1. Metamaterial geometry concepts considered in the study. 

Comprehensive experimental static tests were carried out using a universal testing machine integrated with 

a digital image correlation (DIC) system, enabling full-field deformation measurements. Based on the 

obtained results, a thorough quantitative and qualitative comparison of structural performance was carried 

out. From the tensile and compression data, effective elastic constants such as the Young’s modulus and 

Poisson’s ratio were derived, confirming that internal geometry plays a decisive role in tuning metamaterial 

stiffness. Bending tests further demonstrated that auxetic configurations are particularly sensitive to 

nonuniform stress distribution. Local damage effects caused by 3D printing imperfections were also 

observed. To complement the experimental work, numerical simulations of the laboratory tests were 

performed using the finite element method. The results exhibited good agreement with experimental data, 

confirming the reliability of the models. The combined experimental and numerical findings highlight the 

governing influence of geometrical design on the mechanical behaviour of additively manufactured 

metamaterials and validate the applied methodology as a reliable tool for predicting their load-bearing 

performance. 
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Metamaterials are materials with specifically designed microstructure which grants them unusual properties not
typically seen in nature such especially regarding wave propagation. Macroscopic behavior of such materials
is typically described by homogenous linear elastic material with the effective density and stiffness depending
on the frequency. The resulting effective density / stiffness can be even negative for certain frequencies. Such
interpretation contradicts the principles of Newtonian mechanics that the mass is constant. A few different
ways have been proposed to address this issue. These alternative models utilize concepts of "micro-level defor-
mation", "micromorphic continua" or "enriched continua". While details may vary, the key idea is the same –
introduce an additional kinematic variable.

We present yet another approach that addresses the issue, and which results in effective rate-type constitutive
relations. The relations are formulated as second-order in time rate-type Eulerian constitutive relations between
only the Cauchy stress tensor, the Hencky strain tensor and objective time derivatives thereof without the need
to introduce additional kinematic variables. Furthermore, the proposed approach works even in finite defor-
mations setting, and the resulting constitutive relations are thermodynamically consistent. The linearisation of
the constitutive relations leads to the same Fourier representation as the model utilizing frequency dependent
quantities, but with constant material parameters.

ACKNOWLEDGEMENT: Vít Průša thanks the Czech Science Foundation, grant no. 20-11027X, for its
support. Casey Rodriguez thanks the NSF, DMS-2307562, for its support. Martin Vejvoda thanks the Charles
University Grant Agency, grant no. 306-10/252731 and grant no. UNCE24/SCI/005, for its support. This work
has been conceived with the help of late professor K. R. Rajagopal. The authors would like to express gratitude
to him for his long-lasting and fruitful collaboration.

[1] D. Cichra, V. Průša, K.R. Rajagopal, C. Rodriguez and M. Vejvoda: The conclusion that metamaterials
could have negative mass is a consequence of improper constitutive characterization, Mathematics and
Mechanics of Solids, 30(12), 2762–2779, 2025. https://doi.org/10.1177/10812865241308823
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Architected composites are materials in which the mechanical performance is governed by the deliberate design
of internal geometry and spatial arrangement of constituent phases. The designed materials allow tailorabil-
ity in mechanical properties as well as combine otherwise competing mechanical properties. Stiffness and
damping are competing mechanical properties in engineering materials. In this work, a planar design, based
on Sierpinski-Knopp (SK) curve, for architected composite is presented for simultaneous stiffness, toughness
and damping. SK space filling curve is a fractal curve generated by recursive sub-structuring based on right,
isosceles triangle. To achieve planar isotropy, SK curve is implemented over equilateral triangles maintaining
hexagonal symmetry (Fig. 1). Owing to interlocking nature and ease of fabrication (3D printing) 6th itera-
tion of SK curve is used. The constituents are considered to be stiffer polylactic acid (PLA) and a compliant
polyurethane (PU). The dimensions of the geometry are chosen considering fabrication by 3D printing and
experimental characterization. Finite element simulations are performed to evaluate the effective elastic mod-
ulus and damping characteristics. The stiff PLA has elastic modulus of 1210 MPa and zero damping capacity,
whereas PU has high damping of 0.6 and low stiffness. The results demonstrate nearly isotropic elastic be-
haviour with an effective modulus of 124 MPa. Furthermore, a significant increase in stiffness (up to 190
MPa) can be obtained with reduced compliant layer thickness. Simultaneous stiffness-damping is found to
be enhanced in the proposed architected composite. These findings highlight the potential of fractal-inspired
architected composites for applications requiring simultaneous mechanical robustness and vibration damping.
This paper will present the salient results of a numerical and experimental study through mechanical testing,
deformation analysis using Digital Image Correlation (DIC) to assess the performance of the proposed design.

Figure 1. Architected composite using Sierpinski-Knopp fractal for simultaneous stiffness-damping performance.
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The unique mechanical properties of shape memory alloys (SMAs) have found applications in numerous en-
gineering devices across different industries. Many of these applications inherently undergo large rotations
and/or moderate or finite strains. Consequently, computational analysis of their mechanical response must be
extended beyond the small-strain regime.

This contribution presents a finite-strain version of an established three-dimensional constitutive model for
polycrystalline SMAs [1]. The original small-strain model, developed within the Generalized Standard Ma-
terials framework, was augmented to be more versatile in capturing the transformation kinetics. Then it was
extended to the finite strains regime using the approach introduced in [2]: instead of modifying the constitutive
core, the extended model was constructed via reinterpreting the inputs of the original small-strain model within
the Lagrangian logarithmic (Hencky) strain space and via employing geometric pre- and post-processing to
map between the objects in logarithmic strain space (e.g. Hencky strain, logarithmic stress) and those in the
Lagrangian reference (e.g. right Cauchy–Green deformation tensor, nominal stress).

The main implementation challenge lies in algorithmizing the pre- and post-processing phases, with tensor
spectral decomposition as the primary computational bottleneck. This was addressed by leveraging the vec-
torization capabilities of MATLAB software and the techniques introduced in [3]. The model was then imple-
mented in finite element software to solve evolutionary boundary value problems. Material parameters were
fitted to experimental data for two SMAs, and computational simulations of SMA components were conducted
to demonstrate the model’s performance and validate the implementation. The applied approach is highly
flexible for incorporating also other phenomena, e.g., irreversibility associated with plasticity, into the model.

ACKNOWLEDGEMENT: The work has been financially supported by the Czech Science Foundation [Project
No. 24-10366S] and by the Operational Programme Johannes Amos Comenius of the Ministry of Education,
Youth and Sport of the Czech Republic, within the frame of the project Ferroic Multifunctionalities (FerrMion)
[Project No. CZ.02.01.01/00/22_008/0004591] co-funded by the European Union.
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The annealing process plays an important role in unlocking the full potential of 3D printed duplex stainless 

steels (DSS). While Laser Powder Bed Fusion (LPBF) enables the production of complex geometries, the 

process introduces a fundamental material challenge: the rapid cooling and solidification rates inherent to 

LPBF typically result in ferrite supersaturation [1]. This creates an "as-built" microstructure that is extremely 

hard and strong, often exhibiting yield strengths exceeding 1000 MPa but is compromised by significant 

brittleness and a deviation from the ideal 50:50 austenite-ferrite balance. 

To address this, post-processing solution annealing (typically performed above 1000°C) is standard practice. 

This treatment successfully promotes the transformation of metastable ferrite into softer austenite and restores 

the protective passive film essential for corrosion resistance [2]. However, this restoration comes at a steep 

mechanical cost. As the material recovers and recrystallizes to relieve residual stress, the tensile strength drops 

often falling to 500–600 MPa in exchange for improved ductility. Consequently, current processing methods 

force a binary choice: the high strength of the as-printed state or the high ductility of the annealed state.  

This study proposes a novel approach to bridge this trade-off by engineering a heterogeneous structured DSS. 

By optimizing 3D printing parameters to generate alternating layers of ferrite and austenite, we aim to retain 

structural strength while introducing necessary ductility without relying solely on strength-depleting annealing 

cycles. 

To validate this methodology, a multi-faceted characterization strategy was employed. First, Scanning Electron 

Microscopy (SEM) was utilized to visualize the layer morphology and assess the structural integrity of the 

printed lattice. Following this, Electron Backscatter Diffraction (EBSD) was used to quantify the phase 

distribution, specifically verifying if the optimized scan strategy successfully increased the austenite volume 

fraction to the desired levels. Finally, the mechanical efficacy of this heterogeneous structure was tested 

through uniaxial tensile testing. Tensile testing increased due to the grain size difference between the 

alternating layers. Ferrite layer showed a coarse grain size distribution while the austenite layer showed a fine 

grain size distribution resulting in a more ductile DSS. The initial research demonstrated a processing route 

that achieves a superior balance of strength and ductility than traditional post-processing methods allow.  

 

 

[1] S. Papula et al., “Selective Laser Melting of Duplex Stainless Steel 2205: Effect of Post-Processing Heat 

Treatment on Microstructure, Mechanical Properties, and Corrosion Resistance,” Materials, vol. 12, no. 

15, Aug. 2019, doi: https://www.doi.org/10.3390/ma12152468. 

[2] C. Herrera, D. Ponge, and D. Raabe, “Recrystallization during Annealing of a Cold Rolled Lean Duplex 

Stainless Steel,” Mater. Sci. Forum, vol. 715–716, pp. 550–550, Apr. 2012, doi: 

https://www.doi.org/10.4028/www.scientific.net/MSF.715-716.550. 
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Actuators using smart materials offer significant advantages in weight reduction and installation flexibility. 

This study focuses on the design and mechanical evaluation of a light-driven actuator composed of a rubber-

layer and metal layer. While its driving principle is similar to a conventional bimetal[1], this composite utilizes 

the negative linear expansion coefficient of pre-stretched rubber[2]. This characteristic allows for significantly 

larger deformation compared to standard metallic bimetals, which is a key advantage for compact robotic 

applications. 

 

However, the substantial difference in expansion rates between the rubber and metal layers leads to a large 

deformation condition, making the precise prediction of the force and the defomation highly complex. To 

address this, loading tests using a horizontal cantilever beam configuration was conducted. The experimental 

setup is shown in Fig. 1, illustrating the beam's response under thermal loading with external weights. 

To establish a reliable design framework, a theoretical formulation considering large-scale deflection was 

considered and compared with Non-linear Finite Element Analysis (FEA). By analyzing the correlation 

between experimental data and numerical results, we clarified the mechanical behavior of the composite. These 

findings provide the  parameters for the optimal design of this material as a functional, large deformation 

actuator in practical environments. 

 

 

 

 

 

 

(a)             (b)  

Figure 1. Experimental setup for thermal deformation of a horizontal beam with weight. 

 (a) before heating, (b) after heating  

[1] S. Timoshenko(1925) Analysis of bimetal thermostats. J.Opt.Soc. Am,11(3), 233-255. 

[2]. K. H. Meyer, C. Ferri (1935) Hely. Chim. Ada, 18, 570 
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Recently, the artificial materials, so-called metamaterials[1] have attracted attention due to their special 

properties. According to the progress of 3-D printing technologies, mechanical metamaterials[2] have also 

been studied. In the mechanical metamaterials, various artificial material properties can be designed by the 

structure of the unit cell of the regular structures. 

In this study, the actuation performance of a mechanical metamaterial that responds to sound waves was 

investigated. A schematic figure of the unit cell of the metamaterial is shown in Figure 1, right. Hexagonal 

frames are connected, and a membrane is attached to the upper frame. The bottom of the lower frame is fixed, 

and sound waves having the resonant frequency are applied to the membrane surface. The unit cell can keep 

the contraction deformation during the sound wave application. The deformation performance of the unit cell 

was investigated theoretically and experimentally, as shown in Figure 1, middle, and an equation below. The 

shape of the membrane and the frame were improved by the results of the theoretical investigation. 

𝑚1(𝑑
2 − 𝑧2) + (𝑚2 +𝑚3)𝑧

2

𝑑2 − 𝑧2
𝑧̈ +

(𝑚2 +𝑚3)𝑑
2

(𝑑2 − 𝑧2)2
𝑧𝑧̇2 +

𝑐1(𝑑
2 − 𝑧2) + (4𝑐2 + 𝑐3)𝑧

2

𝑑2 − 𝑧2
𝑧̇

+
𝑧(4𝑑𝑘2 + 𝑑𝑘3 + √𝑑2 − 𝑧2(𝑘1 − 4𝑘2 − 𝑘3))

√𝑑2 − 𝑧2
𝑧 = 𝐹 cos 𝜃 

          

Figure 1. Schematic figure of the unit cell, left, the mechanical model for the theory, middle and the displacement 

profile obtained by an experiment, right. 

The y-displacement profile at the top of the unit cell from an experiment is shown in Figure 1, right. 

The sound waves having a resonant frequency were applied for about 4 seconds from 4 to 8 seconds. 

The unit cell then kept the contraction displacement. It is expected that the mechanical metamaterial 

using the developed unit cell will be realized in the future. 
 

[1] Ying Wu, Yun Lai, Zhao-Qing Zhang, Elastic metamaterials with simultaneously negative effective shear 

modulus and mass density, Phys. Rev. Lett. 107, 105506, 2011 

[2] T. A. M. Hewage, K. L. Alderson, A. Alderson, and F. Scarpa, Double-negative mechanical 

metamaterials displaying simultaneous negative stiffness and negative Poisson’s ratio properties, Adv. 

Mater. 28, pp. 10323–10332 (2016) 
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This study presents a nonlinear modelling framework based on spectral invariants to describe the 

electromagnetic behaviour of fibre-reinforced composites, with explicit consideration of fibre bending 

stiffness. Using Cosserat continuum theory, we derive general constitutive relations for both stress and couple 

stress that account for the coupling between mechanical and electromagnetic effects. The formulation also 

provides a physically meaningful decomposition of the couple stress tensor. For materials where fibre bending 

is dominant, the model is further refined by limiting its dependence on fibre direction gradients to directional 

derivatives along the fibre axis. Prototype expressions for the internal energy are introduced for both the 

general and specialized formulations. The effectiveness of the specialized model is demonstrated through 

boundary value problems (BVPs) involving the pure bending of a slab and the extension and inflation of a 

solid cylinder, where they are important for validating our model from the experimental and numerical point 

of view. The BVP results indicate that the electromagnetic fields significantly affect the stress-strain behavior 

and our couple-stress formulation helps us to analyze the effect of bending stiffness in these BVPs. Overall, 

the proposed framework establishes a foundation for the analysis and design of advanced smart materials in 

which electromagnetic interactions and fibre microstructure are strongly coupled. 

 

[1] MHBM Shariff, On the electromagnetic Cosserat spectral modelling of fibre-reinforced composites with 

fibre bending stiffness, International Journal of Engineering Science. 217, 104360, 2025. 

https://doi.org/10.1016/j.ijengsci.2025.104360 
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High-power pulsed magnetron sputtering is an effective engineering technique for improving the oxidation 

and wear resistance of metallic materials through the deposition of thin films [1].  

In this work, WB2-Al and WB2-Ag composite coatings were fabricated by magnetron sputtering to mitigate 

the degradation of stainless steel under wear conditions while simultaneously increasing their thermal 

conductivity. The phase composition, microstructure, hardness, residual stress, and fracture toughness were 

measured. In the case of residual stress two methods were compared. The results of residual stress 

measurement with Laser Spallation Technique LST was compared with more common method using the 

modified Stoney equation. Additionally, wear resistance was systematically measured for various metal 

addition rates. At low metal addition amounts (1-8 at.%), the coatings deposited at 400°C were crystalline 

(polymorph P6mmm α-WB2) and characterized by hardness exceeding 30 GPa. Further increasing the metal 

content resulted in the appearance of a second phase. The release of second phase could be detected, and the 

microstructure of the ceramic matrix changed to an amorphous one. The hardness and residual stress of the 

layer decreased, but wear resistance and measured by cantilever bending fracture toughness increased. For 

example, at room temperature, the wear rate of WB2 coatings with an 8 %at. Ag coating is 6.563 × 10-6 mm3/(N 

m), approximately two orders of magnitude lower than the 8.175 × 10-4 mm3/(N m) of the substrate.  

 

The metal addition and the oxide scale formed on the surface act as a lubricant. The introducing of a conductive 

metal to the ceramic matrix further increases the thermal conductivity of the deposited coatings. This work 

demonstrates that magnetron-sputtered WB2-Al and WB2-Ag composite coatings can improve the fracture 

toughness and simultaneously the wear resistance of steel materials. Hard and efficiently heat-conducting 

composite coatings made of W-B materials with Al or Ag filler may be good candidates for anti-radiation-

related applications.    

    

ACKNOWLEDGEMENT: This work was supported by the National Science Centre (NCN – Poland) 

Research Project: 2022/47/B/ST8/01296. 
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This paper presents how the acoustic emission (AE) method allows for the study of phase transformations 

in austenitic steel and shape memory alloys (SMA), in relation to the results obtained from other 

experimental methods. We will demonstrate how the AE research methodology has evolved over the past 

30 years and how other methods have emerged or evolved at that time for comprehensive diagnostics of 

newly developed materials with properties of interest for the applications. We will present results for four 

different materials subjected to tensile loading under various conditions. Interestingly, we will begin and 

end with results obtained for austenitic steel: formerly 1H18N9T - a steel used in the food industry, 

including milk churns, and more recently, 316L, 304, and N50 stainless steels – the steels operating under 

cryogenic conditions and used for nuclear reactor components, tested at 4 K. We will compare the results 

obtained for two types of titanium-based SMAs - a commercial TiNi, manufactured by Furukawa, and Ti- 

26 Nb with addition of O or N, elaborated in laboratory of the University of Tsukuba, Japan. We will also 

discuss the field research methods used: infrared (IRT) measurements and digital image correlation (DIC). 
 

    

Fig. 1. TiNi SMA results obtained during loading- unloading tension at strain rate 10-3 s-1 . Left - Stress and AE counts 

rates vs. time. Right - the related stress and temperature changes vs. strain. Thermograms show in infrared a nucleation and 

evolution of macroscopic transformation bands, related to martensite forward (1–10) and reverse (11–19) transformation. 

ACKNOWLEDGEMENT:This work has been supported by the National Science Centre under grants 2023 

/51/D/ST8/02370, 2024/53/B/ST8/03931 and by the JSPS Postdoctoral Fellowship (ID P20812). The authors 
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Classical fracture mechanics predicts an upper bound on crack propagation speed, typically the Rayleigh wave
speed for mode I fractures and the shear wave speed for mode II ruptures. Beyond these limits, tensile and
shear fracture are traditionally considered energetically forbidden. However, experimental observations, field
evidence from large earthquakes, and recent numerical studies increasingly demonstrate the existence of sub-,
inter-, and supershear rupture regimes. In this study, we investigate the dynamic propagation of mode I and
mode II fractures in dry and fluid-saturated media using multiple numerical frameworks, including the Extended
FEM (XFEM), peridynamics (PD), and hybrid FEM/PD formulations.

For mode I fracture, simulations reveal a systematic transition in fracture behavior with increasing mechanical
or hydraulic loading. Crack propagation evolves from smooth steady growth to stepwise regime, and ultimately
to previously undocumented forerunning characterized by the nucleation of cracks ahead of the main tip. This
progression is observed in both dry and saturated porous media, under mechanical loading and fluid injection.
Notably, forerunning is shown to occur not only at supershear speeds but also under subsonic crack advance, as
demonstrated in a beam on an elastic foundation subjected to sinusoidal loading. In saturated media, increased
injection rates strongly promote the transition to stepwise and forerunning behavior, enabling crack speeds that
exceed both shear and dilatational wave velocities.

For mode II fracture, we employ a newly developed 2-D hybrid FEM/PD model to study the transition from sub-
Rayleigh to supershear rupture in dry and fluid-saturated media. The model reproduces laboratory observations
of direct and indirect (mother-daughter crack or Burridge-Andrews) transitions and captures the formation of
shear Mach cones. In fluid-saturated media, poroelastic coupling near the rupture front favors direct transitions
to supershear fracturing, even in the absence of daughter cracks.

The consistency of these results across distinct numerical methods and constitutive descriptions supports the
robustness of supersonic fracture and rupture in both tensile and shear modes. The findings have direct im-
plications for earthquake dynamics, fluid-rich fault zones, and geophysical processes involving rapid fracture
acceleration (slab tearing, volcanic systems).
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This work addresses the description of the spatial distribution of mechanical fields for elastic heterogeneous
materials by using the fast Fourier transform (FFT) numerical method [1]. It relies on the resolution of the
elastostatic boundary value problem with the Green functions method. By using a classical approach in mi-
cromechanics, the original elastic heterogeneous media is replaced by an homogeneous elastic media with a
heterogeneous polarization field to be determined. This leads to a Lippmann-Schwinger equation which can
be efficiently solved by a FFT-based iterative scheme on a regular grid. This approach has been the subject
of numerous developments and is now widely used in micromechanics [2]. However, this reformulation of
the local problem, based on Fourier series, can lead to spurious oscillations on local fields. This phenomenon
emerges when (i) the polarization field has some discontinuities and (ii) pseudo-spectral differentiation is used
[3]. To tackle this problem, modified Green operators and interface spreading approaches have been proposed.
The latter consist in the introduction of an interphase, whose properties have to be defined, between domains
with different elastic properties. This approach can be performed locally using composite voxel techniques [4],
or globally using smoothing techniques [3]. By reducing material discontinuities, it improves consistency with
the Fourier-series representation of the local fields.

Building on the previous work of Morin et al. [3], the present contribution aims at presenting two improve-
ments: first, to provide a smoothing of elastic properties which is invariant when applied to stiffness or com-
pliances, and second, to consider general anisotropic elastic properties. To do so, use is made of the logarithm
of elasticity tensors following ideas of Moakher and Norris [5] to define an invariant distance between tensors.
Numerical experiments are performed on elasticity problems involving isotropic and anisotropic phases, for
composites and polycristals. A significant reduction of spurious oscillations is observed on the local fields.

[1] H. Moulinec, P. Suquet, Comput. Methods Appl. Mech. Engrg 157, 69-94, 1998.
https://doi.org/10.1016/S0045-7825(97)00218-1

[2] M. Schneider, Acta Mech. 232, 2051–2100, 2021.
https://doi.org/10.1007/s00707-021-02962-1

[3] L. Morin, R. Brenner, K. Derrien, K. Dohrmi, Comput. Methods Appl. Mech. Engrg 373, 113549, 2021.
https://doi.org/10.1016/j.cma.2020.113549

[4] L. Gélébart, F. Ouaki, J. Comput. Phys. 294, 90-95, 2015.
https://doi.org/10.1016/j.jcp.2015.03.048

[5] M. Moakher, A. Norris, J. Elast. 85, 215-263, 2006.
https://doi.org/10.1007/s10659-006-9082-0
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Discontinuously reinforced composites, comprising particles or short fibres, represent an important class of 

engineering materials. Their effective properties are governed by both the intrinsic properties of the constituent 

phases and key microstructural characteristics, including reinforcement shape, spatial orientation, and 

distribution. Numerical homogenization methods (full-field approaches) enable the prediction of these 

effective properties by analysing representative volume elements (RVEs) that capture the composite’s 

heterogeneous microstructure. Among full-field approaches, the most widely used methods rely on the finite 

element method (FEM) or the fast Fourier transform (FFT) to resolve stress and strain fields. In general, full-

field models provide high accuracy and broad modelling capabilities. Nonetheless, in practical applications, 

numerical homogenization can be highly time-consuming, which limits its applicability. A computationally 

efficient alternative is offered by mean-field models, such as the Mori–Tanaka method, which generally 

provide good predictive capability but have certain limitations. In its basic form, the modelling capabilities are 

limited, among other factors, to the ellipsoidal shape of inclusions, and the accuracy of the results decreases 

with increasing volume fraction of the reinforcing phase. 

To overcome these limitations, a data-driven mean-field homogenization framework is developed by 

combining the physics-based foundations of the Mori–Tanaka method with data obtained from the full-field 

simulations [1, 2]. Following the concept presented in [2], the original strain concentration tensor is modified 

by fitting it to RVE-based data as a function of the volume fraction of inhomogeneities. Results reported in 

[2], associated with the case of composites reinforced with spherical particles, demonstrate very good 

agreement with full-field predictions across a wide range of stiffness contrasts and volume fractions. This 

study aims to extend the model to account for different shapes of the reinforcing phase, including those not 

captured by analytical solutions. In this case, both the strain concentration tensor and Eshelby’s tensor are 

modified using data-driven corrections. The coefficients associated with the modified tensors are computed 

using a genetic algorithm. The proposed approach is expected to provide predictions comparable to those of 

full-field homogenization, while retaining the computational efficiency of mean-field models. During the 

conference, details of the database generation, the proposed numerical procedures, the obtained results, and 

future research directions will be presented. 

ACKNOWLEDGEMENT: This work was supported by a statutory subsidy from the Faculty of Mechanical 
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Glassy polymer nanocomposites (PNCs) exhibit heterogeneous mechanical properties due to the presence of 

a distinct polymer/nanoparticle (NP) interfacial region, whose rigidity strongly influences the overall 

mechanical response. Classical continuum theories typically model the interphase behavior as dependent only 

on deformation, neglecting the strong internal deformation gradients that call for enriched continuum 

descriptions of PNCs. In this work, we formulate a higher-gradient elasticity constitutive law for the 

polymer/NP interphase via a systematic micro–meso–macro coupling informed by atomistic molecular 

dynamics (MD) simulations. We show that an accurate description of the polymer/NP interphase requires 

modeling it as a strain-gradient material, while the bulk polymer can still be treated as a Cauchy material due 

to significantly weaker strain-gradient effects. The interphase thickness is determined from equilibrium density 

profiles obtained from MD simulations. By upscaling the molecular response within the interphase, an 

effective strain-gradient continuum model is derived, in which stress, strain, hyperstress, and conjugate strain 

gradients are computed at the atomic scale. A further homogenization step, based on the unfolding method, 

enables identification of the strain-gradient elastic moduli, leading to a second-gradient linear elastic 

constitutive law for the interphase. 

 

Figure 1. (a) Snapshot of the atomistic PNC model. The interphase is presented by the region between the 

semitransparent grey sphere and the NP. A slice of thickness 6 Å passing through the center of NP is also 

shown. (b) Top view of the distribution of atoms though the slice shown in (a). (c) Schematic of the equiva-

lent continuum model employed for the strain gradient homogenized model, showing the internal structure of 

the NP (red) and interphase (grey). The material within the rest of the box is filled with polymer (PB) matrix. 
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A comprehensive study on the evolution of internal stresses in an extruded AZ31 magnesium alloy was 

conducted using energy-dispersive synchrotron X-ray diffraction (ED-XRD). The research evaluates both 

macroscopic (first-order) and intergranular (second-order) stresses that arise during uniaxial tensile 

deformation of a strongly fibre textured hexagonal close packed (hcp) material. Lattice strains were recorded 

for 16 sample orientations using nine crystallographic reflections [1]. 

An advanced q-parameter approach [2] was applied to separate the elastic lattice strain components related to 

the externally applied macroscopic load from those generated by grain-scale plastic incompatibilities caused 

by heterogeneous deformation. The findings demonstrate strong plastic anisotropy, premature yielding of 

favourably oriented grains, and significant development of intergranular stresses due to heterogeneous slip 

activity and twinning. Slip systems were classified into groups based on their similar roles in plastic 

deformation and grain-level stress evolution, which reduced the number of parameters necessary to describe 

the deformation mechanisms. In addition, combining Schmid factor analysis with stress distribution functions 

made it possible to identify the slip and twinning systems mainly responsible for the formation of second-order 

stresses associated with plastic incompatibility. 

It was found, that under tensile loading, basal slip governs the evolution of plastic incompatibility stresses 

throughout deformation, initiating stress heterogeneity prior to macroscopic yielding [3]. With increasing 

strain, activation of non-basal ⟨a⟩ slip and twinning redistributes load toward harder grains associated with 

stable texture maxima. Under compressive loading, the twinning process initially reduces grain stresses, 

producing a plateau in the macroscopic stress-strain response. At later stages, plastic incompatibility stresses, 

governed by non-basal slip and the evolving twin orientations, cause the twins to become harder due to 

reorientation and progressively carry increasing load, resulting in material strain hardening. 
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Role of deformation twinning and plastic anisotropy on void growth in HCP Mg
polycrystals: A crystal plasticity finite element study
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Ductile damage in HCP metals is governed by a complex interaction between plastic anisotropy, deforma-
tion twinning, and the void evolution. Despite this complexity, studies that investigate damage mechanisms
in porous HCP polycrystals remain scarce. Most existing investigations based on the crystal plasticity finite
element method (CPFEM) have focused on single-crystal unit cell models. For instance, void growth under
plane strain conditions using cylindrical voids in 2D [1], and spherical void growth in 3D unit cells [2], both
in the context of HCP Mg single crystals. Although these unit cell studies provide valuable insights into the
fundamental mechanisms governing void evolution in HCP crystals, they do not capture key microstructural
features of polycrystalline materials. In particular, they neglect grain-to-grain interactions, crystallographic
heterogeneity, and the competition between differently oriented grains that strongly influence damage devel-
opment in real polycrystals. To address this gap, the present study conducts a full-field CPFEM analysis on a
RVE of porous HCP Mg polycrystal, constructed by periodically translating a cubic unit cell containing a cen-
trally positioned spherical void along all three orthogonal directions, yielding an aggregate of multiple grains.
Crystallographic orientations are independently assigned to each grain using a single realization of randomly
sampled Bunge Euler angles, introducing grain-to-grain orientation variability while maintaining the overall
statistical homogeneity of the polycrystalline aggregate. To ensure mechanical consistency with the periodic
microstructural construction, periodic boundary conditions are imposed on all external faces of the RVE.

The constitutive framework employed in this study is a rate-dependent crystal plasticity model formulated
within a Lagrangian framework, incorporating both slip and deformation twinning. Twinning-induced lattice
reorientation is treated using the Probabilistic Twin Volume Consistent (PTVC) scheme [3], which ensures
consistency between the evolution of the twin volume fraction and the probability of grain reorientation. The
hardening formulation accounts for the interactions among deformation systems, including slip-slip, slip-twin,
and twin-twin interactions, thereby capturing the anisotropic hardening behavior characteristic of HCP crystals.
Within this framework, the present study systematically investigates the influence of the initial basal slip resis-
tance, neighboring grain orientations, and stress triaxiality on void evolution in an elasto-viscoplastic porous
HCP Mg polycrystal. Both local and macroscopic responses are analyzed in detail, with particular emphasis on
the underlying microstructure evolution, including twinning-induced lattice reorientation and the spatial distri-
bution of accumulated slip/twin. This analysis elucidate the roles of slip and twinning mechanisms in governing
the path to ultimate failure in HCP polycrystals.

ACKNOWLEDGEMENT: The research was partially supported by the project No. 2024/55/B/ST8/01333 of
the National Science Centre, Poland
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Heterogenous materials always have posed significant difficulties in regard to assessing their macroscopic 

properties. Decades of development of various procedures based on numerical homogenisation now allow for 

a high level of detail and flexibility in terms of replicating different microstructure morphology, but consume 

a lot of computing power and time. Thus, many attempts have been made to develop analytical models that 

could provide robust and computationally efficient tools for this purpose. 

In this presentation, an analytical approach to finding the effective response of elastoplastic composites using 

the cluster model with a modified tangent linearisation scheme is discussed [1]. It is based on the idea of 

Molinari & El Mouden (1996) [2] to extend classical mean-field models by taking into account the interactions 

between inhomogeneities within the material volume. Elastoplastic regime is examined for two material 

scenarios: matrix reinforced with inclusions or weakened with voids. Two Bravais lattices of cubic symmetry 

(regular cubic and body-centred cubic) are considered. For each case, periodic unit cells are generated and 

subjected to external isochoric and hydrostatic strain conditions. The results show a significant impact of the 

spatial arrangement of inhomogeneities on the overall material anisotropy, which is not accounted for by 

classical micromechanical mean-field models. Applied modified tangent linearisation scheme allows for the 

initiation of plastic flow even under hydrostatic loading scenarios. 

The results of the analytical model are verified by comparison with those of numerical homogenisation 

performed using the Finite Elements Method (FEM) with meshing requirements discussed. The results from 

the cluster model are qualitatively and quantitatively, consistent with FEM. 

Additional procedure for a multi-criteria optimisation is proposed. It shows that the cluster model might be an 

effective tool for finding the optimal microstructure (i.e. the optimal spatial arrangement of inhomogeneities 

or their volume fraction) for a given application of the material, allowing for a broad filtering of possible 

scenarios on the initial stage of the design process. 
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This work discusses several aspects of crystallographic texture prediction using deformation models. In 

general, two principal approaches to texture modelling and analysis can be distinguished, analogous to those 

employed in fluid flow descriptions. 

In the Lagrangian approach, the evolution of the lattice orientation of each grain is tracked in orientation space, 

and the final texture is determined from the set of final lattice orientations of all grains. In contrast, in the 

Eulerian approach, the intensity of the texture function is evaluated at different points in orientation space 

using the rotation field of crystal orientations, in a manner analogous to the velocity field in fluid flow. In this 

case, the evolution of texture is described using the continuity equation. 

The results of texture prediction and misorientation distribution obtained using the first method, namely the 

Lagrangian description combined with a crystalline deformation model, are presented and compared with 

experimental data. The textures of polycrystalline copper, brass, and low-carbon steel are analyzed. 

Furthermore, an approach based on local grain–neighbor interactions is compared with one based on average 

global interaction. 

In addition, the prediction of copper-type texture and the stability conditions of the main components of the 

three examined texture types are analyzed using the Eulerian approach and the continuity equation. 
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Multi-functional materials are one of the key research areas driving technological progress. One example of a
multi-functional material is the metal-matrix composite (MMC), where matrix phase consists of 316L stainless
steel and reinforcement is made of B4C. The material is still under development and it is hoped that it will
possess excellent properties, such as excellent mechanical properties both at static and dynamic conditions,
radiation shielding and resistance to corrosion.

During the presentation, two types of modelling results will be presented. First of all, finite element method
simulations of mechanical response will be shown. To this aim, a two-phase material was modelled. The pa-
rameters of the (crystal) elasto-plastic model (cf. e. g. [1]) were calibrated by comparing model predictions to
the experimental measurements. Similarly, the model of B4C phase was established. Then, various computa-
tional microstructures of the MMC composite were generated in such a way to have the best representation of
real microstructures observed under the microscope.

In addition, results of radiation shielding simulation will be presented. A series of simulations was performed
for 316L steel samples containing various B4C concentrations to determine the photon linear attenuation coeffi-
cients for standard 60Co and 137Cs gamma-ray sources, as well as the effective neutron attenuation coefficients
for monoenergetic neutrons with energies ranging from thermal energies up to 20 MeV. In addition, the shield-
ing performance was assessed in a realistic mixed neutron/gamma radiation field representative of the horizontal
channel of the MARIA research reactor. The calculations were carried out using the MCNP and FLUKA Monte
Carlo codes (cf. e. g. [2]) and the computational resources of the Świerk Computing Centre at the National
Centre for Nuclear Research.
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The purpose of the research is to formulate the boundary element method (BEM), develop a computer code, 

and analyze dynamically loaded linear-elastic and isotropic plates containing cracks and rigid, thin, 

and  straight inclusions. The inclusions, which are also called rigid-line inclusions or anticracks, can be 

used to model very stiff fibres, for example carbon nanotubes. There is assumed to be a perfect connection 

between inclusions and the deformable matrix and the coincidence of the crack surfaces in the unloaded state. 

The  time- dependent problem is solved using the Laplace transform method. The boundary integral equations 

are used to determine the relationship between the boundary tractions and displacements. Additionally, 

equations of motion are applied for rigid inclusions. In order to analyze the problem using the BEM, 

the  boundaries of the plate, cracks, and inclusions are divided into boundary elements. Boundary integral 

equations are used for the nodes on the external boundaries of the plate, cracks, and inclusions. Unknown 

quantities in the presented method are displacements and tractions along the boundaries. Solutions in the time 

domain are obtained using the numerical inverse Laplace transform. Stress concentrations occur at the tips 

of  cracks and inclusions, and stress intensity factors are calculated using displacements of crack surfaces 

and  tractions along inclusions. 

The author used in the past separately the Laplace transform BEM for plates containing cracks [1] 

and  inclusions [2]. This work is an extension of the previous works on static interaction of cracks 

and  rigid- line inclusions [3-4] and a first attempt to analyze the dynamic interaction. Influences 

of  the  configuration, distances and length of cracks and inclusions on stress intensity factors 

and  displacements will be shown. 

The boundary element method is a very efficient method for modeling elastic bodies that contain cracks 

and  rigid inclusions. The modeling of such materials is significantly simplified in comparison to domain 

methods, for example the finite element method, because nodes are situated only along the external boundaries, 

crack edges and inclusions. The numbers, positions, shapes, and dimensions of cracks and inclusions can be 

modified very simply. Stress intensity factors can be calculated with great accuracy. 
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Most of the analytical homogenization methods for particulate composites rely on the volume fraction of inclu-
sions and their shape. Molinari and El Mouden [1] proposed a model taking into account the spatial distribution
of inclusions, through the interactions between ellipsoidal elastic inclusions, in an elastic matrix. Kowalczyk-
Gajewska et al. [2] extended the Cluster Model to elastic-viscoplastic composites, and showed that the spatial
distribution of inclusions has a significant effect on the overall response of the material, especially at high
volume fractions.

The present work aims at investigating how the spatial distribution of inclusions in a particulate composite af-
fects the overall response of the material. For simple microstructures, such as periodic arrays of inclusions, the
effective properties determined using analytical methods, such as Mori-Tanaka or the Cluster Model are com-
pared to numerical results obtained using Finite Element simulations. By modeling different simple microstruc-
tures, the benefits and limits of the Cluster Model are highlighted, in comparison to Mori-Tanaka scheme. The
response is anisotropic, depending on the position of the inclusions, in agreement with Finite Element results.

The range of validity of the Cluster Model is also discussed by increasing the volume fraction of inclusions.
It is shown that the predictions of the Cluster Model remain reliable for higher volume fractions of inclusions
than those from the Mori-Tanaka model. However, the Finite Element results show that when strains can no
longer be considered as uniform in the inclusions, the Cluster Model fails to predict accurately the overall
response of the material. This is due to the fact that it relies on the Berveiller et al. result [3] for two inclusions
interacting in an infinite medium, according to which the field fluctuations within the inclusions are neglected.
This underlines the need for a model to account as well for the interactions effects and for the non-uniformity
of strains in the inclusions.

ACKNOWLEDGEMENT: G. Girard thanks the support of ANR through the project EMICI ANR-21-CE08-
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Solidification of colloidal suspensions during ice-templating (freeze-casting) generates porous and 

frequently anisotropic microstructures, as the advancing ice front rejects suspended particles and 

drives their accumulation ahead of the interface [1, 2]. This study focuses on a microscale description 

of this phenomenon, emphasizing the evolution of crystal growth and the dynamics of colloidal par-

ticles under directional solidification. The methodology relies on phase-field simulations conducted 

within representative volume elements using the PRISMS-PF framework. 

The model enables detailed tracking of the morphology and kinetics of the solid–liquid interface, 

together with particle redistribution, segregation, and local packing in the region ahead of the growing 

crystals. Special attention is given to the influence of thermal conditions specifically the local cooling 

rate and temperature gradient on interface stability, crystal spacing, and the emergence of particle-

enriched zones. The formulation is designed to capture key mechanisms identified in recent freeze-

casting research, including particle-front interactions and growth-front instabilities that drive hierar-

chical pattern formation [2]. 

Overall, the proposed microscale model provides a mechanistic basis for understanding how local 

solidification conditions govern crystal growth and colloidal particle behavior, and it establishes a 

foundation for future quantitative analyses of microstructure development in freeze-cast materials. 

 

Figure 1. Example of anisotropic ice dendrite growth. 
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This work reports new homogenized descriptions for two-phase elastoplastic composites under complex 
loadings. The matrix response is characterized by archetypical elastoplastic relations with rate-dependent 
isotropic and kinematic hardening, while the inclusions are elastic. The macroscopic response is characterized 
by the effective free-energy density and dissipation potential in terms of the macroscopic deformation of the 
composite and the microscopic plastic deformation field within it. Two approximations are then performed in 
the context of an incremental variational principle governing plastic flow in accordance with these effective 
potentials [1].  The first approximation relies on a variational linearization which produces an alternative 
functional containing secant moduli of the nonlinear constitutive relations evaluated at the second moments of 
the pertinent mechanical fields within the matrix phase [2]; as such, it characterizes the viscous flow of a 
viscoelastic linear-comparison composite (VLCC) with the same microstructure as the elastoplastic composite. 
The second approximation consists in the estimation of this linear-comparison functional with effective 
potentials of the Hashin-Shtrikman type recently derived by means of the Correspondence Principle [3]. 
Crucially, these potentials depend on a finite number of effective internal variables characterizing the inelastic 
state of the composite. Unlike previous descriptions based on the intraphase uniformization of plastic 
deformations advocated in [1], this description is found to produce cyclic stress-strain curves with the expected 
shape, consistent with bounds, and free of spurious transients. The descriptions can be regarded as an extension 
of those proposed in [4] to composites with more complex rheologies allowing for plastic hardening. 
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E-mobility has raised the need in power electronics for higher chip densification. One solution is to integrate
active components into printed circuit boards (PCB). This technology increases the diversity of materials, par-
ticularly in interconnection areas. As a single failure in the board can lead to the total failure of electronic
assemblies, these interconnection regions are studied in order to increase the service life of PCBs [1].

The proposed talk focuses on the finite element analysis of double-sided microvia technology for buried com-
ponents. The first obstacle to overcome concerns the large number of microvias present on a chip. It is indeed
impossible to model such a PCB, both because of the meshing time and the calculation time required. Therefore
a method based on the homogenization of a unit cell including a microvia is proposed. Thus, the mechanical
response of the equivalent homogeneous material is captured and next validated by experimental tensile tests
containing a large number of RVEs. Once validated, reduced models of the interconnection layer are intro-
duced, on the one hand with the equivalent homogeneous material and on the other hand with the completely
discretized geometry. The average responses in terms of stress and strain tensors are found to be accurate, see
[2] for stacked microvias. To address local failure mechanism, a coupled model is defined and is found to have
predictive capabilities comparable to the full discretized model. Finally, the proposed method allows access to
local fields so as to anticipate potential failure in the interconnection layer for embedded components in printed
circuit boards, subject to thermal cycles.
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Research on functionally graded materials (FGMs) is highly active, particularly in achieving desired property 

gradients for structural engineering applications. This field requires methods to: (1) determine effective FGM 

properties based on volume fractions and component configurations, and (2) optimize material profiles through 

strategic design of continuous variations in composition and microstructure to achieve location-specific 

optimal properties. 

The aim of this research is to develop a methodology for designing the distribution of reinforcing particles in 

complex structural elements to achieve better performance parameters. The influence of the reinforcing particle 

distribution function on the distribution of fundamental mechanical quantities (stress, strain, displacement) in 

selected structural elements is analyzed using both analytical methods and finite element method (FEM). To 

estimate effective FGM properties, this research employs the energy equivalence hypothesis (Wiśniewska et 

al., 2019). Figure 1 presents exemplary results for a cantilever beam where the particle volume fraction 𝜉(𝑧) 

distribution is described by a polynomial function of the cross-section vertical coordinate, approximated in the 

FEM model by a stepwise change. 

(a) (b) 

 

 
Figure 1. (a) Geometry and loading; (b) stress distribution in clamped cross-section. 

The results obtained from the selected structural elements confirm that the applied method is capable of 

accurately determining the equivalent isotropic properties of composite materials required for the design of 

FGM structural elements. 
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Predicting effective properties of random heterogeneous media remains an important challenge in 

micromechanics, particularly when phase property contrasts span wide ranges [1, 2]. Classical equivalent 

microstructure approach [3] provides a powerful framework for linking macroscopic response to simplified 

representations of complex media; however, it typically relies on solving an ill-posed inverse problem 

associated with significant computational cost. 

In this work, we propose a generalized yet discrete formulation of the equivalent microstructure concept, with 

particular emphasis on its behavior across arbitrary phase contrasts. The proposed approach shifts the focus 

from detailed inverse reconstruction towards a reduced, forward modeling perspective, enabling a more direct 

characterization of the effective properties. At the same time, the key assumption of invariance with respect to 

the properties of the constituents is retained. 

Building upon the Mori–Tanaka homogenization scheme [4], we introduce a minimal-parameter representation 

of the equivalent microstructure, in which combinations of a small number of discrete inclusion shape families 

are used to capture the effective response, thereby reducing the original continuous formulation to a low-

dimensional, computationally efficient form. This formulation retains the key advantages of the original 

framework – namely its ability to represent a broad class of random media – while significantly reducing 

computational complexity and enabling partially closed-form expressions. 

The approach is benchmarked in electric permittivity and thermal conductivity problems using several 

generated artificial and real microstructure representations. Performance of the proposed models is tested 

against the original model [3] and other semi-analytical approaches. The results demonstrate that the proposed 

formulation provides an accurate yet computationally efficient alternative for modeling effective properties 

across a wide range of phase property contrasts. 
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This study develops a theoretical and micromechanical framework to predict the macroscopic plastic response 

of porous materials with anisotropic matrix behavior. The formulation is built within the Gurson 

homogenization approach [1] and combines the Isotropic Plasticity Equivalent (IPE) concept of Karafillis and 

Boyce [2] with the procedure proposed by Benallal [3], enabling the development of macroscopic yield criteria 

for voided solids with general isotropic and anisotropic matrix constitutive laws. In the case of isotropic 

matrices, the framework accommodates general constitutive models, including Lode angle sensitivity. The 

approach naturally incorporates various material symmetries within the homogenization procedure, facilitating 

the derivation of anisotropic effective yield surfaces for porous solids. 

For simplicity, the classical kinematically admissible velocity field proposed by Gurson is employed, although 

the methodology is general and allows for more refined trial velocity fields. Matrix anisotropy is represented 

via a traceless linear transformation within the IPE formulation. The macroscopic yield surface is obtained 

considering a spherical unit cell, yielding a parametric representation of the full six-dimensional effective yield 

surface. A numerical algorithm is developed to evaluate and visualize arbitrary sections of this surface, and 

illustrative results are provided for different matrix plastic behaviors, including Lode angle effects and distinct 

symmetry classes. 

The analytical framework is validated against three-dimensional finite element simulations of hollow spherical 

unit cells with an isotropic or anisotropic matrix yield function, performed in Abaqus for a wide range of stress 

triaxialities, including both positive and negative values, and porosity levels. The proposed homogenization 

model shows very good agreement with the numerical predictions across all stress states, matrix responses, 

and porosity levels. The macroscopic yield locus is analyzed across the full range of triaxialities to illustrate 

its overall shape and anisotropy characteristics. In particular, at high positive and negative triaxialities, a 

comparative assessment of isotropic and anisotropic matrix behaviors is performed, highlighting the 

differences in the evolution and shape of the macroscopic yield surfaces. 
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The study investigates how the predicted mechanical response of porous ductile solids depends on the choice 
of boundary conditions and the spatial arrangement of voids in finite element unit-cell models. Two-
dimensional plane-strain unit cells with randomly distributed spherical voids were analyzed using both 
periodic boundary conditions (PBC) and kinematically uniform boundary conditions (KUBC). Two void 
population sizes were considered (5 and 25 voids) for a fixed porosity, and several void samples were generated 
for each population size, each corresponding to a unique Statistical Volume Element (SVE).  Each of the SVEs 
were subjected to several macroscopic stress states governed by various ratios between the in-plane 
macroscopic stress components. In addition to the role of boundary conditions for the numerical predictions 
of macroscopic behavior, the study evaluates whether spatial clustering descriptors can be used to predict the 
failure strain more effectively than porosity or average void spacing alone. 

 

Figure 1: Illustration of boundary conditions. 

The results show that the predicted failure strain depends strongly on the imposed stress state, the boundary 
conditions, and the spatial distribution of voids. A systematic difference is observed between the two boundary-
condition choices, with KUBC consistently predicting higher stress levels and larger failure strains than PBC 
because the more restrictive kinematic constraints suppress deformation modes and delay localization. The 
difference between KUBC and PBC is largest for plane-strain tension and shear-dominated loading, while the 
responses become increasingly similar as the stress triaxiality increases. Increasing the number of voids from 
5 to 25 reduces the scatter and narrows the gap between KUBC and PBC, but still the influence of boundary 
conditions remains significant for all loading cases considered. The study further demonstrates that descriptors 
accounting for spatial clustering are better predictors of failure strain than porosity or average spacing alone. 
Highly clustered void distributions promote aligned localization paths, stronger strain localization, and earlier 
failure, while more uniformly distributed voids tend to delay coalescence. These findings suggest that 
statistical descriptors of void clustering and spatial heterogeneity should be incorporated in micromechanical 
and continuum-scale fracture models. 
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The work presents an analytical-numerical approach to model composites with arbitrary shapes of inhomo-
geneities (particles or pores). The approach employs calculating compliance or stiffness contribution tensors.
These tensors relate uniform stress or strain boundary conditions to extra strains or stresses caused by a single
inhomogeneity [1]. The change in overall compliance or stiffness of the composite depends on the contribution
tensors and the volume fraction of the inhomogeneities. Primarily introduced for non-interaction approxima-
tion, the approach can be combined with interaction-approximation schemes, e.g., the Mori-Tanaka assump-
tion, to improve its accuracy [2]. The literature shows applications of the finite element method and a meshless
method to model the single inhomogeneity problem, which require the discretisation of the domain [3]. Here, to
solve the problem and calculate the contribution tensors, we apply the boundary element method (BEM) for 3-
D elasticity. The approach requires only the discretisation of boundaries. The BEM employs 8-node boundary
elements with quadratic shape functions and an adaptive numerical integration scheme to ensure high accuracy
of the calculated stresses and strains [4]. In modelling single-inhomogeneity problems, the BEM eliminates
the excessive discretisation of the domain that approximates the matrix, as well as the particle [5]. Numerical
examples illustrate the proposed approach.
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Mechanical Engineering, Silesian University of Technology, Poland.
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The presented work proposes a multiscale framework for the numerical/analytical determination of the elastic 

constants of the intermetallic nickel-aluminate (NiAl) material at the microscopic scale. Molecular dynamics 

(MD) calculations have been employed to evaluate the stress tensors of a single NiAl monocrystalline body with 

cubic Pm3m symmetry (B2-NiAl). Moreover, the NiAl amorphous structure was generated and simulated to 

reproduce the mechanical performance of the grain boundary [1]. The atomistic results were transferred to the 

upper scale as an input to micromechanical models. Here, the finite element modeling (FEM) was utilized to 

simulate the elastic behavior of NiAl polycrystalline with special attention to grain anisotropy. The microstructural 

features of the heterogeneous body were evaluated using electron backscatter diffraction (EBSD) and next 

generated by Dream3D software, preserving the realistic distributions of grain orientations and grain sizes. The 

reconstructed NiAl polycrystal was subjected to uniaxial tensile test simulations using FEM to evaluate the 

effective Young’s modulus (E) and Poisson’s ratio (µ). The numerical results were confronted with the 

experimental values of E and µ, indicating a satisfactory agreement with an error of around 7%. To minimize the 

discrepancy, a modified FEM model was proposed that accounts for the effect of grain boundaries by introducing 

a weakened phase in the region of crystal bonding. The width of the weakened phase, and as a result its volume 

fraction, was estimated from SEM images of the NiAl sample, and the elastic properties were obtained from MD 

simulations of the amorphous structure. With these model assumptions, a nearly perfect correspondence between 

numerical and experimental results was achieved. Finally, the numerical results were compared with analytical 

estimates based on the Voigt, Reuss, and Hill bounds, as well as more complex bounds [2]. The analysis assessed 

the applicability of both numerical and analytical approaches, highlighting their strengths and weaknesses.    
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Figure 1. Summary of the multiscale framework. 
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A crystal plasticity finite element method (CPFEM) has been implemented to investigate the effect of 
kinematic hardening on the cyclic stress-strain response of face-centered cubic (FCC) materials. We have 
employed a rate-dependent crystal plasticity constitutive model that incorporates latent hardening due to slip 
interaction in the 12 slip systems of the FCC crystal [1]. Kinematic hardening due to scalar back-stresses has 
been defined, assuming pure self-hardening, which restricts the initiation of slip, by modifying the resolved 
shear stress, at individual slip systems [2]. The back-stresses have been defined using a hardening-dynamic 
recovery law, by Armstrong-Frederick (AF), and a Ohno-Wang (OW) type evolution law, introduced by 
McDowell. Cyclic loading simulations were performed in a representative volume element (RVE) consisting 
of 1000 grains with random orientation. The size of our RVE is 10	units with an element size of 1	unit. 
Preliminary results from the CPFEM model, using a single cycle of strain with an amplitude of 1.8	%, predicts 
the stress-strain hysteresis loop reported in [2]. Analysis of the stress-strain response for multiple strain cycles, 
and sensitivity of our CPFEM model predictions to the hardening and dynamic recovery coefficients in the AF 
and OW type laws, is currently underway. Additionally, validation of our model predictions with the stress-
strain response and hardening behavior of FCC materials under cyclic loading experiments, would be 
performed. A predictive micromechanical CPFEM model would be instrumental in understanding the gradual 
degradation of mechanical strength in FCC materials due to accumulated inelastic deformation under fatigue 
loading conditions. 

 
Figure 1. Cyclic stress-stress response for one strain cycle, using the AF type hardening-dynamic recovery law. 
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Porous metals are a class of engineering materials characterized by a system of pores within a metallic matrix, 

enabling the achievement of unique structural and functional properties. Pores may be regarded as a functional 

phase that contributes to optimizing material performance [1]. This work focuses on investigating the influence 

of the material’s microstructural features on local stress distributions, as well as on the prediction of effective 

properties. The considered factors include the pore volume fraction, as well as their shape and spatial 

distribution. Digital models of the microstructures accounting for these factors have been generated. The finite 

element method is employed to compute strain and stress fields within these models, followed by 

computational homogenization [2]. During the conference, the obtained effective elastic constants and stress 

distributions will be presented and discussed, along with remarks on modelling in the elastic–plastic regime.  
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The macroscopic mechanical response of composite materials depends on the properties of the constituents as
well as the microstructure, i.e., the spatial arrangement of the constituents. In this talk we focus on the high
temperature creep response of a eutectic NiAl-(Cr,Mo) composite [1], which forms domains (eutectic colonies)
within which two metallic phases are arranged as ultrafine lamellar structures (see Fig. 1). Mesoscopic creep
experiments of individual colonies showed that the minimum creep rate spans several orders of magnitude de-
pending on the load direction relative to the lamination direction. The apparent Norton exponent also shows
a strong anisotropy. Both effects are due to an inhomogeneous stress partitioning between the two phases
which originates from the lamellar morphology and the high material contrast. In order to model the macro-
scopic mechanical response of the material system, we make use of a three-scale homogenization scheme
involving two length scale bridges. For this, we describe the lamellar microstructure as a periodic rank-1 lam-
inate, which allows for an efficient evaluation of the effective behavior of a single colony. To account for the
interaction between different colonies, we use numerical homogenization techniques, e.g., the description of
the mesostructure as a Laguerre tesselation [2] with prescribed interface orientation distribution [3] and its dis-
cretization using finite elements. After identification of the constitutive laws of the single phases, we investigate
the influence of different interface orientation distributions on the macroscopic creep response.

Figure 1. Hierarchical microstructure of NiAl-(Cr,Mo) with eutectic colonies (left) and lamellar structures (right).

[1] K. Titz, J. Vollhüter, P. Randelzhofer, S. Neumeier, M. Göken, B. Wahlmann, and C. Körner, Design and
characterization of a novel NiAl–(Cr, Mo) eutectic alloy, Advanced Engineering Materials, 26(9):2302079,
2024. https://doi.org/10.1002/adem.202302079

[2] J. Kuhn, M. Schneider, P. Sonnweber-Ribic, and T. Böhlke, Fast methods for comput- ing centroidal
laguerre tessellations for prescribed volume fractions with applications to microstructure generation of
polycrystalline materials, Computer Methods in Applied Mechanics and Engineering, 369:113175, 2020.
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[3] K.-I. Kanatani, Distribution of directional data and fabric tensors, International journal of engineering
science, 22(2):149–164, 1984. https://doi.org/10.1016/0020-7225(84)90090-9
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Data-driven self-consistent clustering analysis (SCA) [1][2] has emerged as a robust reduced-order modeling
framework for efficient computational homogenization of heterogeneous materials. However, its conventional
offline stage remains computationally expensive, since it relies on multiple full-field direct numerical simula-
tions (DNS) on finely discretized voxel-based representative volume elements (RVEs) to extract local strain
concentration tensors. In addition, the resulting clustering patterns are inherently dependent on the elastic
properties of the constituent phases, thereby limiting transferability and necessitating repeated re-clustering
when material parameters are altered. In this work, inspired by the fundamental solution [3] for the static lin-
ear elastic equation together with the equivalence between polarization stress and eigenstrain [4], a uniform
polarization-driven domain decomposition strategy is proposed to overcome these limitations. Six unit orthog-
onal polarization stress tensors are sequentially applied within each individual material phase, whereas zero
polarization stress is imposed in the remaining phases. Induced strain fields inside each material phase are
assembled into feature representations for unsupervised k-means clustering analysis [5]. The resulting clus-
tering patterns depend solely on the underlying microstructural geometry and the Poisson ratio for a given
choice of prescribed reference medium, thus ensuring enhanced generality and eliminating the need for phase-
dependent recomputation. The proposed approach is systematically validated on a diverse set of representative
microstructures, including periodic body-centered cubic (BCC) lattices (both percolating and non-percolating),
as well as more complex random matrix-inclusion systems such as high-volume fraction Boolean–Poisson me-
dia and randomly distributed short-fiber composites. Effective elastic properties are computed by solving the
Lippmann–Schwinger equation at the cluster level with a self-consistent scheme that involves iterative updates
of the reference medium. The numerical results demonstrate that accurate predictions can be achieved with
as few as 64 clusters per phase, even for complex phase distribution microstructures. The proposed method
shows excellent agreement with high-fidelity FFT-based homogenization results, while significantly reducing
the computational cost of the offline stage compared to the standard SCA framework. Furthermore, the pro-
posed framework outperforms conventional mean-field approaches, as it remains accurate across the full range
of volume fractions for RVE/RUC systems.
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23-CE51-0047: Advanced nonlinear homogenization for structural analysis – ANOHONA.

[1] Z. Liu, M.A. Bessa, W.K. Liu, Comput. Methods Appl. Mech. Eng. 306, 319-341, 2016.
https://doi.org/10.1016/j.cma.2016.04.004

[2] T.-R. Liu, Y. Yang, O.R. Bacarreza, S. Tang, M.H. Aliabadi, Int. J. Solids Struct. 281, 112407, 2023.
https://doi.org/10.1016/j.ijsolstr.2023.112407

[3] T. Mura, Micromechanics of Defects in Solids, Springer Dordrecht, 2th ed., 1987. Page 10–12,
https://doi.org/10.1007/978-94-009-3489-4

[4] J.D. Eshelby, Proc. R. Soc. Lond. 241(1226), 376–396, 1957. https://doi.org/10.1098/rspa.1957.0133

[5] S.P. Lloyd, IEEE Trans. Inf. Theory 28(2), 129–137, 1982. https://doi.org/10.1109/TIT.1982.1056489

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID237 Session TS10 192



44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland

Numerical simulation of dynamic failure using an instability based ductile
fracture model

Vishal H. Jagadish[1]∗, Alok Tripathy[2] and Shyam M. Keralavarma[3]

Indian Institute of Technology Madras, Chennai, India.
E-mails: [1] ae23d205@smail.iitm.ac.in, [2] ae20d415@smail.iitm.ac.in, [3] shyam@iitm.ac.in

KEYWORDS: porous metal plasticity, ductile failure, void distortion, void coalescence in shear, plastic insta-
bility.

The ductility of metals subjected to dynamic loading conditions is affected by several constitutive effects such
as strain hardening, strain rate sensitivity, thermal softening, and damage softening due to microscopic void
growth. Phenomenological ductile failure models such as the Johnson-Cook (JC) damage model [1] include
several heuristic parameters to account for the above effects, although their values are difficult to calibrate
uniquely from a standard set of experiments for a given material. This leads to non-transferability of the frac-
ture parameters from lab scale specimens to structural components subjected to more complex non-proportional
loading paths. In this study, a micromechanics-based model of ductile failure under dynamic loading condi-
tions [2] is used to predict fracture in dual-phase steel specimens subjected to a range of loading paths from
quasi-static and dynamic tension, shear and low velocity projectile impact [3]. Crack initiation at a material
point is assumed to coincide with the onset of a plastic instability as a result of the competition between strain
and strain rate hardening and thermal and void softening effects. Predictions obtained using the JC and the
instability-based (IB) models mentioned above are compared with the experimental data under both quasi-
static and dynamic loading conditions. It is shown that the IB model is able to quantitatively predict fracture in
most specimen types and loading conditions using only the parameters related to the material’s plastic stress-
strain response and void nucleation as inputs, which can be calibrated from standard tests. Some discrepancies
between the predictions of the isotropic model and experiments are observed under low triaxiality loading con-
ditions such as shear. A relatively simple modification of the crack initiation criterion accounting for the effect
of void shape changes is shown to improve the model predictions at low triaxialities.

[1] Johnson, G. R., & Cook, W. H. Eng. Frac. Mech., 21(1),31–48, 1985. https://doi.org/10.1016/0013-
7944(85)90052-9
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Zinc is recognized as a promising candidate for biodegradable bone implants and cardiovascular stents due to 

its suitable corrosion rate. However, there remains a lack of comprehensive research quantifying how factors 

such as annealing temperature, alloying elements, and second-phase particles affect the recrystallization 

behavior and mechanical properties of zinc-based alloys. Furthermore, it is crucial to assess the thermal 

stability of low-alloyed zinc after undergoing plastic deformation, especially considering body temperature 

and the potential exposure to higher temperatures during transportation and storage of the final products.  

The primary aim of this study was to examine the thermal stability of pure zinc and zinc alloys after hydrostatic 

extrusion.  

Ex-situ microstructural studies were carried out on samples heated in a Memmert UNE 400 drying oven at 

50°C, 100°C, and 150°C for 1 hour, followed by air cooling. Additionally, the 4D-STEM TESCAN TENSOR 

was used to obtain orientation maps of samples before and after heating up to 200°C for 1 hour through 

precession assistance, allowing the characterisation of the intermetallic phase (Mg₂Zn₁₁), as well as the grain 

size and orientations of the eutectic mixture. 

In-situ SEM/EBSD studies were performed using the TANIST TESCAN system. Samples were maintained at 

100°C for 48 hours, with repeated electron backscatter diffraction (EBSD) analysis to monitor grain nucleation 

and growth.  

Mechanical properties of materials were investigated in the initial state and heating at 50, 100, and 150 °C 

using static compression and tensile tests.  

The results demonstrated that zinc alloys have greater thermal stability than pure zinc. The presence and 

distribution of second-phase particles during recrystallisation significantly influence the material. Advanced 

microstructural characterisation allowed both qualitative and quantitative assessment of the changes in the 

materials during heating at high temperatures. Microstructural changes were correlated with mechanical 

properties, 
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The early work of Gauthier and Jahsman [1] is among the first to expose a seemingly unexpected behaviour 
of granular materials whereby smaller specimens exhibit a softening, rather than stiffening behaviour predicted 
by the manner in which Cosserats' theory of elasticity has been postulated. Bigoni and Drugan [2] have later 
performed a detailed theoretical analysis to explain such a behaviour as in fact expected when the material 
inclusions are stiffer than the embedding matrix, which is exactly what they are in the tests performed in [1].  

When this is regarded through the prism of the material parameters in Cosserats' elasticity, it turns out that 
such a behaviour disqualifies the theory from being a viable mechanical model as it necessarily implies that 
they fall outside of the range necessary for the strain-energy density of the material to remain positive. While 
numerical tests, such as e.g. those in [3], confirm that they do, there remains an unanswered question as to why 
such a mechanical problem remains stable indicating a positive accumulated strain energy upon application of 
a positive external work increment? 

In our recent work [4] we have addressed this controversy by performing a detailed eigenanalysis of the 
problem and checked if the eigenvectors of the Cosserats' constitutive matrices may represent a deformed 
shape of the specimen/finite part thereof, i.e. if they may exist on a non-infinitesimal scale. If not, the fact that 
a strain-energy density may drop to zero at some point in a specimen does not necessarily imply a zero strain-
energy over a finite volume (whole specimen or its representative volume element). 

Taking pure bending of a unit strip of thickness h and Poisson's ratio n as a test case, it may be shown that the 
condition for a stable solution imposed on the characteristic bending length lb is not lb > 0 as would follow 
from the condition of positive strain-energy density, but in fact 

𝑙௕ > −
h

24(1 − 𝑛)
. 

By pursuing the methodology presented in [5] it may be demonstrated that this is indeed the limiting value of 
the characteristic bending length that may be obtained in real periodic structures of the type analysed in [4] for 
any Poisson's ratio and any matrix-to-inclusion stiffness ratio. 
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Inverse problems in homogenization theory have recently attracted considerable attention, particularly in the 

context of optimal design of multifunctional materials. In this context, one seeks to determine a microstructure 

that realizes prescribed effective (homogenized) properties, i.e., to reconstruct a spatial distribution of phases 

such that the corresponding homogenized response matches given target data. 

In this work, we consider the problem of reconstructing the microstructure of a two-phase composite from a 

sequence of macroscopic measurements. The analysis focuses on effective properties associated with heat flow 

problem in a heterogeneous medium. The inverse problem is formulated as the minimization of a cost 

functional defined as the mismatch between target and computed effective responses. The optimization is 

carried out using a simulated annealing (SA) algorithm, in which the design variables correspond to phase 

indicators at the pixel level. The microstructure is iteratively updated by modifying the phase assignment of 

individual pixels, and convergence is assessed through the evolution of the cost functional.  

Due to the non-uniqueness of admissible solutions, the problem is inherently ill-posed, exhibiting both non-

uniqueness and instability. To address this issue, a regularization term is incorporated into the objective 

functional, penalizing the interfacial measure (specific surface area). This promotes geometrically simpler 

configurations and imposes additional structural constraints. Numerical results indicate that, across a broad 

class of microstructural types, the reconstructed microstructures converge toward configurations consisting of 

a single irregularly shaped inclusion embedded in a matrix phase. This observation motivates the introduction 

of the concept of a canonical microstructure, defined as a reduced representation that is macroscopically 

equivalent—within the homogenization framework—to more complex heterogeneous media. Within this fra-

mework, the canonical microstructure acts as an effective surrogate for the underlying heterogeneous material, 

allowing for a substantial reduction in geometric complexity while preserving the essential macroscopic re-

sponse. 

The results suggest that, under suitable regularization, complex multi-inclusion microstructures can be 

effectively replaced by a single connected inclusion without significant deviation from the target effective 

properties. This finding sheds light on the structure of solutions to inverse homogenization problems and points 

toward reduced-order representations in material design. This is particularly relevant in the context of additive 

and advanced manufacturing technologies, where simplified geometries are advantageous for fabrication and 

optimization. 
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Fe-based shape memory alloys (SMAs) are a promising class of smart materials; their low cost and large 

reversible strain—driven by martensitic phase transformation (MPT) and twinning-detwinning processes—

make them suitable for diverse applications. The key areas of use are civil engineering and infrastructure, due 

to their significant stress-strain hysteresis and compatibility with structural steel, as well as high-strength 

aerospace components designed for compact, hydraulic-free actuation. Despite their excellent damping and 

positioning capabilities, Fe-based SMAs exhibit a functional decrease in superelasticity (SE) resulting from 

dislocation activity, martensite-variant cross-blockage, and residual deformations.  

Experiments performed on austenitic steels show that strain front mobility is achieved through the junction of 

the hard-to-deform (111) orientation and the compliant (110) orientation [1, 2]. To transfer this effect to Fe-

based SMAs, a molecular dynamics (MD) simulation was performed. The application of a modified embedded 

atom method (MEAM) interatomic potential [3] revealed that the martensitic phase transformation (MPT) 

starts within elastic eigen-subspaces on both sides of the boundary; however, due to energetic advantages, 

martensite propagates primarily within the (110)-oriented part of the SMA bicrystal under tension. The (111) 

component serves as a trigger area, resulting in the formation of large reversible strains. This process is driven 

by the reduction of the Gibbs free energy of the unstable, traveling martensite-austenite interface as it returns 

toward the coherent (111) || (110) junction. To further investigate this instability-driven SE, additional 

bicrystals featuring coherent boundaries were analyzed. The underlying mechanisms identified in this work 

offer a pathway toward mitigating functional fatigue in Fe-based SMAs. 
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How does a macroscopic applied stress or strain field distribute or partition into individual grains of a 
polycrystalline material? This is a long-standing question in the field of (poly)-crystal plasticity. The well-
known Taylor and Sachs models provide bounds in this regard, with the Taylor model enforcing iso-strain –  
i.e., all grains obtain the same macroscopic applied strain – and the Sachs model enforcing iso-stress; the 
response of real materials lies somewhere in between.  

In a recent work, we developed a methodology using statistical machine learning to understand strain 
partitioning in nanoscale polycrystalline thin films [1]. Such films constitute interesting material systems since 
they often display enhanced mechanical properties in comparison to their bulk counterparts. We perform 
atomistic simulations of the molecular statics/dynamics kind to understand the deformation mechanisms in 
thin film structures. Subsequently, we apply statistical machine learning algorithms to understand the 
inhomogeneity in the distribution of total strain, elastic strain and orientation in the structure. The results show 
a lognormal-like distribution of the elastic strain which is in contrast to the normal distribution observed for 
coarse-grained materials. Whilst the distribution of the elastic strain is unimodal, the distribution of total strain 
(and microrotation) is multimodal consisting of distinct peaks. We use a Gaussian mixture model to identify 
these peaks, and furthermore, correlate the individual peaks with deformation events occurring in individual 
grains. 

We extend the methodology to analyze strain partitioning in crystal plasticity finite element simulations, and 
compare the results with those from atomistic simulations. Furthermore, we study the partitioning behavior 
over the entire trajectory of deformation. The results are finally discussed in the context of homogenization 
models and bridging length scales towards continuum frameworks. 
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Biodegradable polymers are materials designed to degrade and ultimately disappear after having completed
their structural function. They are increasingly developed for engineering and biomedical applications, where
simultaneous control over mechanical performance and degradation behaviour is critical. Many biodegradable
polymers primarily degrade via hydrolysis, in which water molecules react with susceptible backbone bonds
(e.g. esters), leading to chain scission. Chain scission in turn impacts the thermo-mechanical properties and
causes mass loss. Conversely, mechanical stress can also impact the degradation kinetics [1].

In this talk, I will describe our recent experimental and modelling efforts to investigate the coupled chemo-
mechanical behaviour of various degradable polymer systems in aqueous environments, including glassy poly-
mers, semi-crystalline polymers, and biodegradable hydrogels. In particular, I will present a constitutive mod-
elling framework for amorphous polymers, incorporating a mechanistic description of the chain scission process
and its influence on the elasto-viscoplastic behaviour through the concept of effective temperature [2, 3]. We
show that the behaviour of wet, degraded polymer can be accurately captured by evaluating the response of the
dry, undegraded polymer evaluated at an elevated temperature and reflecting the reduction in glass transition
temperature due to chain scission and water uptake.
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Strain-induced crystallization (SIC) represents a type of phase transition in natural rubbers triggered by defor-
mation. This is evident from the heterogeneities in temperature distribution observed in unfilled natural rubbers
subjected to homogeneous uniaxial tension [1], as temperature variations in natural rubber are attributed to
SIC. These heterogeneities become pronounced following the onset of SIC, particularly within the stretch ratio
range of 4 ⪅ Λ ⪅ 5.5 (see Fig. 1). Interestingly, prior to the onset of SIC (Λ1 ⪅ 4) and following the stress
upturn (Λ1 ⪆ 6), the temperature distribution remains homogeneous. This observation further implies that this
behavior does not stem from coupling instabilities, as observed in electroactive elastomers, but rather from the
loss of ellipticity associated with phase transitions.

In this contribution, we extend the recently developed thermodynamic regularization technique [2] to the con-
text of strain-induced crystallization in natural rubbers and formulate a novel computational framework based
exclusively on the laws of thermodynamics and a single thermodynamic potential. The predictions of the
computational framework with the four coupled fields (displacement, temperature and two nonlocal interac-
tions) is then demonstrated through multiple numerical benchmarks and comparison with experimental data.
Specifically, the average nominal stress, calculated from the ratio of force and initial cross-sectional area, is
demonstrated in Fig. 1 (left). In can be seen a good agreement with the experimental data and also there is no
stress plateau observed after the onset of SIC due to regularization. The predicted heat source at the center of
the specimen is plotted versus time in Fig. 1 (right). It can be observed that, initially, the heat source increases
with crystallinity. Near the end of the loading phase, the heat source decreases due to the inflection point in the
evolution of crystallinity.

Figure 1: Left: Average nominal stress in the uniaxial tension; Right: Heat source evolution at the center of the specimen.

[1] J.B. Le Cam, A. Tayeb, S. Charlè, Polymer 255, 125120, 2022.
https://doi.org/10.1016/j.polymer.2022.125120

[2] V.N. Khiêm, M. Jabareen, R. Poudel, X. Tang, M. Itskov, J. Mech. Phys. Solids 193, 105874, 2024.
https://doi.org/10.1016/j.jmps.2024.105874 2024.
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The first theory of poroelasticity, based on Darcy's law, was formulated by Biot (1941), who developed 
an elasticity framework describing the mechanical behavior of fluid-saturated porous solids. Moreover, 
the linear theory of poroelasticity, based on the volume fraction concept was first presented by Cowin 
and Nunziato (1983). Evidently, theories based on Darcy's law account for variation of the pore fluid 
pressure but neglect change of the pore volume fraction. Conversely, theories grounded on the concept 
of volume fraction incorporate change of pore volume fraction while disregarding variation of fluid 
pressure. Both approaches, however, capture only part of the physical picture. In reality, deformation of 
a porous body inevitably induces simultaneous changes in both the pore volume fraction and the pore 
fluid pressure. This limitation highlights the necessity of coupled models that treat these effects in a 
unified framework. 

To overcome this limitation, Svanadze (2020) developed a coupled theory of poroelasticity, in which 
both physical effects are incorporated within a unified framework. This coupled approach generalizes 
Biot’s and Cowin-Nunziato’s theories by introducing additional field variables and interaction terms. 
Based on Fourier’s classical law of heat conduction, Svanadze (2019) introduced a coupled linear theory 
of thermoporoelasticity. 

In this work, based on the Moore-Gibson-Thompson (MGT) law of heat conduction, the coupled linear 
theory of thermoporoelasticity is proposed in which the combination of the following four mechanical 
phenomena is considered: the deformation of elastic porous material, Darcy's law for fluid flow in pore 
network, the concept of the volume fraction of pores, and the MGT law of heat conduction. On the basis 
of this theory the basic boundary value problems (BVP) of steady vibrations are investigated using the 
potential method (the boundary integral equations method). Namely, the fundamental solution of the 
system of steady vibration equations is constructed explicity by elementary functions. Green’s identities 
are obtained and the uniqueness theorems for the classical solutions of the BVPs are proved. Some 
useful singular integral operators are introduced and the basic properties of these operators are presented. 
Then, the above-mentioned BVPs of steady vibrations are reduced to the equivalent always solvable 
singular integral equations for which Noether's theorems are valid. Finally, the existence theorems for 
classical solutions of the BVPs of steady vibrations are proved by means of the potential method and 
the theory of singular integral equations. 

ACKNOWLEDGEMENT:  This work was supported by Shota Rustaveli National Science Foundation 
of Georgia (SRNSFG) [Grant # FR-23-4905]  
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Materials such as magnetic shape-memory alloys possess an intrinsic coupling between material’s 
magnetisation and mechanical deformation. These materials also undergo structural phase transitions, with 
phase boundaries separating different phases and the kinetics of the phase boundaries governed by the magnetic 
field and the mechanical stresses. There is a multiplicity of other materials revealing similar phenomena, e.g. 
magnetic perovskites.  

To model the propagation of the phase boundaries in deformable magnetic materials at the continuum scale, 
three ingredients are required: a set of governing equations for the bulk behaviour with coupled magnetic and 
mechanical degrees of freedom, a dependency of the phase boundary velocity on the governing factors, and a 
reliable computational method. The expression for the phase boundary velocity is usually obtained within the 
continuum thermodynamics setting, where the entropy production due to phase boundary propagation is 
derived, which gives a thermodynamic driving force for the phase boundary kinetics. For deformable 
ferromagnets, all three elements (bulk behaviour, interface kinetics, and computational approaches) have been 
explored, but under a number of limitations.  

The talk will demonstrate novel derivation of the thermodynamic driving force for transformation fronts in a 
general magneto-mechanical setting, adaptation of the cut-finite-element method (CutFEM) for transformation 
fronts in magneto-mechanics, which allows for an exceptionally efficient handling of the propagating 
interfaces, without modifying the finite-element mesh, and application of the developments to qualitative 
modelling of magneto-mechanics of magnetic shape-memory alloys. 

Historically, this problem was considered in [1], but only for non-linear elasticity, magnetostatics, and absence 
of electric fields. The present work does not make these assumptions. The adapted CutFEM method generalises 
the results of [2], implementing the method for multi-physics, with the code available via GitHub [3]. The 
preprint of a paper summarising the results included in the talk is available at arXiv [4]. 

ACKNOWLEDGEMENT: The author acknowledges funding from Research England’s “Expanding 
Excellence in England” (E3) fund via the “Multi-scale Multi-disciplinary Modelling for Impact” programme 
(M34Impact). 
 
[1] G. A. Maugin, A. Fomethe, Meccanica 32(4), 347-362, 1997. 

[2] M. Poluektov, L. Figiel, Comput. Methods Appl. Mech. Eng. 388, 114234, 2022. 

[3] https://github.com/mpoluektov/cutfem-multiphys-2d 
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Spark Plasma Sintering (SPS) is a powder consolidation process that combines mechanical pressure with rapid 

Joule heating induced by electric current. This facilitates the consolidation and densification of particulate 

materials, making SPS a sustainable and energy-efficient technique. Initially, the powder consists of loosely 

bonded particles. As the process progresses, the particles become connected through necks, which grow over 

time due to diffusion and mass transport. The complexity of the SPS process lies in the strong interdependence 

of electrical, thermal and mechanical phenomena. Accurate modelling of this process requires a fully coupled 

multiphysics approach.  

In this work, a microscopic thermo-electro-mechanical model is developed within the Discrete Element 

Method (DEM) framework. DEM enables microscopic analysis by treating each particle as a discrete element, 

thereby enabling precise representation of microscopic interactions. The model is based on sintering geometry, 

assuming cylindrical neck formation between spherical particles. Individual models for electrical, thermal, and 

mechanical behaviour are first validated separately, and then integrated into a fully coupled model. Thermal 

and electrical models were presented in [1, 2], in which effective properties were evaluated and validated 

against experimental measurements. A coupled thermo-electric model was presented in [3], where it was 

shown that Joule heating, generated due to current flow, tends to concentrate in smaller particles but is 

effectively conducted throughout the sample, leading to a relatively uniform temperature rise. Finally, the 

effect of densification on heating rate was analysed. Herein, the coupled thermo-electric model will be 

integrated with the mechanical model to study the multiphysics phenomena during the SPS process. 

ACKNOWLEDGEMENT: Research funded by National Science Centre, Poland, project no. 

2019/35/B/ST8/03158  
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SPS is a powder consolidation process that employs electric current to generate heat (Joule effect) while 

simultaneously applying pressure to achieve densification. In conductive powders, as current flows through 

the network of particles, it can concentrate at interparticle contacts/necks due to high resistance. This may 

result in high current densities and local temperature increase (overheating). Such thermo-electric effects can 

influence microstructure and hence properties. 

In this work, thermo-electric phenomena during SPS are investigated through a combined experimental and 

numerical study. NiAl powder is consolidated at different temperatures. The resulting microstructures are 

characterised using XRD, SEM and EBSD, with particular focus on particle contact regions that are most 

susceptible to local overheating. To complement the experiments, thermo-electric finite element simulations 

are performed using representative three-particle geometries with different neck sizes. 

The combined experimental and numerical results indicate that the resulting overheating in NiAl is limited and 

insufficient to induce partial melting or microstructural changes under the investigated conditions. These 

findings contribute to a clearer understanding of thermo-electric phenomena in SPS and suggests that a 

numerical model of SPS can be simplified. 

ACKNOWLEDGEMENT: Research funded by National Science Centre, Poland, project no. 
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The aeroelastic behavior of plates has been extensively studied as a model for flight vehicle skin panels [1].
In supersonic flow, plates can experience flutter and transition into a post-flutter limit cycle oscillation (LCO)
without causing immediate structural failure. This behavior contrasts with larger structures, like wings, where
flutter must be strictly avoided. Consequently, understanding the mechanisms of flutter onset and post-flutter
LCO is important. Often, one side of the panel encloses a cavity of non-convecting fluid, where structural vibra-
tions generate acoustic pressure perturbations that can couple with the aeroelastic system. Although frequently
simplified or ignored, this creates a coupled aero-acoustic-elastic (AAE) problem. Recent findings suggest that
the vibro-acoustic coupling can affect flutter, potentially triggering instability at significantly lower dynamic
pressures than without a cavity [2].

This presentation outlines a computational approach for analyzing this coupled AAE system along with recent
and current developments. For the structural dynamics of a thin elastic plate, we employ a Rayleigh-Ritz
(RR) formulation that includes geometric nonlinearity [3], recently enhanced by using finite element method
(FEM) eigenmodes as basis functions in the RR scheme to accommodate arbitrary transverse boundary con-
ditions and geometry. The hybrid FEM-RR approach efficiently balances the need to capture both global
fluid-structure interactions (which in many cases requires only several leading modes to resolve) and localized
structural effects while keeping the relatively easily computed nonlinear stiffness terms in modal coordinates.
On the acoustic side, we use a coupled vibro-acoustic model in modal coordinates, focusing on scenarios
where the primary acoustic and structural modes are closely spaced [2]. We also address a recent development
in modeling acoustic medium with non-uniform temperature and density fields (e.g., due to wall heating or
cooling) which lead to acoustic wave bending that affects the vibro-acoustic coupling. Similar to the structural
model, FEM is used to obtain the acoustic eigenmodes for a modal formulation. Finally, to account for aero-
dynamic heating in high-speed flow, we introduce an ongoing development of a coupled aero-thermal-elastic
analysis scheme. Building upon literature in this area [4], our scheme aims to loosely couple the timescales of
thermal and aeroelastic responses by using steady-state Reynolds Averaged Navier-Stokes (RANS) simulation
results as input to transient heat transfer and nonlinear aeroelastic stability analysis. In this setting, the plate
may start to flutter and reach LCO while its temperature gradually increases until buckling causes it to stabilize.

ACKNOWLEDGEMENT: The author gratefully acknowledges support from the Israel Science Foundation
(ISF-216/25). Part of this work was supported by an internal Technion fund number 2034752. This presentation
incorporates results by M.Sc. students Yishai Glam, Artem Romm, and Noam Touati Kreimer, whose valuable
contributions are highly appreciated.
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The performance, sensitivity, and reliability of many MEMS and NEMS devices are directly governed by themechanical behavior of their structural components. Silicon nanobeams and nanopillars are widely used inMEMS and NEMS devices as sensors and actuators. These structures must function reliably under varyingthermal conditions, from low to elevated temperatures [1]. Experimental and atomistic simulations have shownthat the mechanical response of silicon nanostructures is size-dependent [2]. This size-dependent behavior isfurther influenced by temperature and structural defects such as cracks [3]. Therefore, it is essential to inves-tigate the size-dependent mechanical response of silicon nanostructures under the combined effects of crackdefects and temperature variations.
In this study, molecular dynamics (MD) simulations are used to investigate the compressive behavior ofcracked silicon nanopillars across a range of sizes and temperatures. Particular attention is given to how crackdefects influence buckling loads. The atomistic results are compared with continuum-based models reportedin the literature. The findings show that current continuum models fail to accurately capture the size-depen-dent compressive response of cracked silicon nanopillars. The underlying physical mechanisms responsiblefor these discrepancies are analyzed. In particular, the analysis reveals that conventional kinematic continuityconditions used to model cracked cross-sections may not be valid at the nanoscale and require further refine-ment.
ACKNOWLEDGEMENT: The financial support provided by the National Science Centre (NCN) in Polandthrough the grant agreement No: UMO-2022/47/D/ST8/01348 is gratefully acknowledged. We gratefullyacknowledge Polish high-performance computing infrastructure PLGrid (HPC Center: ACK Cyfronet AGH)for providing computer facilities and support within computational grant no. PLG/2026/019291.
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Efficient thermal management is a critical challenge in modern electronic systems, where increasing power
densities and device miniaturization demand advanced cooling solutions [1–3]. Conventional fin based heat
sink device, often fail to meet demand for compactness and enhanced heat dissipation [4,5]. In this study, the
effects of different triply periodic minimal surface (TPMS) structures on thermal performance of heat sink
devices are investigated using finite element simulations conducted in COMSOL Multiphysics. The
computational model consists of a fluid channel, a uniform heat source applied through copper base plate and
three different TPMS heat sink geometries: gyroid, diamond and I-WP. The generated heat is conducted to
the TPMS structure and subsequently dissipated to the surrounding fluid via convection at the outlet surface.
The outlet boundary is defined as a pressure outlet, while the outer channel walls are assumed to be adiabatic
with a no-slip condition. Water is used as the working fluid in the analysis.

Computational fluid dynamics (CFD) simulations were employed to analyze fluid flow and thermal
performance subjected to cell size, structural arrangements and the inlet velocities. The fluid flow and heat
transfer are governed by the Navier–Stokes and energy equations, respectively. The results of performance
evaluation criterion (PEC), which combines heat transfer and friction factor, indicates that gyroid TPMS heat
sink achieves the balanced thermo-hydraulic efficiency. This is due to smooth and continuous channel of
gyroid structure, which promotes helical flow paths and ensures uniform fluid distribution. Furthermore, the
results of Nusselt number is decreased along the channel length for all configurations due to thermal
boundary layer development, while increasing inlet velocity improves overall heat transfer performance. In
conclusion, TPMS based porous heat sinks, particularly gyroid geometry, offer effective solution for
advanced thermal management applications.

ACKNOWLEDGEMENT: The work was supported by ‘PhDBoost’ Program for doctoral students of the
Doctoral School of Poznan University of Technology (in 2026) from the University’s subsidy financed from
the funds of Ministry of Science and Higher Education (0610/SPHD/2604).
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The conventional air speed indication (ASI) systems rely on Pitot-static pressure differentials, which remain 

vulnerable to blockages from contaminants and icing, compromising measurement reliability, necessitating 

robust sensing alternatives. We present a novel shear stress-based airspeed indication system, designed for 

aircraft applications. The proposed airspeed indicator employs a cantilever type slender, T- beam, rigidly 

anchored at its base, free at the opposite end [1]. The floating head of T-beam translates in response to velocity- 

induced wall shear stress (illustrated in Fig. 1), bending the slender beam. Strain gauges positioned near the 

base of the cantilever beam capture the bending-induced strain. A transient structural analysis was carried out 

using the ANSYS 2022 R2 Transient Structural module to evaluate the strain response for different air speeds. 

The wall shear stress is subsequently determined from the strain obtained through simulation studies on the 

cantilever beam. 

 

Figure 1. Shear stress-based air speed indicator (ASI) Model  

The free-stream velocity is correlated to wall shear stress through a mathematical model given by Eq. (1).  

𝑢 = 𝑘𝑐𝜏𝑤
5
9⁄           (1), 

where, turbulence effect is taken into account through 𝑘𝑐 (𝑘𝑐  = 18.4747), which is an empirical constant; u is 

the freestream velocity and τ𝑤 is the wall shear stress. 

The mathematical model was validated through numerical simulations carried out using ANSYS 2022 R2 

FLUENT. The results obtained from the mathematical model are in good agreement with the numerical 

simulations (ref. Fig. 1, inset Model vs Fluent). The results demonstrate the feasibility of shear stress-based 

airspeed indication, offering a simple, cost-effective alternative to conventional Pitot-static probe-based 

systems, with improved robustness and reduced susceptibility to blockage. 

[1] S. Pathan, M. Kshetrimayum, V. Menezes, C.S. Yerramalli, Sādhanā 50, Article 128, 2025. 
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Stochastic models developed for the cooling process after hot deformation in the rolling process have enabled 

accurate and reliable prediction of the final properties of steel [1][2]. However, their use in industrial settings 

is difficult due to the computational complexity of the models and the techniques used, such as the Monte 

Carlo method. The stochastic models used take into account the uncertainties of process parameters, 

heterogeneities, and the probabilistic nature of the process, which further increases the complexity. 

Data-driven models come to the rescue here, using high-performance computing to provide sufficient training 

data. Proper development of these models translates into a significant reduction in the time required to predict 

property distributions at the end of the hot rolling and cooling processes. Initially, stochastic models are 

identified for a specific selected steel (S355J2) using inverse analysis techniques, which allows for the 

determination of model coefficients. Next, a methodology utilizing the MLP architecture was proposed to 

create models that can quickly predict final property distributions for experimental roll configurations. These 

ML models use input parameters such as strain, strain rate on subsequent rolls, as well as heating temperature, 

heating time, and cooling rate. The output of these models allows for the preservation of the distributions of 

microstructural parameters such as phase fractions and material properties. The obtained results (see Fig. 1) 

demonstrate that the approach provides accurate predictions at significantly reduced computational cost 

compared to traditional approaches, providing a starting point for real-time process optimization.  

 

Figure 1. Comparison of impact toughness energy (𝐸𝑖𝑚𝑝) distributions from the ML model and the stochastic model for 

two different loss functions: Kullback–Leibler Divergence and Earth Mover's Distance. 
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Machining of metal parts involves two key challenges that have driven modeling research in recent decades: 
optimizing cutting strategies and parameters, and balancing productivity with tool longevity. From the 
perspective of the workpiece, industry seeks reliable predictions of process parameters that yield optimal 
surface finish while minimizing energy consumption and machining time. Simultaneously, attention must be 
given to tool performance, particularly in extending tool lifespan by reducing wear under optimal cutting 
conditions. 

In this work, we present two numerical approaches to predict the surface roughness of the workpiece and the 
surface topography of the cutting tool. The objective is to characterize the final surface and the residual stresses 
induced in the material, enabling a more complete assessment of machining performance. This information 
supports the identification of optimal process conditions. 

To address the complexity of machining, we combine fast search algorithms with the Particle Finite Element 
Method (PFEM) [1, 2], capturing both the geometrical aspects of the process and the thermo-mechanical 
behavior of the material [3]. 

The approach is applied to additively manufactured parts, which allow the production of complex geometries 
but often lack the required surface quality. Machining is used as a finishing step to achieve tighter tolerances 
and improved surface finishing, helping to reduce overall production time, material use, and energy 
consumption. 

 

ACKNOWLEDGEMENT: This research has received funding from the European Union’s Research Fund 
for Coal and Steel (RFCS): project num. 101112346. 

[1]  J.M. Carbonell, J.M. Rodríguez and E. Oñate. “Modelling 3D cutting problems with the Particle Finite 
Element Method”, Computational Mechanics, 66, 603-624, (2020). 

[2]   Bakhshan, H., Oñate, E.  and Carbonell, J.M. “Microstructure evolution modeling of Ti6Al4V alloy during 
cutting using the Particle Finite Element Method and homogeneous field distributions”. Journal of 
Manufacturing Processes, pp.73-92. (2024). 

[3]  Bakhshan, H., Oñate, E.  and Carbonell, J.M. “A Review of the Constitutive Modelling of Metals and 
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Hydrogen embrittlement remains a critical challenge limiting the reliability and durability of advanced high-
strength and duplex steels with multiphase microstructures containing retained austenite. The susceptibility of 
such steels to hydrogen-assisted crack initiation and propagation is strongly governed by microstructural 
heterogeneities, phase interactions, and grain boundary characteristics evolving across multiple length and 
time scales. Because direct experimental observation of hydrogen at the microscale is difficult due to its small 
atomic size and high mobility, physics-based computational modeling provides an essential pathway for 
understanding and predicting the hydrogen redistribution processes. 

In this work, a multiscale, multiphysics finite element framework is developed to systematically investigate 
hydrogen transport and accumulation in steels with complex austenite–martensite and ferrite–austenite 
microstructures, respectively. The modeling approach integrates stress-assisted hydrogen diffusion, reversible 
and irreversible trapping mechanisms [1], grain boundary diffusion, and orientation-dependent interface 
properties within a unified numerical formulation implemented in Abaqus. In addition, strain-induced 
martensitic phase transformation is incorporated to capture the strong coupling between evolving phase 
fractions and hydrogen redistribution. Particular emphasis is placed on hydrogen redistribution during 
transformation of metastable retained austenite to martensite, where differences in hydrogen solubility between 
phases promote local enrichment and increased embrittlement susceptibility. The framework is further 
extended to include three-dimensional grain boundary effects, enabling microstructure-resolved representation 
of transport pathways and interface-controlled accumulation processes. The latter are governed by the energy 
landscape across the interface, which is determined by means of ab initio calculations. 

The modeling strategy is supported by in-situ hydrogen charging experiments performed at the synchrotron 
[2], where lattice expansion measurements provide indirect quantification of hydrogen uptake in austenite. 
These observations are reproduced using microstructure-resolved simulations that explicitly account for 
trapping and grain boundary transport, and are validated by X-ray diffraction measurements of hydrogen 
redistribution during charging.  

[1] F.D. Fischer, J. Svoboda, E. Kozeschnik, Model. Simul. Mater. Sci. Eng. Vol. 21, 025008, 2013. 
https://doi.org/10.1088/0965-0393/21/2/025008 

[2] T. Pogrielz, M. Eichinger, A. Weiser, J. Todt, A. Hohenwarter, A. Ascii, B Sarac, D. Brandl, G. Ressel, 
M. Jary, A. Dlouhy, G. Mori, J. Keckes, Scripta Mater Vol. 248, 116142, 2024. 
https://doi.org/10.1016/j.scriptamat.2024.116142 

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID131 Session TS11 212



44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland

A coupled BEM-FEM aproach for nonlinear electro-elastostatics of CNT-based
MEMS structures

Gourav Yadav1,∗, Roger A. Sauer2,3,4, and Shakti S. Gupta1

1Department of Mechanical Engineering, Indian Institute of Technology Kanpur, UP 208016, India
2Institute for Structural Mechanics, Ruhr University Bochum, 44801 Bochum, Germany
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Numerical simulation of electrostatic field–structure interactions is of significant interest in computational en-
gineering [1]. Multiphysical problems of this type become cumbersome when treated using the finite element
method (FEM), due to challenges such as mesh deformation, re-meshing, and the treatment of unbounded do-
mains. The boundary element method (BEM) provides an efficient alternative, as it requires discretization only
of the domain boundary [2]. When combined with FEM, it offers an effective framework for solving coupled
multiphysical interface problems using boundary discretization alone.

In this work, a coupled BEM–FEM framework is employed to investigate the nonlinear electro-elastostatic
behavior of carbon nanotube (CNT)-based capacitive MEMS switches. The primary focus is on the deformation
and pull-in instability of CNT beams suspended above a grounded conducting substrate. The CNT is modeled
as a perfectly conducting structure and described using a geometrically nonlinear shell formulation [3]. A
monolithic strategy is adopted to solve the resulting nonlinear system, and its convergence behavior is compared
with a staggered approach, as shown in Fig. 1(a), showing better efficiency. The effect of van der Waals
(vdW) interactions is also incorporated, and its influence, quantified through the mid-point deflection under a
Dirichlet boundary condition with prescribed surface potential V , is illustrated in Fig. 1(b). Furthermore, the
influence of CNT length, electrode gap, boundary conditions, and mesh discretization on the nonlinear electro-
elastostatic response is investigated. This framework successfully captures pull-in instability and provides a
computationally efficient approach for analyzing material structures under coupled multi-field effects.

(a) (b)

Figure 1: (a) Comparison of monolithic and staggered schemes with arc-length continuation for a 1 nm electrode gap. (b)
Mid-point deflection um of a 20.7 nm long fixed–fixed CNT (10,10) at a 1 nm gap, compared with molecular dynamics
(MD) results from [1] (∗ using vdW parameters from [1]).

[1] M. Dequesnes, Z. Tang, N. R. Aluru, J. Engrg. Mat. Tech., 126(3), 230–237, 2004.
https://doi.org/10.1115/1.1751180

[2] D.K. Vu, P. Steinmann, Comp. Methods Appl. Mech. Engrg., 201, 82–90, 2012.
https://doi.org/10.1016/j.cma.2011.08.024

[3] R. A. Sauer, T. X. Duong, Math. Mech. Solids, 22, 343–371, 2017.
https://doi.org/10.1177/1081286515594656
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Concrete is one of the most widely utilized construction materials, employed in several environmental 

contexts. The majority of concrete constructions are generally subjected to a temperature range that does not 

exceed that of the surrounding environment. They may, however, also be exposed to extremely high 

temperatures (e.g., during a fire) [1]. This work numerically examined the effect of increased temperatures on 

the uniaxial compressive and tensile behavior of plain concrete. 

A unique DEM-based pore-scale 3D thermo-hydro-mechanical (THM) model of two-phase fluid flow and heat 

transfer in fluids and solids was employed to investigate the concrete behavior at the meso-scale. The model 

also accounted for phase transitions (evaporation/condensation) in the fluid. Heat transmission was associated 

with fluid dynamics (diffusion and advection), bound granular particles (conduction), and phase transitions. 

The model used a direct numerical simulation methodology, comprising two coexisting domains: a three-

dimensional discrete (solid) domain and a three-dimensional continuous (fluid) domain. Both domains were 

discretized using a coarse tetrahedral mesh. The DEM-based THM model was put into the open-source 

software package YADE, utilizing the soft-particle technique [2]. The THM model's efficacy was 

demonstrated by a thermal contraction test utilizing a bonded particle assembly during cooling, leading to the 

formation of a macro-crack. Subsequently, numerical simulations of uniaxial compression and tension tests on 

concrete specimens were conducted. Concrete was regarded as a four-phase material comprising aggregate, 

mortar, interfacial transition zones (ITZs), and macropores. The concrete mesostructure was derived from 

laboratory micro-CT images [3]. The computations examined the influences of strain rate, temperature, 

aggregate fragmentation, fluid saturation, and viscosity. A technique termed clump breakage was utilized to 

simulate intra-granular disintegration of aggregates [3]. The numerical results were directly compared with 

relevant experiments in the literature [1], [4]. 

[1] D. J. Naus, The effect of elevated temperature on concrete materials and structures - a literature review, 

Report for the U.S. Nuclear Regulatory Commission Office, Office of Nuclear Regulatory Research 

(2005). 

[2] M. Krzaczek, M. Nitka, J. Tejchman, A novel DEM-based pore-scale thermal-hydro-mechanical model 

for fractured non-saturated porous materials, Acta Geotechnica 18, 2487–2512, 2023. 

[3] M. Krzaczek, J. Tejchman, M. Nitka, Impact of strain rate, free water, and aggregate fragmentation on 
the dynamic behavior of concrete in compression regime using a unique coupled DEM/CFD technique, 

Granular Matter 27, 79, 2025. 

[4] J. Shen, Q Xu, Effect of elevated temperatures on compressive strength of concrete, Construction and 

Building Materials 229, 116846, 2019. 
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The work presents and discusses analytical and numerical solutions for the electromechanical buckling and 

postbuckling states of a planar stiff film bonded to a compliant dielectric substrate. The thin metal film forms 

an upper electrode. The compliant substrate is attached to a bottom rigid, and fixed electrode. The film is 

simultaneously subjected to in-plane compression stresses and to out-of-plane electrostatic attraction forces. 

The electrostatic forces can be induced by applying a voltage difference between the upper elastic electrode 

and the lower fixed electrode. Electromechanical buckling instability stems from the coupling of mechanical 

buckling instability and electromechanical pull-in instability. As revealed, such instability coupling can be 

employed to instigate mechanical buckling [1]. This work establishes an analytical approach to study the 

electromechanical critical and post-buckling behavior of one-dimensional square checkerboard, hexagonal, 

and herringbone periodic buckling patterns, illustrated in Fig. 1. 

 

Figure 1. (a) One cell of a system of a film electrode on a compliant dielectric substrate. (b) – (e), 1D, square 

checkerboard, hexagonal, and herringbone periodic patterns. 

Unlike previous works, the electrostatic attraction force and energy contributions are derived from the 

analytical solution of the electric potential function. A modified version of von-Karman plate equations is 

formulated and used along with the upper-bound energy method to derive analytical solutions for the critical 

and post-electromechanical buckling states of the considered patterns. The analytical, critical, and 

postbuckling solutions, as well as the energy state of periodic patterns, are validated through a rigorous finite 

element analysis conducted in COMSOL Multiphysics software. It has been revealed that the buckling stress 

and periodicity wavelength strongly depend on the applied voltage. The ability to determine the buckling stress 

by varying the applied voltage enhances the potential for microsystem applications. 

[1] Abu-Salih S., Journal of the Mechanics and Physics of Solids 197 (106062), 2025. 

https://doi.org/10.1016/j.jmps.2025.106062 
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Polymer composites are often produced by curing an uncured liquid monomer, which gradually transforms into
a cross-linked solid polymer that bonds the fibers. The development of residual stresses in polymer composites
during curing is well reported [1]. The widespread usage of these materials demands an efficient and defect-free
curing process. Pores may form during the curing process due to trapped gases or air bubbles in the matrix. As
complete elimination of pores in the matrix is extremely expensive and unrealistic, it is essential to understand
the influence of porosity on curing-induced residual stresses. The effect of porosity on residual stress evolution
in a pure polymer system has been reported by modelling the material as linearly elastic [2]. However, polymer
exhibits a viscoelastic constitutive response, and the magnitude and nature of residual stresses in polymer com-
posites are very different from those generated in an isotropic polymer system. Hence, the present study aims
to understand the effect of porosity on the evolution of residual stresses in polymer matrix and the laminated
polymer composites, capturing their viscoelastic constitutive response. The effective viscoelastic properties

Porous RVE generated 

using the RSA algorithm

Viscoelastic 

homogenization

Thermo-chemo-mechanical model

Composite properties with no porosity

Mori-Tanaka mean field 

homogenization

Effect of porosity on the evolution of residual stress 

considering viscoelastic constitutive response

Effective lamina & 

composite properties

Figure 1. A schematic diagram illustrating the workflow.

of the polymer matrix composite are characterized by using a generalized Maxwell model. A two-step ho-
mogenization approach is adopted to calculate the effective viscoelastic properties, which comprise the elastic
constants and relaxation times of the porous polymer composite. Firstly, the properties of the porous polymer
are determined using a finite element (FE)-based computational homogenization technique. A representative
volume element (RVE) of the porous matrix is created, and the homogenization is performed based on the Hill-
Mandel macro-homogeneity condition. Appropriate periodic boundary conditions are applied to simulate the
relaxation response of the RVE. Finally, the effective properties of the polymer composite are determined using
the Mori-Tanaka method. An FE-based thermo-chemo-mechanical model is developed to predict the evolution
of the temperature field, curing fraction, and residual stresses. The influence of porosity on the evolution of
temperature and cure fraction is investigated. The complete computational workflow is shown in Fig. 1. The
evolution of residual stresses in the domain is compared for the porous and non-porous cases, considering both
isotropic matrix and orthotropic laminated composite cases.

[1] Yuan, Z. et al., Mech. Compos. Mater., 155, 49–61, 2018. https://doi.org/10.1016/j.compositesb.
2018.08.012

[2] Dewangan, B., & Chakladar, N. D., Mater. Today Commun., 35, 105711, 2023. https://doi.org/10.1
016/j.mtcomm.2023.105711
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Lightweight particulate composites (LPCs) are engineered materials that incorporate low-density fillers into 

cementitious matrices to achieve reduced weight, improved thermal insulation [1], and enhanced acoustic 

properties [2]. When embedded in calcium aluminate cement (CAC) matrices, fly ash cenospheres (FACs) not 

only lower the composite density, but also introduce controlled porosity, which is critical for noise reduction 

applications [3]. 

Accurate prediction of acoustic behavior in such heterogeneous materials remains challenging due to complex 

microstructures [4], [5] and the high computational cost of detailed simulations [6]. This study proposes a 

homogenization-driven finite element method (FEM) framework for multiscale modeling of heterogeneous 

LPC composed of FACs and concrete matrix. The approach accounts for inclusion morphology and spatial 

distribution while maintaining computational efficiency. 

The model links microscale features with macroscale acoustic response, enabling reliable prediction of 

effective mechanical and acoustic properties. Results show good agreement between heterogeneous 

simulations and their homogenized equivalents, confirming the validity of the approach. The framework 

demonstrates strong potential as an efficient design tool for LPC optimization. Future work will include 

experimental validation and comparison with analytical models. 

ACKNOWLEDGEMENT: This research work has received funding from the project “Civil Engineering 

Research Centre” (agreement No S-A-UEI-23-5, ŠMSM). 

 

[1] D. Mačiūnas, S. Nosewicz, R. Kačianauskas, R. Boris, R. Stonys, Numerical Simulation of Thermal Conductivity 

and Thermal Stress in Lightweight Refractory Concrete with Cenospheres, Materials, 16(1), p. 190, 2023. 

https://doi.org/10.3390/ma16010190 

[2] Q. Liu, X. Liu, C. Zhang, F. Xin, A Novel Multiscale Porous Composite Structure for Sound Absorption 

Enhancement, Compos. Struct., 276, p. 114456, 2021. https://doi.org/10.1016/j.compstruct.2021.114456 

[3] H. Xie, Y. Li, E. Kahya, B. Wang, X. Ge, G. Li, Physical Properties and Environmental Impact of Sound Barrier 

Materials Based on Fly Ash Cenosphere, Buildings, 12(3), 2022. https://doi.org/10.3390/buildings12030322 

[4] W. Lee, S. Kim, H. Shin, Accelerated Multiscale Data-driven Finite Element Analysis Using Mean-field 

Homogenization Method with Knowledge Transfer, J. Comput. Phys., 558, 2026. 

https://doi.org/10.1016/j.jcp.2026.114870 

[5] A. Elbana A. Khennane, Development of Generalized Yield Surface of Fly Ash Microbubble Composites Using 

Nonlinear Multiscale Analysis, Mechanics of Materials, 212, 2026. 

https://doi.org/10.1016/j.mechmat.2025.105532 
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44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID215 Session TS11 217



44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland

Modelling of granular matter behaviour in an external temperature field using
an advanced CFD-DEM method

Izabela Wardach-Świȩcicka1,∗
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This work presents the results of numerical simulations of the heating process in a packed bed of solid particles.
For this purpose, an advanced model that couples the Eulerian-Lagrangian approach (CFD-DEM) known as
the XDEM method [1] was employed. It was assumed that heat exchange with the surroundings influences
the particles’ structure, as a consequence of chemical reactions acting inside and on their surfaces. Due to
changes in the mass and shape of the particles, the bed shrinks, and the particles displace. The calculations
account for particle collisions, and their translational and rotational motion, as well as changes in the material
properties within each particle. Practical applications of using the XDEM software are presented. These relate
to predicting the behaviour of solid fuel beds in reactors or burners. The various operating conditions of such
devices, as well as the different sizes and shapes of the bulk material particles, are taken into account. The
results are then compared with experimental data [2, 3].

Figure 1. Temperature distribution in biomass burner (left) and thermal conversion reactor (right).

ACKNOWLEDGEMENT: This research is supported by the computer centre CI TASK.
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Liquid-containing cylindrical tanks are widely used in water distribution systems as well as in various 

industrial sectors for the storage of potable water, fire protection water, crude oil, chemicals, and other liquids, 

including toxic and flammable substances. The seismic response of liquid-containing tanks differs significantly 

from that of conventional buildings. During seismic excitation, the liquid inside the tank generates additional 

hydrodynamic forces acting on the tank walls and base. These forces arise from the interaction between the 

structure and the contained fluid. The dynamic behavior of the liquid can be described as a superposition of 

two main components: an impulsive (rigidly moving) component and a convective component associated with 

the sloshing motion of the free liquid surface [1]. 

The finite element method (FEM) is widely used to analyze fluid-structure interaction in liquid-containing 

tanks, particularly under seismic loading. The tank is modeled using structural elements, while the fluid domain 

is represented by fluid elements. Their interaction is captured through coupling conditions at the interface, 

ensuring displacement compatibility and force equilibrium [2]. 

Figure 1a illustrates the hydrodynamic effect of the fluid on the structural domain of the tank. The total pressure 

acting on the tank structure is evaluated as the sum of the hydrostatic pressure ps and the hydrodynamic 

pressure pd. Figure 1b presents results from a numerical simulation carried out using the finite element method 

(FEM), showing the distribution of total pressure in the fluid domain within the tank under seismic loading 

condition. 
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Figure 1. Liquid-containing tank, a) scheme of structure of fluid pressure, b) total pressure distribution in the fluid 

domain during earthquake. 
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The paper contributes to the asymptotic homogenization-based multiscale modelling of some nonlinear effects
in fluid-saturated porous structures consisting of a strongly heterogeneous elastic skeleton and one, or more
fluid pore systems. Periodic microstructures are constituted by elastic skeleton composed of a stiffer core sup-
porting very soft parts interacting directly with a viscous fluid flowing in the pore systems. The aim is to explore
influence of the "large contrast" in the skeleton elasticity on the fluid-structure interaction (FSI) affected also
by possible collapse of the pore lumen (at the microscopic level). The latter phenomena requires to consider the
unilateral “self-contact” at the pore level [1]. The large contrast is related to the so-called scaling ansatz in the
context of the asymptotic homogenization (AH); in the soft part of the skeleton, the elasticity is proportional
to the scale parameter which is involved in the AH. Such a scaling ansatz of the mesoscopic material param-
eters can be justified using different micromodels associated with the two mesoscopic components [2]. By
the consequence, in the “homogenization limit” the FSI is represented at the micro-scale (in contrast with the
“standard”case of a given fixed elasticity), affecting also the (friction-less) unilateral formulation involving also
the local pore pressure fluctuations. It is shown that the dynamic hydraulic permeability depends on the pore
geometry and also on the soft elastic structure response, such that the derived homogenized model describing
visco-poro-elastodynamics is featured by a strong wave dispersion. The model is extended for the nonlinearity
due to respecting the equilibrium in the deforming configuration, c.f. [3, 4]. The considered porous mate-
rial is motivated by the situation in perfused tissues under pulsating flow causing peristaltic deformation and,
thereby, inducing a secondary pore fluid flow. Numerical issues and related model-order reduction challenges
are discussed.

ACKNOWLEDGEMENT: The research has been supported by the grant project GA 24-12291S of the Czech
Science Foundation.
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Reliable modelling and prediction of hydrogen permeation in fibre-reinforced polymer composites are 

essential for the safe and efficient design of hydrogen infrastructure. However, key material parameters — 

such as in-situ matrix, fibre, and fibre–matrix interphase permeabilities — remain extremely challenging to 

determine and are inherently uncertain [1]. Furthermore, high-fidelity three-dimensional (3D) microstructure-

resolved finite element (FE) simulations required to capture transport mechanisms are computationally 

expensive, limiting their direct use in design optimisation and inverse parameter identification. 

 

This work introduces data-driven probabilistic framework that integrates Gaussian Process (GP)-based 

surrogate modelling with three-dimensional Representative Volume Element (RVE) mass transport 

simulations and hydrogen permeation experiments on composites to enable efficient Bayesian inference of 

constituent parameters, including interphase [2]. The likelihood entering Bayes’ theorem is formulated as a 

joint GP marginal likelihood of an augmented dataset, combining high-fidelity simulation outputs with 

experimental observations through the GP covariance structure. In this formulation, both forward-model 

responses and experimental measurements are treated as noisy observations of a shared latent function, 

allowing uncertainty to be naturally propagated via the GP covariance matrix.  

 

Hydrogen permeation tests are conducted on the neat polymer specimens, and the measured permeabilities are 

used to define the prior distribution for the in-situ matrix permeability within the Bayesian framework. For the 

fibre–matrix interphase permeability, two physically motivated prior regimes are considered: (i) reduced 

molecular mobility near the fibre surface leading to decreased local transport, and (ii) microvoid-induced 

enhancement of local permeability. The prior distribution for interphase thickness is constructed using 

experimentally measured interface dimensions reported in the literature. 

 

Posterior sampling of the uncertain parameters is performed using Hamiltonian Monte Carlo via the No-U-

Turn Sampler (NUTS), enabling efficient exploration of the high-dimensional parameter space [3]. Owing to 

the GP-based probabilistic emulator, thousands of Markov Chain Monte Carlo (MCMC) evaluations can be 

carried out at negligible computational cost compared to direct finite element simulations. The joint GP 

marginal likelihood formulation ensures that forward-model uncertainty, surrogate (GP) uncertainty, and 

experimental measurement noise are consistently incorporated within the Bayesian inference process. The 

resulting posterior parameter distributions are subsequently propagated through the GP forward model, 

yielding uncertainty-aware predictions of composite hydrogen permeability which can be used to derive 

confidence-based permeability limits for design specification. The framework is readily transferable beyond 

mass transport (e.g., hydrogen permeability in here), enabling solution of other multi-parameter inverse 

problems in data-driven composite material design. 

 

 

[1] M. Okumuş et al. Composites Part A, 199, 109213, 2025. 

[2]       A. Angus  et al. Composites Part C, 18, 100630, 2025. 

[3] M. D. Hoffman and A. Gelman, J. Mach. Learn. Res., vol. 15, pp. 1593–1623, 2014. 
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Growing demand for self-powered sensors and autonomous monitoring systems has increased the need for
robust vibration energy harvesters capable of operating under broadband and variable excitation (in both fre-
quency and amplitude). However, classical linear resonant harvesters, such as cantilever beams or plates,
suffer from narrow bandwidth and high sensitivity to frequency detuning, limiting their effectiveness in real-
world conditions. To address these limitations, nonlinear approaches can be exploited, including nonlinear
resonances, parameter tuning, and multistable designs. In this context, orthotropic multistable shells proposed
in [1], characterized by one-sided clamped boundary conditions are promising. The shell mid-surface is defined
in the (x1,x2,x3) domain using two pseudo-radii r0(x1 = 0) and r f (x1 = L1), see Fig. 1 and Eq. (1).

Figure 1. The shell geometry definitions (left), stable configurations for prototype A (center), and prototype B (right).

w0(x1,x2) =

[
1
r0

+

(
1
r f

− 1
r0

)
x1

L1

]
x2

2
2
, 0 ≤ x1 ≤ L1, −1

2
L2 ≤ x2 ≤

1
2

L2. (1)

Energy harvesting from an MFC patch embedded in a bistable shell of type A (r0 = 0.1045 m, r f = 0.08493 m,
L1 = 0.18 m, L2 = 0.15 m) is experimentally investigated [2]. The structure exhibit two distinct configu-
rations I and C with significantly different natural frequencies in the linear regime. For moderate response
amplitudes, the system shows nearly linear behavior in configuration C and pronounced softening behavior in
the configuration I during in-well oscillations. At higher amplitudes, reversible snap-through transitions occur,
significantly enhancing energy harvesting performance. In the second case, nonlinear dynamics and energy har-
vesting performance of a pentastable shell of type B (r0 = 0.114 m, r f =−0.07 m, L1 = 0.45 m, L2 = 0.15 m)
are presented [3]. The latter sheds the light on effective placement of a piezoelectric transducer location based
on criteria: stress distribution, strain distribution, frequency bandwidth, excitation framework and MFC patch
integration in the structure. The results are summarized in maps of RMS power versus excitation frequency,
highlighting the advantages of cross-well oscillations. A reduced-order model capturing both local and global
dynamics of the multistable structure, including the piezoelectric coupling, is currently under development.

ACKNOWLEDGEMENT: This research was funded in whole or in part by National Science Centre, Poland
2021/41/B/ST8/03190.
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Vibration remains one of the key challenges across mechanical engineering, motivating ongoing advances in 

damping and control. Since dissipated energy is typically lost as heat, recent research increasingly explores 

the integration of vibration suppression with energy harvesting [1]. 

This work proposes a semi‑active modal control strategy that enables precise energy transfer between selected 

vibration modes by locking or unlocking rotational joints (see: Fig. 1a), effectively switching the structural 

stiffness. This induces modal coupling and imposes directed energy flow. Such an approach can be employed 

for two functional objectives: damping, by shifting energy from low‑frequency modes to higher, more strongly 

damped ones (see: Fig. 1b), and energy harvesting, by concentrating energy in a target mode tuned to 

a harvester. The approach shows excellent performance in simulations and experiments [2]. Here, the focus is 

placed on robustness with respect to modeling errors, demonstrating that the controller remains effective 

despite substantial stiffness deviations. Experimental results are compared with those obtained using a finely 

calibrated model with 17 adjusted stiffness parameters. 

(a) 
 

 

(b) 

 

Figure 1. (a) photo of laboratory-scale frame structure equipped with six lockable joints and (b) experimentally obtained 

power spectral density (PSD) of the structural tip acceleration in log–log scale, demonstrating the transfer of energy 

from the monitored vibration modes into higher‑order, unmonitored modes; the PSD associated with the first mode is 

reduced by 90%. 

Results demonstrate that, despite substantial changes in natural frequencies (up to 80 %) due to stiffness errors 

in the model used by the controller, the control performance is nearly the same as for the controller based on 

the calibrated model. Due to these advantages and the high control performance, the proposed control strategy 

has broad applicability to real engineering structures and is robust to changes in structural properties caused 

by operational wear. 

 

[1] T. Yang, S. Zhou, G. Litak, X Jing, Recent advances in correlation and integration between vibration 

control, energy harvesting and monitoring. Nonlinear Dyn. 111, 20525–20562, 2023.  

https://doi.org/10.1007/s11071-023-08999-2  

[2] M. Ostrowski, Semi-Active Control of Energy Transfer Between Vibration Modes in Mechanical 

Structures, Institute of Fundamental Technological Research, Polish Academy of Sciences, 2025 
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Shell finite elements are widely used in explicit dynamics codes, such as LS-DYNA, EUROPLEXUS, and 

RADIOSS, for simulating impact events. Quadrilateral shell elements are generally preferred over triangular 

ones due to their superior accuracy and stability. Among quadrilaterals, one-point-quadrature formulations 

(under-integrated with hourglass control) are favoured for their computational efficiency, though they may 

become unreliable in regions undergoing large deformations. To balance accuracy and computational cost, 

mixed meshes are commonly employed: more expensive four-point-quadrature (fully integrated) shell 

elements are applied in areas expected to experience severe deformations, while one-point-quadrature elements 

are used in regions with mild deformations. 

In LS-DYNA, ELFORM 16 is a highly accurate fully integrated quadrilateral shell element with Bathe-

Dvorkin transverse shear treatment. It also uses a Hu-Washizu-based hybrid-mixed enhancement along with 

carefully chosen interpolations for the in-plane strains and stresses. The result is a B-bar formulation briefly 

described in [1]. As an alternative to this relatively sophisticated approach, we propose a simple yet effective 

improvement to the standard isoparametric four-point-quadrature quadrilateral shell element with Bathe-

Dvorkin transverse shear treatment. Numerical tests show that the improved element achieves performance 

comparable to—or in several test examples, superior to ELFORM 16. The new element was included in 

EUROPLEXUS. 

The core idea of the proposed formulation is to apply the assumed natural strain (ANS) concept to the 

membrane strains in a manner that ensures satisfaction of the membrane patch test. Notably, this enhancement 

affects only the membrane strains of the element, preserving existing code capabilities related to, e.g., material 

models and parallelization. The membrane ANS approach was originally introduced in [2] and was latter 

applied in [3] but has not previously been evaluated in explicit dynamics impact simulations. In the Updated 

Lagrangian framework, commonly applied in explicit dynamic codes, geometric constants of the element are 

recomputed at each time step to be used in construction of rich membrane ANS strains. The adopted 

modification softens the membrane response—reducing the highest natural frequency by roughly an order of 

magnitude—improves representation of near-inextensional bending modes, suppresses parasitic membrane 

strains, slightly enhances explicit scheme conditional stability in the non-linear regime, and allows marginally 

larger time steps. 

 

[1] ANSYS LS-DYNA Theory Manual, ANSYS, Inc., 2025. https://lsdyna.ansys.com 

[2] G. M. Kulikov, S. V. Plotnikova, Int. J. Numer. Methods Eng., 83, 1376–1406, 2010. 

https://doi.org/10.1002/nme.2872 

[3] M. Lavrenčič, B. Brank, Comput. Mech., 65, 177-192, 2020. https://doi.org/10.1007/s00466-019-

01759-3 
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A modal filter is a tool developed in the early 1980s to improve the performance of modal control [1]. In 

subsequent years, modal filtering has found other applications, such as input identification, modal model 

comparison, and damage detection and localisation. This last application is particularly interesting, as it 

effectively identifies damage, lends itself well to automation, and demonstrates low sensitivity to ambient 

conditions [2]. A significant difficulty in using modal filtering for damage detection is the filter synthesis itself. 

It requires an identified modal model, and therefore experimental modal analysis. In summary, a modal filter 

enables the selective extraction of individual vibration modes from the system's dynamic response, whereas 

its classical synthesis requires knowledge of modal parameters determined by modal analysis methods. Due to 

the growing demand for automated diagnostic processes, the use of artificial intelligence methods has been 

proposed as an alternative to classical computational procedures. Convolutional artificial neural networks 

(CNN) [3] were chosen as a tool for determining modal filter coefficients directly from measurement 

characteristics. 

As part of the research, software was developed to generate training data for variant numerical models of linear 

mechanical systems with two and four degrees of freedom. Random variation of mass, stiffness, and damping 

parameters, along with various connection topologies, was considered. Based on this, a dataset was generated 

comprising spectral transfer functions and corresponding modal filter coefficients determined using classical 

modal filtering, with a maximum of 10,000 sets. Training data was then prepared, and the architecture of a 

convolutional neural network (CNN) implementing the regression task was designed. Various network 

architectures and network parameter settings, along with different training data sizes, were tested. The obtained 

results did not fully confirm the feasibility of using CNNs for modal filter synthesis. 

 

[1] L. Meirovitch, H. Baruh, Control of self-adjoint distributed parameter systems, J. Guid. Control Dyn., 8 

(6), 60-66, 1982. doi.org/10.2514/3.56140 

[2] A. Deraemaeker, A. Preumont, Vibration based damage detection using large array sensors and spatial 

filters, Mech. Syst. Signal Process., 20, (7), 1615-1630, 2006. doi.org/10.1016/j.ymssp.2005.02.010. 

[3] X. Zhao, L. Wang, M. Parmar, A review of convolutional neural networks in computer vision. Artif. 

Intell. Rev, 57, 99, 2024. doi: 10.1007/s10462-024-10721-6. 
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Viscoelastic materials used in passive damping devices exhibit simultaneous dependence on fre-

quency, temperature, and vibration amplitude, which makes constitutive identification particularly 

challenging. Temperature effects are commonly described by the time–temperature superposition 

principle and the Williams–Landel–Ferry (WLF) equation, whereas amplitude dependence can be 

captured by nonlinear fractional rheological models. However, a compact identification framework 

capable of accounting for both effects without excessive parameter coupling is still needed. 

The present contribution addresses this issue by considering a two-stage identification strategy for a 

temperature- and amplitude-dependent nonlinear fractional Kelvin model of a viscoelastic damping 

material. In the first stage, dynamic test data obtained at several temperatures are reduced to a refer-

ence temperature by means of horizontal shift factors described by the WLF relation. In the second 

stage, the parameters of the nonlinear fractional Kelvin model are identified from steady-state 

force–displacement data using the harmonic balance method. The adopted constitutive law com-

bines a linear elastic term, a cubic elastic nonlinearity accounting for amplitude-dependent stiffness, 

and a Scott–Blair fractional element representing viscoelastic dissipation. 

The proposed decomposition separates thermal shifting from rheological calibration and thus limits 

the number of parameters identified simultaneously. This is important for maintaining parameter 

identifiability and numerical robustness when the model includes both fractional-order behavior and 

nonlinear amplitude effects. Particular attention is focused on the interaction between the fractional 

rheological parameters and the WLF constants, as well as on the ability of the identified model to 

reproduce hysteresis loops measured for different excitation frequencies and displacement ampli-

tudes. 

The study aims to develop a compact constitutive description suitable for frequency-domain analy-

sis of viscoelastic dampers and damped civil engineering structures. The proposed framework also 

provides a basis for assessing the practical limits of applying TTSP/WLF-based temperature reduc-

tion in nonlinear fractional modeling of damping materials. 

ACKNOWLEDGEMENT: This research was funded by Poznan University of Technology, Grant No. 

0411/SBAD/0014. 
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The use of mechanical vibrations as a source of electrical energy has attracted increasing attention in recent
years. This growing interest is largely driven by the European Union’s energy policies, which promote the
development of innovative energy-harvesting technologies. While vibrations are typically undesirable in many
dynamical systems and are therefore mitigated using various control strategies, integrating an energy harvester
into a vibration absorber enables simultaneous vibration reduction and energy extraction. Achieving this dual
objective remains a challenging task, as it requires a careful trade-off between effective vibration suppression
and maximization of the harvested power.
We propose a pendulum-based vibration absorber system attached to the primary structure (Figure 1). The
absorber incorporates an electromechanical energy harvester, consisting of a magnet oscillating inside a coil.
The motion of the pendulum induces vibrations of the magnet, which in turn generate an electric current in the
coil. This configuration forms an integrated absorber–harvester system (AHS), enabling simultaneous vibration
mitigation and energy harvesting [1, 2].

Figure 1. A multifunctional AHS system enabling simultaneous vibration suppression and energy harvesting.

Nonlinear vibration absorbers exhibit effective performance over an extended frequency bandwidth; however,
precise tuning of their governing parameters is essential, as nonlinear dynamical systems may display multiple
coexisting response regimes. This study investigates the potential of a vibration absorber as a means of energy
harvesting. Numerical analysis is performed using a path-following continuation method, enabling systematic
tracking of steady state solutions and nonlinear dynamic behavior. The analytical framework is based on the
harmonic balance method, which provides closed-form approximations of periodic responses and offers deeper
insight into the underlying system dynamics. Finally, the theoretical predictions are validated experimentally
using a special designed laboratory test rig.

ACKNOWLEDGEMENT: This research was funded by the Lublin University of Technology, Poland, under
research grant no. FD-20/IM-5/053.
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Reinforcement learning (RL) is a class of machine learning methods aimed at solving control-like tasks [1].
Control is learned and applied by an agent that learns to select the best action through a series of interactions
with the controlled system.

A potential application area of reinforcement learning is semi-active structural control. In such tasks, the opti-
mal control signals are often unknown and cannot thus be used for training, as required by typical supervised
learning techniques. The RL approach is more suitable, as it allows the control agent to progressively improve
its decision-making strategy in a trial-and-error manner based on experiencing and received feedback (reward).
This interaction-based approach also goes beyond typical unsupervised techniques, as it allows control signals
to be actively tested rather than merely exploring pre-prepared datasets. Despite these advantages and re-
markable achievements in other fields [2], reinforcement learning methods are still rarely applied in structural
control, especially in semi-active control [3].

This contribution continues our earlier work on RL-based control of a seismically excited shear-type build-
ing [4], which examined the robustness of a typical single-agent RL controller. Here, the investigation is
extended to multi-agent RL control, in which the ultimately applied control action is determined based on the
recommendations of a group of independent RL agents. Control is applied via a tuned mass damper whose
mass can be locked to or unlocked from the story in an on/off manner. The reward function used for agent
training quantifies structural vibrations, and additionally, it includes a penalty term that promotes locking at
moments of zero relative velocity, in order to avoid the associated impacts.

ACKNOWLEDGEMENT: The authors gratefully acknowledge the support of the National Science Centre,
Poland, obtained under grant agreement 2020/39/B/ST8/02615.
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Despite decades of research on semi-active vibration control of mechanical structures, the development of aneffective control system for frame structures with multiple lockable joints remains a significant challenge.The primary difficulty arises from the nonlinear operational characteristics of such systems: switching thejoint states alters the structural configuration and, consequently, its natural frequency spectrum [1]. In ad-dition, the complex frictional and sliding behavior of lockable joints makes accurate modeling of the systemdynamics inherently approximate [2].
In this study, we propose a reinforcement learning (RL)-based semi-active vibration control strategy. Controldecisions are determined using a Deep Q-Network (DQN), one of the fundamental algorithms in reinforce-ment learning [3]. The method is applied to an eight-bay cantilever frame structure equipped with two pairsof lockable joints, operating without prior knowledge of the system dynamics. The joints allow the relativerotational motion between vertical and horizontal beams to be locked or released.
The structure is discretized using a finite element (FE) model with one beam element per bay side, resultingin a total of 24 beam-type finite elements. The RL controller learns through direct interaction with the systemby estimating the effect of joint locking on the structural response. The resulting control signals are com-pared with an instantaneous optimal control strategy, which greedily reduces vibration energy by transferringit from low-frequency to high-frequency modes. The close agreement between the reinforcement learn-ing–based control and the analytical optimal solution demonstrates the capability of RL algorithms toachieve effective vibration mitigation in complex, nonlinear structural systems.

ACKNOWLEDGEMENT: The support of the National Science Centre, Poland, granted under the grantagreement 2020/39/B/ST8/02615, is gratefully acknowledged.
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The presented paper is an experimental study of Vibro‑Acoustic Modulation (VAM), and colinear ultrasonic 

wave mixing using Shear-Horizontal waves (SH) as nonlinear ultrasonic techniques for detecting and 

localizing damage in metallic structures. The work uses a setup of copper beams containing various crack 

depths excited by paired piezoelectric actuators: a high‑frequency (HF) ultrasonic carrier and a 

low‑frequency (LF) excitation tone. Signals are generated digitally and amplified; in‑plane wave motion 

perpendicular to the beam length to observe modulation effects. 

The experiment compares modulation signatures at multiple HF/LF combinations along a sample's length: 

before, and after a crack at a specific location.  

Signal processing focuses on modulation sidebands. For VAM, the expected sideband location is at HF ± 

n·LF, where n is a sideband modulation harmonic. In collinear mixing, the modulations at HF ± LF are 

examined. Metrics that are compared are defined by modulation and sidebands amplitude between samples, 

sideband orders obtained, and a comparison of the damage index. 

 

Figure 1. Scheme of experimental setup 

From existing literature and theory, it is anticipated that both methods will generate modulation sidebands 

when nonlinear contact or stiffness changes are present, and that these sidebands will provide localization 

of damage (increased modulation amplitude near the crack). The paper aims to experimentally expand and 

verify the behaviour of SH waves in non‑destructive structural health monitoring using nonlinear ultrasonic 

indicators. 
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The dynamic performance of modern front-loading washing machines is strongly influenced by the behavior of
their suspension systems, particularly during high-speed spinning. Increasing demands for higher spin speeds,
larger load capacities, and reduced vibration and noise levels impose significant challenges on the mechanical
design. Among these, excessive vibrations, structural collisions, and machine walking remain critical issues
that directly affect product reliability and the user experience.

This study presents an analytical investigation of the dynamic behavior of a front-loading horizontal-axis wash-
ing machine with a particular focus on the supercritical speed regime. In contrast to most existing works, which
primarily rely on computationally expensive multibody simulations or focus on transient ramp-up behavior,
this research develops a linear six-degree-of-freedom mathematical model derived using Lagrangian mechan-
ics. The model is implemented in MATLAB and validated against a high-fidelity multibody simulation model
in ADAMS, showing good agreement in terms of eigenfrequencies and damping characteristics.

The proposed model enables efficient evaluation of steady-state system responses under harmonic excitation
caused by rotating unbalance forces. Based on this framework, a comprehensive parameter study is conducted
in the supercritical speed range, which is particularly relevant for the spin-drying phase of washing machines.
Key suspension parameters—including spring stiffness, spring angle, damping coefficient, damper angle, and
damper positioning—are systematically varied to investigate their effects on critical performance indicators,
including displacement amplitudes, spring and damper forces, and walking forces.

Unlike traditional optimization approaches that rely on black-box algorithms, this work emphasizes a physics-
based, qualitative understanding of parameter sensitivities. The results reveal clear relationships between sus-
pension design parameters and system behavior, enabling the identification of parameter regions that reduce
vibration amplitudes, minimize transmitted forces, and mitigate walking tendencies.

The findings provide practical design insights for improving suspension systems in next-generation washing
machines while maintaining computational efficiency. Furthermore, the developed analytical framework es-
tablishes a foundation for future investigations of nonlinear effects and transient behavior in the critical speed
range.
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Laminate plates are frequently used structural elements in many branches of engineering. The understanding 
of their dynamic behaviour under various service conditions is of great importance. This paper is devoted to 
the free vibration analysis of such plates containing viscoelastic layers, which are useful in reducing excessive 
vibrations. This is the continuation of authors’ earlier research, e.g. [1]. 

The viscoelasticity is modelled using four different material descriptions based on the fractional derivatives 
and including the separation of volumetric and deviatoric parts of deformation. The standard linear solid (or 
Zener) material model, the 5-parameter model proposed by Pritz [2], the 6-parameter model by Heymans [3] 
and the most elaborate 10-parameter model proposed by Arikoglu [4] are considered. 

Arikoglu showed in [4] that the simpler models containing even 5 or 6-parameter, despite the theoretical 
possibility to depict the non-symmetric inverted-U-curve relation in the Wicket plot and the limitless storage 
modulus behaviour in high-frequency limit, are still not capable of sufficiently good representation of real VE 
materials. Basing on six tested particular materials he proposed the further generalisation of the VE description 
and introduced the model consisting of two nested 5-parameters segments, showed that its performance is very 
much superior to the simpler models and proposed an effective identification procedure for the material 
parameters, based on genetic algorithms and provided the material parameters for those VE materials. In the 
presented paper these results are effectively embedded into the solution procedure for the layered plates. 

The time-temperature superposition is used to include the effect of the ambient temperature. Three methods of 
thermal shift computation are considered, i.e. the Arrhenius formula based on the activation energy, the 
Williams-Landel-Ferry proposal and the modified Kaelble method. 

The plate kinematics is described with the refined zig-zag theory and the free vibration problem of layered 
plates is formulated using the principle of virtual work and the finite element discretisation. The solution of 
the resulting non-linear eigenvalue problem is obtained using the homotopy method. 

The results and discussion of several numerical examples solved using the proposed approach will be presented 
at the conference. Especially, the comparison of the damping performance of six different viscoelastic 
materials described by four models of viscoelasticity for various sandwich plates will be addressed. The 
influence of the ambient temperature will be analysed, too. 
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A common requirement on design and operation of rotating machines is minimizing energy losses and wear 

of the support elements. This is offered by application of contactless passive magnetic bearings [1, 2]. The 

goal of the research performed was investigation of effect of adding damping elements on the rotor vibration.  

The investigated  system is a vertical rotor supported by a passive magnetic bearing at its lower end and by a 

rolling element bearing at its upper end. The magnetic bearing is composed of two permanent magnetic rings 

with radial magnetization. The outer magnet is connected to a ring coupled with the stationary part by a cage 

spring and rubber damping elements. When the rotor rotates, it is loaded by unbalance.  

In the computational model the shaft was represented by a beam-like body that was discretized into finite 

elements, the disc and the magnetic rings were regarded as absolute rigid. The rubber elements were 

represented by beam bodies. The nonlinear magnetic forces acting between the rings of permanet magnets 

were determined by means of the dipol-dipol method. The laboratory experimental system consists of a 

stationary part formed by a stiff supporting structure and of a vertical rotor. The magnetic bearing with the 

rubber elements and the rotor disc can be seen in Fig. 1.  

Both computational simulations and experimental research show that presence of the rubber elements 

suppresses some resonance frequencies and free oscillations induced during passage of the rotor through the 

resonance areas, which makes the rotor vibration much smoother.  

 

 

 

 

 

 

 

 

 

 
Figure 1. Passive magnetic bearing. Figure 2. Disc displacement (without and with the rubber elements.  
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Recently [1-4], the new approach based on modal synthesis method was proposed and has been developing 
for assessment of dry-friction damping effect on self-excited vibrations due to aero-elastic instability in the 
bladed turbine wheels. The aerodynamic excitation of the wheel is assumed to arise from the spatially 
periodical flow of steam through the stator blade cascade creating the travelling deformation waves in the 
wheel. The neighbouring blades are interconnected by rigid tie-boss and as tip-shroud arms that are on one 
side fixed to one blade and are in friction contact on their free side with the other blade.  Due to relative 
normal motions in contacts, the prescribed contact forces vary in time. Contact frictions forces in contacts 
are described by the modified Coulomb friction law. This approach enables to make a numerically effective 
analysis of the connection parameters, such as placement, length of arms, contact surface angles etc. 
 
In our previous works, we dealt with Van der Pol model linked to absolute motion of the blades [1] and 
to relative motion between the blades in [2-3]. Furthermore the uniform space distribution of the 
aeroelastic forces along the blade length was considered.  Due to this assumption and choice of number 
of stator blades the suppression of 2nd flexural mode vibrations of the wheel was mainly tackled. The 
numerical simulations showed an effectiveness of the tie-boss and shroud damping effect on both types 
of Van der Pol mode. In this paper we will come from the previous wheel modal model aiming, 
however, at the suppression of torsional modes of vibration. Based on new experimental results 
achieved on the torsional blade cascade in our laboratory [5], a new design of aeroelastic forces space 
distribution will be implemented. As the wheel design, the blade tie-boss couplings are applied on the 
particular industrial turbine wheel with 66 blades. The effect of the angles of contact surfaces of tie-boss 
and shroud arm ends on the wheel dynamics and on level of self-excitation suppression will be 
discussed. 

ACKNOWLEDGEMENT: This research is supported by the project of Czech Science Foundation No. 24-
12144S ”Investigation of 3D flow structures and their effects on aeroelastic stability of turbine-blade 
cascades using experiment and deep learning approach”. 
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This study investigates the influence of parameter mismatch on the stability of cross-well motion in four 

nonlinear vibration energy harvesters, including two electromagnetic and two piezoelectric designs [1]. Instead 

of evaluating performance solely through generated power, a basin-stability-based metric with parameter 

mismatch is employed to quantify the probability of reaching and maintaining the desired high-energy cross-

well response. The analysis is conducted in the excitation amplitude-frequency space using Monte Carlo 

sampling and up to 200,000 simulations per system [2]. Parameter uncertainties of ±2.5%, ±5%, and ±10% are 

introduced in damping, electromechanical coupling, stiffness, and potential-related parameters. Results 

demonstrate that electromagnetic harvesters are substantially more sensitive to parameter mismatch than 

piezoelectric systems. For the investigated electromagnetic devices, a 10% mismatch may reduce the 

probability of achieving stable cross-well motion from nearly 1.0 to approximately 0.5–0.7, accompanied by 

pronounced erosion of safe operating regions. Although the more complex electromagnetic configuration 

extends the region where cross-well motion can occur, it also introduces wider areas characterized by moderate 

stability levels. In contrast, piezoelectric harvesters preserve high basin stability even under significant 

parameter uncertainty, with maximal changes in stability not exceeding approximately 23–30%. The two-

degree-of-freedom piezoelectric harvester exhibits the broadest operational bandwidth and the highest 

robustness. The findings indicate that basin-stability analysis provides an effective framework for assessing 

practical reliability of nonlinear energy harvesters and identifying excitation conditions that remain safe 

despite unavoidable parameter uncertainty. The results further suggest that piezoelectric multistable designs 

offer superior resilience and operational reliability for real-world energy harvesting applications. 
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The Master Stability Function (MSF) [1] has become a standard tool for analyzing the stability of complete 
synchronization in networks of identical oscillators. This framework offers two main advantages. First, it 
reduces the stability analysis of a high-dimensional network to the study of a low-dimensional variational 
equation governing perturbations transverse to the synchronization manifold. Second, the results obtained for 
a given oscillator model and coupling scheme can be readily extended to networks with different connection 
topologies. However, applying this framework to piecewise-smooth systems is significantly more challenging, 
as the variational equation is not defined at points where the vector field is non-differentiable. 

To overcome this limitation and enable MSF analysis of piecewise-smooth systems, a novel extension of the 
MSF framework, based on a previously developed Jacobian estimation technique [2] is proposed. The central 
idea is to approximate the Jacobian matrix along a system trajectory using the evolution of small orthogonal 
perturbations. This enables the estimation of perturbation dynamics even when the trajectory passes through 
non-differentiable points, thereby allowing the computation of the MSF in the absence of a well-defined 
variational equation. A key advantage of the proposed framework is its straightforward applicability to a broad 
class of piecewise-smooth systems without requiring system-specific analytical derivations, while still 
providing quantitative insight into synchronization stability. 

The proposed framework is presented and evaluated against existing approaches. Its applicability is 
demonstrated through the computation of Master Stability Functions for linear and nonlinear impact 
oscillators, while its accuracy is verified through comparison with an alternative MSF estimation method. 
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The aim of this work is to propose a new, simple and efficient method for solving problems of 3D elastic 
bodies containing cracks slightly perturbed out of their original plane or surface. It is divided into three parts. 
 
We begin, in a first part, by defining a suitable extension of Bueckner-Rice’s theory of 3D weight functions. 
Rice (1985, 1989)’s re-formulation of Bueckner (1987)’s theory provided the first-order variation of the elastic 
fields (displacements, strains, stresses) arising from an in-plane or tangential perturbation of the crack front, 
for an arbitrary crack in an arbitrary body. This result is extended here to arbitrary geometric perturbations of 
the crack front and surface, including an out-of-plane or normal component to the crack surface. The basis of 
the treatment is a new, general formula providing the variation of the total energy of the body arising from 
such an arbitrary crack perturbation. This formula is obtained by adapting and extending reasonings and results 
of deLorenzi (1982) and Destuynder et al. (1983). It is then used to derive the first-order expression of the full 
displacement field everywhere in the body. The reasoning here basically follows and extends that in the works 
of Rice (1985, 1989), which was limited to in-plane or tangential perturbations of the crack front. 
 
In a second part, we illustrate the possible use of the formalism thus defined for the treatment of elastic 
problems of out-of-plane or out-of-surface crack perturbations. This is done by considering the simplest 
possible case of out-of-plane perturbation of a semi-infinite plane crack embedded in some infinite body. This 
problem was solved by Movchan et al. (1998), using an elaborate method specific of the special, infinite 
geometry considered. In constrast, the method of solution proposed here is general and potentially applicable 
to any cracked geometry. The derivation involves two steps : 

1) In the general formula providing the variation of the displacement at any point of the body, we let 
this point of observation go to an arbitrary point on the crack surface, so as to get the variation of 
the displacement discontinuity there. 

2) In the formula thus obtained, we let the point of observation on the crack surface go to some 
arbitrary point on the crack front, so as to get the variations of the stress intensity factors there.  

The results obtained in this way fully confirm, and somewhat extend, those derived by Movchan et al. (1998) 
using a more complex and specific method. 
 
We finally expound, in a third part, the possible applications of these results to the theoretical prediction of 
crack paths in 3D bodies loaded in mixed-mode conditions. We especially focus on the interpretation of the 
experimentally well-documented out-of-plane instability of crack fronts loaded in mode I+III. Three cases are 
considered, in order of increasing complexity : 

1) That of a mode I+III loading, with a critical energy-release-rate 𝐺𝐺𝑐𝑐 independent of mode-mixity. 
2) Again that of a mode I+III loading, but with a mode-mixity-dependent 𝐺𝐺𝑐𝑐. 
3) That of a general mixed-mode I+II+III loading, with a mode-mixity-dependent 𝐺𝐺𝑐𝑐.  

The results suggest interesting interpretations of both old and recent experiments. 
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This presentation addresses the following question: Can the available analytical or numerical solutions for 
stress intensity factors (SIFs), derived from classical continuum mechanics, accurately define SIFs in 
specimens with micro- or nanoscale dimensions? 

This question arises because, at such small length scales, interactions between atoms on opposing crack 
surfaces may become significant and influence the deformation field at the crack tip. The extent to which these 
atomistic interactions affect the validity of classical SIF solutions remains unclear in the literature. 

In this work, we aim to provide insight into this issue by investigating the problem using molecular dynamics 
(MD) simulations. The SIFs will be determined from MD simulations employing an interatomic potential that 
is carefully validated against Density Functional Theory (DFT) calculations and available experimental data. 

The SIFs will be evaluated using two complementary approaches: 

1. A global method based on a discretized atomistic formulation of the J-integral, and  

2. A local method based on a least-squares fitting of the crack-tip displacement/stress fields.  

Finally, the SIFs obtained from the MD simulations will be compared with those predicted by classical 
continuum solutions. 
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Rollforming is a continuous process in which the cross-section of sheet metal is bent incrementally by a number
of roll stands along the axial direction x of the forming line to achieve a desired cross-sectional profile. The
low thickness of the sheet justifies the use of the nonlinear Kirchhoff-Love shell theory with three translational
and two rotational degrees of freedom [1]. We apply the finite element method and utilize a Mixed-Eulerian-
Lagrangian (MEL) description [2] to decouple the downstream motion of the material particles along the form-
ing line from the nodal deflections. Consequently, an advection term with the transport rate v emerges in the
material time derivative □̇= ∂t□+v∂x□. We seek the steady-state solution with a Newton-Raphson algorithm
and employ an operator-split method to divide a time increment into a quasi-static phase and a transport phase
to account for the motion of material particles. The quasi-static phase features the iterative solution of the
balance equations and a predictor-corrector scheme to establish admissible elastic-plastic states; the transport
is carried out with a first-order upwind scheme.

We employ a stress-resultant plasticity model [3], which operates directly on the 2D material surface of the
shell and mimics the plastification through-the-thickness of the continuum with a structural work hardening
law. Associative rules are introduced for the material rate of the plastic bending and membrane strains, K̇p and
Ėp, and the dissipative power Ȧp. The yield surface is not smooth and, thus, requires regularization or active-set
strategies [4] for the return mapping. The subsequent transport of the plastic quantities ppp=

{
Kp,Ep,Ap

}
creates

a disbalance of the system after each increment. We mitigate this effect by applying a stationary prediction
to provide a qualified guess of the upcoming step j by updating the previously obtained solution after the last
increment j−1 with:

p̃pp j−1 = ppp j−1 +
ppp(t j−1)− ppp(t j−2)

t j−1 − t j−2
(ti − ti−1). (1)

This estimate is self-improving as the solution gradually approaches the steady state, which results in an increas-
ingly faster convergence of the scheme as the transient simulation progresses. Numerical studies demonstrate
a substantial reduction of the computation time, making the stationary prediction a promising tool for the ef-
ficient simulation of large industrial models. We compare the results of the stress-resultant model against the
established continuum-based treatment of plasticity with a corresponding thickness resolution of plastic states.

ACKNOWLEDGEMENT: The support by the Austrian Research Promotion Agency (FFG) is gratefully ac-
knowledged; FFG project number: 914865.
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Masonry walls, i.e. structures built by stacking units like bricks or stones bound by mortar, have been used in 

construction since ancient times. Naturally, the load bearing capacity of masonry structures is of major interest 

in construction engineering, and has been extensively studied experimentally and, especially during the present 

computer age, numerically as reviewed by D’Altri et al. [1]. The modeling approaches can be classified as 

Block-based Models, Continuum Models, Macroelement Models, and Geometry-based Models [1]. The 

present work adopts the Continuum modelling approach based on the Embedded Discontinuity Finite Element 

Method (EDFEM) [2].   

A Matlab-based method to automatically generate 2D masonry walls with either regular bricks or polygonal 

stones bound with mortar is developed. The mortar failure is modelled by pre-embedded multiple discontinuity 

finite elements, while the units (bricks or stones) failure is according to the principal stress criterion (mode I) 

with a single embedded discontinuity representing a crack. In the present failure model, crack opening is 

inelastic and the failure process is dealt with similarly to that in the computational multisurface plasticity 

models.  

The modelling approach is demonstrated with numerical examples on in-plane failures of masonry walls found 

in literature. A simulation example is shown in Fig. 1 where a masonry wall is diagonally compressed with a 

constant velocity boundary condition. The failure mode is shown as the crack opening magnitude.    

  

Figure 1. Masonry wall and boundary conditions (left), and the failure mode in terms of crack opening magnitude 

(right). 

[1] A.M. D’Altri, V. Sarhosis, G. Milani et al. Modeling Strategies for the Computational Analysis of 

Unreinforced Masonry Structures: Review and Classification. Arch. Computat. Methods. Eng. 27, 1153–

1185, 2020. https://doi.org/10.1007/s11831-019-09351-x. 

[2] T. Saksala. Numerical modelling of concrete fracture processes under dynamic loading: Meso-mechanical 

approach based on embedded discontinuity finite elements. Eng. Fract. Mech. 201, 282-297, 2018. 

https://doi.org/10.1016/j.engfracmech.2018.07.019. 
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Historically speaking, people have been thinking about rheology for more than 2,000 years. However, theseinsights were largely empirical in nature and based on observations of the natural world.
It was not until Robert Hooke and Isaac Newton that the first rheological models emerged, which also led tomathematical expressions. Subsequently, numerous rheological models were introduced, though rheology hadnot yet been established as a science.
In the 1920s, rheology was established as a scientific discipline on the initiative of the chemist Bingham andthe civil engineer Reiner. The latter also authored the first book on rheology. The method of rheologicalmodeling was further developed in the subsequent period, particularly by Palmov.
The article concludes with a brief discussion of current developments in the field of rheological models.

44th Solid Mechanics Conference – SolMech 2026
September 7–10, 2026, Kraków, Poland

ID187 Session TS13 243



44th Solid Mechanics Conference: SolMech 2026, September 7–10, 2026, Kraków, Poland

Unexpected Formation of Deformation Bands in the Rate-Dependent Modelling
of Single Crystal Plasticity

Michał Kursa∗, Maciej Ryś and Henryk Petryk

Institute of Fundamental Technological Research, Polish Academy of Sciences, Warsaw, Poland
e-mails: mkursa@ippt.pan.pl, mrys@ippt.pan.pl, hpetryk@ippt.pan.pl

KEYWORDS: Micropolar Crystal-Plasticity, Microstructure Formation, Finite Element Method, 2D Plane-
Strain Model.

The phenomenon of spontaneous formation of deformation bands in metal crystals is investigated using a simple
model of crystal plasticity at small strain, with and without the Cosserat-type regularization. A standard and
widely used rate-dependent (RD) model has been implemented in a finite element method (FEM). Nevertheless,
a laminate pattern emerges spontaneously and is comparable to that obtained using an approach based on
incremental energy minimization [1, 2]. It is emphasized that the FEM implementation does not involve any
artificial perturbations or geometric imperfections, as well as any predefined laminate kinematics.

The Cosserat model introduces a natural regularization mechanism by inclusion of an internal length scale.
The model contains two deformation measures: the relative deformation tensor e and the curvature tensor
κ. The deformation measures are defined based on two independent kinematic fields of displacement u and
microrotation vector ϕ. An isotropic Cosserat part of the elastic response is controlled by two parameters of
Cosserat elasticity, µc > 0 and βc > 0.

FEM simulations were performed using a plane-strain model in which the twelve positive fcc slip-systems
were reduced to three effective in-plane plastic slip mechanisms, cf. e.g. [3]. The most important condition
for the formation of deformation bands is that the latent hardening of slip systems exceeds their self-hardening.
The next key factor in the rate-dependent simulations is a sufficiently small strain-rate-sensitivity parameter,
highlighting the crucial role of the yield-vertex effect. The results of RD simulations reveal an entire domain
filled with a laminate pattern formed by deformation bands with alternating slip-system activity, as illustrated
in Fig. 1.

Figure 1: Accumulated slips |γα| in macroscopically uniform simple shear in case of initial crystal orientation ω = π/4,
for the Cosserat parameter to hardening modulus ratio βc/h0 = 1/2.5 [mN/GPa] and dimensions 50µm× 50µm, profiles
of slips |γα| along the diagonal, and the norm of the curvature tensor ∥κ∥ which is strongly localized at the band interfaces.

[1] M. Ryś, M. Kursa, H. Petryk, Spontaneous emergence of deformation bands in single-crystal plasticity
simulations at small strain, Comput. Mech. 75, 547-574, 2025. https://doi.org/10.1007/s00466-024-02519-8

[2] M. Ryś, M. Kursa, H. Petryk, Selecting deformation patterns in Cosserat crystal plasticity by incremental
energy minimization, J. Mech. Phys. Solids 212, 106569, 2026. https://doi.org/10.1016/j.jmps.2026.106569

[3] M.J. Lewandowski, S. Stupkiewicz, Size effects in wedge indentation predicted by a gradient-enhanced
crystal-plasticity model, Int. J. Plast. 109, 54–78, 2018. https://doi.org/10.1016/j.ijplas.2018.05.008
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Numerical simulations employing classical crystal plasticity models have encountered two major, long-standing
issues: the ambiguity in selecting active slip systems, and the instability of uniform plastic deformation due
to deformation banding. To address these challenges, regularization techniques have frequently been applied
by introducing a rate-dependent model of crystal plasticity and/or a gradient-dependent enhancement of the
continuum framework. However, experimental observations have repeatedly shown that ductile metal crystals
tend to develop deformation bands, suggesting that efforts to eliminate this phenomenon in calculations may
lack a solid physical foundation. In accordance with that, in a companion presentation at this conference, M.
Kursa demonstrates that this phenomenon is not eliminated even if using a standard rate-dependent model,
provided that latent hardening exceeds self-hardening of slip systems and the strain-rate sensitivity parameter
is sufficiently small. Notably, this does not require any artificial perturbations or geometric imperfections.

The focus of this lecture is the explanation of the deformation banding phenomenon using a rate-independent
model of crystal plasticity with the Cosserat-type regularization, applied within the framework of incremental
energy minimization [1]. A strictly variational micropolar approach has been implemented in a finite element
code. The present study demonstrates that spontaneous emergence of deformation bands is predicted, under
the same basic condition that latent hardening of slip systems exceeds their self-hardening, provided the size
of the crystal domain is not too small. This is made specific by requiring that the band wavelength exceed the
established minimum value, proportional to the square root of the quotient of two factors: the coefficient of the
energy density due to the lattice curvature, and the positive difference between the cross-hardening and self-
hardening modulus. A nearly perfect agreement has been found between the analytical estimate of the minimal
band wavelength and the band interface thickness in full-field finite element simulations in plane strain. It
has been demonstrated that the incremental energy minimization is a suitable tool for computing deformation
patterns in ductile single crystals with the Cosserat-type regularization.

[1] M. Ryś, M. Kursa, H. Petryk, Selecting deformation patterns in Cosserat crystal plasticity by incremental
energy minimization, J. Mech. Phys. Solids 212, 106569, 2026. https://doi.org/10.1016/j.jmps.2026.106569
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Since the advent of continuum damage mechanics [2] ot has developed into an important and active field of
continuum mechanics, see e.g. [3, 4]. Progressing degradation of elastic properties will eventually lead to strain
softening behaviour, which can result to ill-posedness of the underlying partial differential equation system. In
numerical solution the ill-posedness caused by strain softening produces severe mesh size dependency. Several
remedies have been proposed to alleviate or remove this deficiency: non-local integral constitutive models,
adding spatial gradients, rate-dependency, etc. Research on gradient regularization of elastic damaging mod-
els has mostly concentrated on scalar damage approach, see for example[1], and only few papers have been
published where tensorial damage models are considered[5, 6]. In this presentation different regularization
approaches applied to the tensorial continuum damage model [7] are compared.

ACKNOWLEDGEMENT: This work is partly funded by the Research Council of Finland, project ConSus -
Towards sustainable carbon free concrete construction.
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Selected stainless steel grades are widely used in cryogenic installations, including superconducting particle 
accelerators cooled with liquid or superfluid helium. Grades such as 304L, 316L, and 316LN are preferred for 
their favourable mechanical properties and moderate cost. Despite their high ductility, these steels exhibit 
metastable behaviour due to a plastic strain–induced phase transformation from an fcc to bcc lattice. The 
primary phase (austenite) is ductile, while the secondary phase (martensite) is relatively brittle and deforms 
elastically. At extremely low temperatures, the phase transformation progressively replaces the ductile, energy-
dissipating phase with a more elastic one, thereby promoting accelerated shakedown. Cyclic torsion tests were 
conducted at 77 K under torque control to investigate shakedown behaviour in metastable austenitic stainless 
steels 304, 304L, 316L, and 316LN (Fig. 1). The martensite content was measured on the surface of round-bar 
specimens during testing to monitor the progression of the phase transformation. The dissipated energy per 
cycle was analysed, showing that 316LN steel dissipates more energy compared to 304, 304L, and 316L, as 
its hysteresis loops exhibit only minor narrowing. This fact supports the hypothesis that phase transformation 
accelerates shakedown. Consequently, more stable steels, such as 316LN, are more resistant to shakedown.  

(a) (b) (c) 

 

Figure 1. a) Cryostat for torsion tests (bar dimensions: 8 mm diameter, 200 mm length; elastic shear modulus 
G77K=75 GPa); b) Experimental set-up; c) Torque vs angle of twist [1, 2] 

To support the experimental findings, a physics-based multiscale constitutive model [1], [2] was developed 
and implemented in the AceGen/AceFEM tool. The model incorporates hardening mechanisms coupled with 
plastic strain induced fcc-bcc phase transformation. Cyclic torsion was simulated in 3D for various phase 
transformation kinetics to assess their impact on cyclic response (shakedown) and martensite content.  

ACKNOWLEDGEMENT: grant of National Science Centre 2021/41/B/ST8/01284 is acknowledged. 
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Dynamic strain ageing (DSA) and the associated Portevin–Le Chatelier (PLC) effect continue to present signif-
icant challenges for constitutive modelling, particularly when deformation paths depart from simple monotonic
loading. Many established modelling approaches, including those based on the Estrin–McCormick frame-
work, employ an ageing-time variable to represent the diffusion-controlled interaction between solute atoms
and dislocations. Although this concept enables the reproduction of key features of DSA, the classical evo-
lution equation proposed by McCormick does not clearly define the mechanical conditions under which the
ageing time should accumulate. Consequently, ageing-time evolution is commonly assumed to proceed con-
tinuously, which can introduce non-physical hardening contributions in simulations involving holding times,
unload–reload sequences, or other non-monotonic loading scenarios.

The aim of this talk is to address this limitation by combining experimental observations with modelling consid-
erations. To this end, tensile tests with prescribed waiting times are conducted on the aluminium alloy AW5083.
These experiments are designed to quantify strain ageing during distinct stages of deformation and to evaluate
the influence of the applied stress level during short waiting intervals on the subsequent material response.

On the basis of these experimental findings, a modified evolution equation for the ageing time is proposed. The
formulation preserves the fundamental structure of the Estrin–McCormick approach but introduces a stress-
dependent criterion that restricts ageing-time accumulation, in accordance with the experimental observations.
This modification suppresses the unintended growth of DSA-related hardening that can arise in the classical
formulation, without adding complexity to the constitutive model.

Comparisons between simulations using the classical and the modified approaches show that both capture the
general characteristics of the PLC effect. However, the enhanced model provides more consistent predictions
for non-monotonic loading paths and exhibits improved agreement with the experimental results for AW5083.
The proposed refinement thus offers a practical improvement for the application of DSA models in finite ele-
ment simulations that must represent realistic loading histories.

Acknowledgment: The work is supported within the Weave-UNISONO call by the German Research Founda-
tion (DFG grant 527828607) and by the National Science Center, Poland (NCN grant 2023/05/Y/ST8/00006).
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This research addresses the numerical verification of stability in thermo-elasto-plastic materials undergoing
large strains. The notion of stability is often associated with the stability of a structure, however, in this paper
the attention is paid to the stability of a material at a point. The stability condition derived for a general model
formulated in the thermodynamically consistent format is presented in [3]. From a mathematical point of view
the stability analysis reduces to a minimization problem of a function dependent on a direction in Euclidean
space. Various numerical methods can be employed to solve this problem, such as a search method within the
discretized direction space [2] or a multi-start algorithm incorporating a gradient-based method [1].

In the paper the attention is paid to the development of an efficient numerical treatment incorporated into sim-
ulations performed using the finite element method. First, methods available in the literature are implemented,
tested and analyzed with regard to their applicability to the stability analysis of thermo-elasto-plastic material.
Second, a hybrid approach is developed combining different methods and enabling the verification of stability
at integration points in complex samples subjected to non-uniform deformation as shown in Fig. 1.

Figure 1: Sum of reactions vs enforced displacement for a tensile plate with a thermo-elasto-plastic material model (on
the left) and deformed meshes with plastic zone shown in gray and Gauss points with stability lost marked as red points
at load steps ∆L=11.93 mm (in the middle) and ∆L=13.93 mm (on the right).
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Metals and alloys used at extremely low temperatures are expected to exhibit ductile behaviour and significant 

plastic and creep deformation prior to rupture. While creep has been extensively studied at high temperatures, 

it has often been overlooked at cryogenic temperatures. Yet, studies show that creep persists even near absolute 

zero (e.g., 4.2 K), producing measurable strain and largely conventional behaviour [1]. Although strain rates 

are rather low, they exceed predictions based on simple activation energy extrapolation by several orders of 

magnitude. Moreover, unlike the diverse plastic flow modes observed at low temperatures (intermittent plastic 

flow), creep deformation remains continuous. An important question is whether creep in metastable materials, 

like the austenitic stainless steels, is accompanied by microstructural evolution due to fcc-bcc phase 

transformation. Another important feature is that creep occurs across the entire temperature range, from 

absolute zero to room temperature, i.e., from a weakly to a highly excited lattice. Experimental results show 

significant creep deformation throughout this range. Tests conducted between the boiling points of liquid 

helium (4.2 K) and liquid nitrogen (77 K) confirm the presence of both primary and secondary creep. Primary 

creep begins immediately upon loading, and both its duration and obtained strain are stress-dependent, 

increasing with applied stress. Once the primary stage ends, the creep rate decreases markedly, and steady-

state secondary creep is established. To confirm this, preliminary experiments were conducted at room 

temperature (293 K). Flat, paddle-shaped specimens made of AISI 304 austenitic stainless steel – susceptible 

to strain-induced phase transformation and widely used at extremely low temperatures – were examined for 

creep. For the first time, in situ measurements of the ferromagnetic phase content (martensite) were performed. 

Fifty-hour creep tests were carried out at various prestress levels, both below and above the yield point. 

Magnetometric results confirm that when the prestress exceeds the material’s yield point, a significant increase 

in the secondary phase content occurs during the test, resulting from creep strain-induced martensitic 

transformation. Although tests at cryogenic temperatures are planned for the next stage, low-temperature 

experiments conducted worldwide (primarily in Japan) confirm the occurrence of creep in austenitic stainless 

steels near absolute zero [2], [3]. The most widely observed type of creep at extremely low temperatures is the 

so-called logarithmic creep. However, the activation energy at these temperatures is usually much lower than 

that at intermediate or elevated temperatures [3]. To describe both primary and secondary creep, a more 

complex approach is required. One possible approach is the strain-hardening model developed in the present 

paper. In particular, it is assumed that, similarly to plastic flow phenomena, creep processes at low 

temperatures are accompanied by the phase transformation, which must be taken into account in the 

constitutive model. For this reason, a new kinetics of creep strain–induced phase transformation is proposed.  
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A set of three functionally independent invariants of Cauchy stress tensor  , i.e. first principal invariant (I1), 

second principal invariant of stress deviator (shear stress) (J2) and normalized third invariant of stress 

deviator 3(J )  proved to be very useful in modeling behavior of solid materials, 
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where , , , ,K Ks K I II III   denote principal stresses of Cauchy stress and its deviator, respectively. 

It is vital to know what actually these invariants describe regarding physical phenomena, i.e. identify their 

rational physical interpretation. Physical interpretation of the first principal invariant of Cauchy stress, as 

pressure p  ( 1
13

Ip  ), is so straightforward that its identification did not require deeper thought. 

Comprehensive physical interpretation of second invariant of stress deviator (J2) as a macroscopic scalar 

measure characterizing quantitatively, in an average manner over all directions on unit sphere, shearing 

forces intensity (τav), i.e. effective action of population of micro pure shears (mechanical dipoles) generating 

given macroscopic stress state was exposed by Novozhilov in 1951 [1]. The same physical interpretations 

can be assigned to derivative quantities: shear stress modulus, effective (equivalent) stress, being linearly 

proportional to τav, 

 
 

1/2
2 2 2 2 2 2 2 2 2 2 2 22

25

152
av 2 2 av ef 2 av5 2

( ) (1/ ) ( ( ) ),

J || || 2J 5 , 3J ,

av I I II II III III I I II II III IIId J l l l l l l        

   

         

     



s


 (2) 

where av  is the Novozhilov's shear stress intensity,   is modulus of shear stress traction operating on an 

elementary surface of a unit sphere d , , ,I II IIIl l l  are direction cosines determining orientation of a normal 

to the surface d  in relation to principal directions of stress tensor  . 

The present work presents physical interpretation, currently non-existing, of the normalized third invariant of 

stress deviator 3(J )  as the scalar macroscopic measure describing degree of orientational ordering 

(directional concentration) in population of micro pure shears generating given macroscopic stress state 

around specific directions, see also Lecture 8 in [2]. The same interpretation gain functional derivates of 3J , 

i.e., Lode parameter , skewness angle sk — shear stress mode angle defined with pure shears as reference 

comparison states, Lode angle L, 
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[1] V.V. Novozhilov, О физическом смысле инвариантов напряжения, используемых в теории 

пластичности (in Russian), Prikl. Mat. Mekh., XVI, 617–619, 1952. 

[2] A. Ziółkowski, On symmetric tensors of second order and fourth order in mechanics with focus on 

Cauchy stress and Hooke tensors, IPPT PAN, 2025. https://wydawnictwa.ippt.pan.pl/sklep/on-
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Reliable silicon devices require predictive fracture models that remain accurate at small length scales, where
crystal orientation and surface effects play a dominant role. We present a optimization based calibration strategy
for phase-field fracture models based on molecular statics and dynamics (MS/MD) simulations that explicitly
resolve atomic-scale fracture mechanisms. Silicon specimens are subjected to controlled loading conditions to
initiate and propagate cracks. Thereby, orientation-dependent fracture behavior is characterized through energy
release rates, crack trajectories, and traction–separation relations. These atomistic observables are translated
into continuum phase-field parameters, including the critical energy release rate Gc, the internal length scale
l0, the choice of degradation function as well as the crack surface density function, yielding a brittle fracture
formulation in single-crystal silicon.

The calibrated phase-field model reproduces some key fracture characteristics across selected crystal orien-
tations, capturing both crack path selection and energy dissipation in good agreement with MS/MD results.
Parametric studies highlight the influence of l0, Gc, the degradation and surface density functions on crack
regularization and dissipation, while crystallographic effects are incorporated through the calibrated consti-
tutive response. Overall, the proposed framework establishes a link between atomistic fracture physics and
continuum-scale modeling, providing fracture simulations in silicon-based materials.

[1] J.A. Hauch, D. Holland, M.P. Marder, and H.L. Swinney. Dynamic Fracture in Single Crystal Silicon,
Physical Review Letters 82 (1999), 3823-3826.

[2] B.-J. Lee. A modified embedded atom method interatomic potential for silicon, Calphad 31 (2007) 95–104.

[3] J.-Y. Wu. A unified phase-field theory for the mechanics of damage and quasi-brittle failure, Journal of the
Mechanics and Physics of Solids 103 (2017) 72–99.

[4] B. Bourdin, G.A. Francfort, J.-J. Marigo, The Variational Approach to Fracture, Journal of Elasticity 91
(2008) 5–148.
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The objective of the paper is to compare several variants of the gradient damage model that have been proposed
and refined over the years. The discussion highlights selected improvements aimed at more realistic simulation
of smeared crack zones represented by damage distributions in strain-softening analyses.

The continuum damage approach in its local version, when material instabilities occur, leads to ill-posed prob-
lems and pathological mesh sensitivity in simulations of cracking phenomena. Gradient-enhanced models can
address this issue by introducing an internal length scale that governs the width of the localization zone. This pa-
rameter enters an extra averaging equation, so in the two-field formulation both the displacements and the av-
eraged strain measure are interpolated independently. However, assuming constant length scale causes the ob-
tained results to reveal visibly expanded damage zones [1], which is an undesirable feature of the conventional
gradient damage model.

One of the simplest extensions can be a combination of equivalent and averaged strain measures, driven by
a damage-dependent weighting function, cf. [2]. It is also possible to introduce a so-called anisotropic gra-
dient matrix as shown in [3], in which the directions of the principal stresses modify the spatial distribution
of the nonlocal kernel, effectively rendering the internal length parameter direction-dependent. Alternatively,
this parameter can be treated as variable [1]. This version of the model, referred to here as transient gradient
damage, was proposed in [4], where the internal length function, reflecting the gradient activity, is moved to
the denominator in the averaging equation. Its value grows together with the evolution of the equivalent strain.
Moreover, the localizing gradient damage model was introduced in [5], where the damage zone is controlled
via a reduction of the gradient activity, which is more consistent with physical observations.

The selected variants of the model are implemented and compared in a tensile bar test as a benchmark, followed
by more advanced examples such as the dowel disc test, see [6, 7].

[1] M. G. D. Geers. Experimental analysis and computational modelling of damage and fracture. Ph.D.
dissertation, Eindhoven University of Technology, Eindhoven, 1997.

[2] G. D. Nguyen. A damage model with evolving nonlocal interactions. Int. J. Solids Struct., 48(10):1544–
1559, 2011.

[3] B. Vandoren and A. Simone. Modeling and simulation of quasi-brittle failure with continuous anisotropic
stress-based gradient-enhanced damage models. Comput. Methods Appl. Mech. Eng., 332:644–685, 2018.

[4] S. Saroukhani, R. Vafadari, and A. Simone. A simplified implementation of a gradient-enhanced damage
model with transient length scale effects. Comput. Mech., 51(6):899–909, 2013.

[5] L. H. Poh and G. Sun. Localizing gradient damage model with decreasing interaction. Int. J. Numer.
Methods Eng., 110(6):503–522, 2017.

[6] L. Ferrara. A contribution to the modelling of mixed mode fracture and shear transfer in plain and rein-
forced concrete. Ph.D. dissertation, Politechnico di Milano, Milan, 1998.

[7] M. di Prisco, L. Ferrara, F. Meftah, J. Pamin, R. de Borst, J. Mazars, and J. M. Reynouard. Mixed mode
fracture in plain and reinforced concrete: some results on benchmark tests. Int. J. Fracture, 103:127–148,
2000.
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Carbon fiber reinforced plastics (CFRP) is widely used in aerospace, automotive, and medical devices due to 

its high specific strength and stiffness. However, its brittle fracture behavior caused by sudden fiber damage 

and interlaminar delamination poses challenges in ensuring in structural reliability. In order to improve energy 

absorption, techniques for intentionally incorporating fiber discontinuities within the material’s internal 

architecture are increasingly being explored. Tang et al. [1] demonstrated that intentionally introducing fiber 

discontinuities is a promising approach to achieving pseudo-ductility.To achieve pseudo-ductility in CFRP 

laminates, this study presents the bending fracture mechanisms via experiments and analysis. 

In this  study, CFRP laminates with fiber discontinuities are fabricated by applying slit processing to specific 

layers prior to molding. For comparison, conventional continuous CFRP laminates without fiber 

discontinuities are also prepared. Bending tests are conducted on each specimen using compact tabletop tester 

to record the load-displacement relationships and observe damage propagetion beheviors. Furthermore, in 

order to evaluate the complex damege evolution mechanisms-such as delaminetion and fiber damage in detail, 

numerical simulations using the finete element method (FEM) are employed. The Cohesive Zone Model 

(CZM) is applied to the analysis to accurately model the delamination propagation and the progresive stress 

droping process originating from the fiber discontinuities. 

The bending test result reveals that the continuous CFRP exhibited typical brittle failure, where fiber damage 

occurred immediately after reaching the maximum load, resulting in an instantaneous loss of load-carrying 

capacity. In contrast, the specimens with fiber discontinuities do not show a severe stress drop after the peak 

load. Instead, delamination and interlaminar damage originating from the fiber discontinuities are observed to 

propagate progressively. Due to this progressive failure, the CFRP with fiber discontinuities maintain a certain 

level of load-carrying capacity until complete fracture, exhibiting pronounced pseudo-ductile behavior. 

Additionally, the energy absorption capacity, calculated from the area under the load-displacement curves, is 

confirmed to be significantly improved compared to the conventional materials. 

 

[1] J. Tang, Y. Swolfs, M. Yang, K. Michielsen, J. Ivens, S.V. Lomov, L. Gorbatikh, Discontinuities as a 

way to influence the failure mechanisms and tensile performance of hybrid carbon fiber/self-reinforced 

polypropylene composites, Composites, Part A 107, 354–365, 2018 
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The  present  study  aims  to  establish  a  quantitative  relationship  between  sintering  parameters,
microstructural evolution, and the resulting mechanical properties of NiAl-based porous composites. Special
emphasis is placed on capturing the deformation process and damage mechanisms by accounting not only for
the  bulk  microstructure  and  macroscopic  mechanical  response,  but  also  for  the  evolution  of  interfacial
regions [1]. These include the formation and transformation of metal-metal and metal-ceramic interfaces,
which critically influence the effective material behavior.

To  achieve  this,  a  comprehensive  multiscale  framework  is  employed  (see  Fig.  1),  integrating
advanced experimental characterization techniques - such as scanning electron microscopy, X-ray micro-
computed  tomography,  and  mechanical  testing  combined  with  digital  image  correlation  together  with
numerical  multiscale  modeling  approach.  The  latter  encompasses  finite  element  and  discrete  element
methods at  the mesoscale [2],  as well  as molecular dynamics simulations at the atomic scale to resolve
interfacial  phenomena  [3].  The  inherently  heterogeneous  microstructure  of  the  porous  NiAl  composite,
reconstructed  from  experimental  observations,  and  the  interfacial  constitutive  behavior,  informed  by
microscale/atomistic simulations  complement elastic-plastic  properties of the NiAl material within grains.
This integrated approach enables a physically consistent analysis of deformation and damage processes of
sintered NiAl-based  composites under mechanical loading.

Figure 1. Summary of the multiscale framework.
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Predicting the forming limits of sheet metals under complex loading paths encountered in forming operations
is a challenging problem because ductile failure strongly depends on the loading path. Conventional forming
limit diagrams (FLDs), obtained using proportional biaxial loading experiments, cannot be used to predict
failure under strongly non-linear loading histories. Failure in sheet metals occurs by localized necking along
a narrow band whose width is comparable to the sheet thickness. Under plane stress conditions, the critical
conditions for the onset of localized necking can be obtained using either a bifurcation analysis [1] or an
imperfection band approach [2]. However, both approaches have well-known limitations, such as the inability
of the bifurcation approach, when used with conventional plasticity models, to predict failure under biaxial
tensile strains, and the sensitivity of the imperfection band approach to the choice of initial imperfections. In
this study, we show that realistic predictions of the forming limits can be obtained using a recently developed
multi-surface plasticity model, based on the micro-mechanics of void growth to coalescence, over the entire
range of biaxial plane stress loading paths [3]. The predictive capability of the model is demonstrated by
comparison with experimental forming limit diagrams for aluminum sheets subjected to pre-straining along
various loading directions [4]. It is shown that the model is able to predict the evolution of the shape of the
FLD as a function of the pre-strain history, in good agreement with the experimental data. The effects of
plastic anisotropy and thickness imperfections in the sheet metal as a result of manufacturing tolerances are
also investigated.

[1] S. Stören, J.R. Rice, J. Mech. Phys. Solids 23(6), 421–441, 1975. doi:10.1016/0022-5096(75)90004-6

[2] Z. Marciniak, K. Kuczyński, Int. J. Mech. Sci. 9, 609–620, 1967. doi:10.1016/0020-7403(67)90066-5

[3] K.N. Morey, S.M. Keralavarma, M. Chouksey, J. Mech. Phys. Solids 205, 106334, 2025.
doi:10.1016/j.jmps.2025.106334

[4] Y. Bai, T. Wierzbicki, Int. J. Mech. Sci. 50, 1012–1022, 2008. doi:10.1016/j.ijmecsci.2008.02.010
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This work is dedicated to a large strain thermo-visco-plastic material description for case-hardening steel, which
is an extension of the small strain model [1]. The alloy is commonly used in machine components due to its
favorable mechanical properties. Machine parts are frequently exposed to high temperatures and large temper-
ature differences, hence an important part of modeling is thermo-mechanical coupling. Additionally, around
750 ◦C the material undergoes phase transformation which affects parameter values. This work includes ther-
mal softening, temperature-dependent parameters and thermo-elastic coupling due to the Gough-Joule effect.

The large strain formulation is based on [2], including a Huber-Mises-type yield function with cold work
hardening. Moreover, Perzyna-type visco-plasticity is included. Many parameters are temperature dependent,
among others elastic moduli, thermal expansion coefficient, heat capacity, heat conductivity, initial and final
yield strength and visco-plasticity related parameters. Some of the parameters are fitted using experimental
values from literature.

Figure 1: Plate with hole: Sum of reaction forces vs extension for different strain rates (left; strain rate unit in the legend
is 1/s). Diagrams related to Small strain model [1] are depicted with primary colors and results based on the large strain
(LS) model with dark colors. Distribution of relative temperature (LS) for ε̇ = 1/s and d =1mm (right).

Selected numerical examples, including aspects of localization and regularization are computed. Fig. 1 shows
a comparison of the diagrams of the sum of reaction forces vs plate extension for different strain rates for the
small and large strain models, as well as the distribution of relative temperature for a selected case (large strain,
ε̇ = 1 s−1) and elongation equal to 1 mm. The plate under tension has a rectangular shape and a hole (d) in the
middle, [1]. Simulations presented in Fig. 1 are done for initial temperature T0 equal to 20 ◦C and 3D model.
The computations are performed using AceGen/AceFEM packages of Wolfram Mathematica [3].

[1] P. Oppermann, R. Denzer, A. Menzel, A thermo-viscoplastic model for metals over wide temperature
ranges – application to case hardening steel, Computational Mechanics, 69:541-563, 2022.

[2] J.C. Simo, C. Miehe, Associative coupled thermoplasticity at finite strains: formulation, numerical analy-
sis and implementation. Computer Methods in Applied Mechanics and Engineering, 98(1):41–104, 1992.
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Modern engineering materials, particularly metastable austenitic stainless steels, are produced using a 

range of methods, from traditional plastic working processes to advanced additive manufacturing 

technologies such as Laser Powder Bed Fusion (L-PBF). The manufacturing process plays a crucial role 

in shaping the material's microstructure, thereby determining its mechanical properties and resistance to 

damage, especially under extreme operating conditions such as cryogenic temperatures. The present 

study focuses on the kinetics of damage evolution in metastable austenitic stainless steels (grades 304 

and 316L) subjected to monotonic tensile loading at room (293 K) and liquid helium temperature (4.2 

K). To qualitatively assess the degree of structural degradation, microscopic investigations were 

conducted using a scanning electron microscope (SEM) equipped with EDS (energy-dispersive 

spectroscopy) and EBSD (electron backscatter diffraction) detectors. The results indicate that the level 

of micro-damage observed in L-PBF samples is significantly higher than that in samples produced using 

traditional manufacturing methods. To quantitatively assess the damage level, multiple unloading tests 

were conducted at room temperature (293 K) and at liquid helium temperature (4.2 K), during which 

the unloading secant modulus was determined for each cycle. Based on the effective unloading modulus, 

the evolution of the damage parameter D – defined as the ratio of the damaged surface area to the total 

cross-sectional area of the representative volume element (RVE) – was evaluated. Furthermore, the 

kinetics of damage evolution was identified using the Lemaitre–Chaboche [1] and Bonora [2] damage 

models. Within the framework of this study, a comparative analysis of the identified damage kinetics 

for both conventionally manufactured and additively manufactured materials is performed. The results 

are expected to enable a quantitative assessment of differences in the initial damage state and the 

evolution of damage, with particular emphasis on the influence of process-induced porosity 

characteristic of additive manufacturing (3D printing) technologies. A key element of the study is the 

formulation of a constitutive model for damaged material. The model shall describe the coupling 

between increasing damage and the plastic strain–induced fcc–bcc phase transformation, which is 

characteristic of metastable materials operating at cryogenic temperatures. A suitable framework is 

offered by the Garion–Skoczeń model [3], which accounts for the evolution of anisotropic damage, 

represented by a Murakami-type damage tensor, in the presence of a secondary phase generated by 

strain-induced phase transformation. The proposed model aims to provide tools for more accurate 

lifetime prediction of stainless steel components operating in extreme cryogenic environments, 

highlighting the significant role of manufacturing technology in the structural safety assessment process. 
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Austenitic steels at cryogenic temperatures, subjected to cyclic loading within the plastic deformation regime, 
undergo processes governed by the low thermal activation of the crystal lattice [1]. Cyclic deformation leads 
to strain-induced martensitic transformation, resulting in material hardening. At the same time, at temperatures 
approaching absolute zero, intermittent plastic flow is observed, manifested as cyclic stress drops at constant 
total strain. Both mechanisms significantly affect the course of low-cycle fatigue, particularly crack initiation 
and propagation. On the one hand, the phase transformation leads to material hardening with increasing plastic 
deformation; on the other hand, intermittent plastic flow may accelerate crack initiation. 

Experimental studies carried out over a wide range of cryogenic temperatures have shown that the failure 
process is largely controlled by microstructural evolution. With increasing number of loading cycles, an 
increase in force amplitude is observed in crack opening displacement-controlled tests, up to the point of crack 
initiation. Ahead of the notch tip cyclically opened in Mode I, regions of α’ martensite form, which delay crack 
initiation. At 77 K, crack initiation occurs only after reaching a high volume fraction of martensitic phase, 
whereas at 4.2 K, under conditions of intermittent plastic flow, initiation occurs at a lower number of cycles 
and at a lower fraction of this phase. This indicates a detrimental effect of intermittent plastic flow on low-
cycle fatigue resistance. 

The mechanism of crack propagation also depends on temperature and the character of plastic flow. At liquid 
nitrogen temperature, crack propagation is continuous, whereas at liquid helium temperature it proceeds in a 
intermittent manner, correlated with the occurrence of serrations [2]. Despite these differences, fracture 
surfaces in both cases exhibit fully ductile characteristics, indicating the dominant role of the retained austenitic 
matrix in the fracture process. During crack propagation, phase transformation continues to occur, and the 
distribution of the martensitic phase exhibits a bimodal character. Ahead of the current crack tip, a gradient 
microstructure develops, in which the distribution of martensitic phase corresponds to the stress field described 
by the Irwin solution, with the maximum volume fraction of the secondary phase decreasing with increasing 
crack length. 
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Stainless steels are widely used at extremely low temperatures due to their excellent properties, including high 
ductility. However, they exhibit metastable behaviour when strained beyond the yield point. The aim of the 
present work is to observe and analyse the evolution of the material microstructure – particularly the fcc-to-
bcc phase transformation [1] – during plastic deformation and fracture in AISI 304 and 316L stainless steels 
at extremely low temperatures (77 K and 4.2 K). The study focuses on phenomena such as intermittent plastic 
flow, diffusionless martensitic transformation, and the development of micro-damage and fracture [2,3] in 
metastable materials manufactured using additive techniques.  

The unique cryogenic experiments were conducted using an in-house testing system equipped for both uniaxial 
and multiaxial loading. The specimens were mounted in a vacuum-insulated cryostat integrated with a 
dedicated testing machine. To ensure the required temperature, the coolant was transferred from a dewar to the 
cryostat via a specialized transfer line. The fracture surfaces were examined in detail using magnetometric 
methods (Feritscope), scanning electron microscopy (SEM), electron backscatter diffraction (EBSD), and X-
ray diffraction with synchrotron radiation. The X-ray diffraction studies revealed, among other findings, that 
the fcc-to-bcc phase transformation extensively accompanies macrocrack propagation. Moreover, the resulting 
α′ martensite undergoes intensive twinning to achieve a good lattice fit with the austenitic matrix. The 
secondary phase nucleates at the intersections of shear bands – i.e., at the crossings of ε-martensite plates or 
twin lamellae – and subsequently undergoes growth and coalescence.  

An extended multiscale constitutive model describing the plastic strain induced fcc-bcc phase transformation 
will be presented. The model accounts for a multiphase material consisting of an austenitic matrix and Eshelby-
type ellipsoidal inclusions corresponding to both martensitic variants, ε and α′. Furthermore, based on in-house 
experimental data, a phase transformation tensor will be incorporated into the constitutive framework, taking 
into account both volumetric and shear components.  
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Metastable materials, such as stainless steels, undergo a plastic strain–induced phase transformation at 

cryogenic temperatures, transitioning from the parent face-centered cubic (fcc) phase to a secondary 

body-centered cubic (bcc) phase. Components of superconducting particle accelerators, including high-

field magnets, are frequently made of stainless steels. Due to the presence of high-energy particle beams, 

these components are often subjected to secondary particle flux, which induces nano- and micro-damage 

resulting from interactions between particles and the crystal lattice. One of the key challenges is 

predicting the lifetime of these components, considering various dissipative phenomena that occur 

simultaneously, including inelastic deformation, phase transformation, and the evolution of nano- and 

micro-damage. To obtain closed-form analytical solutions, constitutive models describing plastic strain–

induced phase transformation and micro-damage evolution are needed. In the present work, a 

constitutive model of metastable austenitic stainless steels operating under combined cryogenic and 

irradiation conditions is presented. The approach combines plastic strain-induced phase transformation 

with radiation-induced damage mechanisms to capture the complex evolution of microstructure and 

mechanical response. The transformation from austenite to martensite is described using a physically 

based constitutive model referring to a linearized kinetics, based on the classical Olson–Cohen model. 

Radiation effects are incorporated through the evolution of defect populations, including helium-filled 

micro-voids, that affect both hardening and softening mechanisms. The growth of porosity is modeled 

using the Rice–Tracey formulation, enabling the description of void evolution including stress 

triaxiality. A new model of radiation-induced hardening based on the Orowan mechanism is developed. 

Building upon the mean-field algorithm, the present work introduces a novel formulation that accounts 

for the stiffness contribution of helium-filled micro-voids [1] [2]. Unlike conventional approaches that 

treat voids as compliant defects, the proposed formulation incorporates their internal pressure and 

effective stiffness, leading to a more accurate representation of the mechanical response. The combined 

model captures the competing effects of radiation-induced hardening, driven by dislocation–defect 

interactions, and softening associated with porosity evolution. The resulting framework provides 

improved predictive capabilities for the behavior of irradiated multiphase materials, and is particularly 

relevant for the analysis and design of structural components operating in extreme cryogenic 

environments. The results of the analysis are compared with experimental data to calibrate the models. 

Furthermore, the evolution of the microstructure accompanying both the plastic strain–induced phase 

transformation and damage development is thoroughly analyzed. Based on these models, the lifetime 

prediction of irradiated stainless steel components operating under cryogenic conditions is developed.  

 

[1] Sitko M., Skoczeń B., Wróblewski A., 2010, FCC-BCC phase transformation in rectangular beams 

subjected to plastic straining at cryogenic temperatures. Int. Journal of Mech. Sciences, 52, 7, 993-1007. 

[2] Skoczeń, B., Schmidt, E., Schmidt, R., Kaciuba, A., 2026, Phase transformation and radiation 

induced hardening in austenitic stainless steels at cryogenic temperatures, Cryogenics Vol. 153, 104258. 
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Discontinuous plastic flow  

 
In low temperature BCC materials become brittle thus making them unsuitable for such conditions [1]. Making 

materials with FCC crystal structure like stainless steel leading contenders for such applications. At 

temperatures near 0K, in certain modes of deformation an effect called discontinuous plastic flow (DPF) 

occurs. This effect is sometimes accompanied by Luders like propagation of deformation [2].  

Laser welding of stainless-steel is a great method of joining long elements such as mantle for superconducting 

cables [3]. Unfortunately, such process results in complex microstructure and appearance of internal stresses. 

Understanding the behaviour of such joints in cryogenic conditions is crucial for developing engineering 

solutions for such conditions.   

The following research was conducted to characterise DPF behaviour and better understand the mechanisms 

od destruction of welds in cryogenic conditions. Miniature tensile samples were used to examine tensile 

elongation of such welded joints in temperatures of 77K and 4.2K. Electron microscopy as well as EBSD and 

eddy currents have been used to characterize the evolution of microstructure. Tensile tests and microhardness 

measurements have been used to characterize mechanical properties.  
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Free material optimization treats the elasticity tensor field itself as the design variable. In classical compliance
minimization, admissibility is usually enforced by positive semidefiniteness together with resource constraints
expressed in terms of tensor invariants, typically of trace or Frobenius norm type. These constraints control
the overall amount of stiffness, but they do not guarantee that an admissible tensor can be realized as the
effective property of a composite made from prescribed constituent phases. This work narrows that gap for
two-dimensional plane-stress problems with two well-ordered isotropic phases by introducing a hierarchy of
realizability-aware admissible sets based on zeroth-order, Voigt, and Hashin–Shtrikman energy bounds.

The proposed hierarchy has several notable structural properties. In the convex setting, the Voigt admissible set
is strictly tighter than the zeroth-order one for intermediate phase volume fractions, while the two coincide at the
pure-phase endpoints; moreover, the Voigt model reduces to an isotropic variable-thickness-sheet formulation.
For the Hashin–Shtrikman model, the energy upper bound can be written as a Voigt term minus a nonnegative
correction, which explains both the strict tightening of the admissible set and the loss of joint convexity in the
effective tensor and the local volume fraction. In the single-loadcase continuum setting, the resulting relaxation
is tight with the classical Allaire–Kohn relaxed problem and is attained in the relaxation sense by orthotropic
sequential laminates. In generic multi-loadcase settings, by contrast, it should be interpreted as a lower bound
on compliance minimization over general microstructures.

Computationally, the resulting nonconvex free orthotropic material optimization problem is solved by sequen-
tial global programming. Numerical experiments illustrate the expected compliance ordering induced by the
zeroth-order, Voigt, and Hashin–Shtrikman models and show that the Hashin–Shtrikman formulation remains
close to finite-rank laminate reference designs while staying computationally tractable. Overall, these results
connect classical homogenization bounds with free material optimization and show how realizability-aware
energy bounds can inform structural design.
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Characterizing the prestrain of biological shells and their material properties is crucial for accurate numeri-
cal modeling. Prestrain identification belongs to the class of problems involving the recovery of stress-free
configuration. In many cases, the external loads acting on a body are known, whereas only the deformed, non-
stress-free geometry can be observed. In this study, the previously developed Finite Element Model Updating
inverse framework [1, 2, 3] is extended to identify simultaneously prestrain and spatially varying material prop-
erties. The thin shells are directly formulated on the mid-surface and adopt Kirchhoff–Love kinematics with
large deformations. Three surface configurations are introduced: the reference (unstrained and stress-free),
intermediate (prestrained), and current (prestrained and under external loads). This leads to a multiplicative
split of the surface deformation gradient into prestrain and load-strained parts [4]. The forward problem is
solved numerically with rotation-free isogeometric analysis [5]. The inverse problem assumes that the inter-
mediate and current surface configurations are known, whereas the reference one remains unspecified. The
prestrain and material properties fields are described using low-order Lagrange elements, known as the ma-
terial mesh [1], whose nodal values become the unknowns to be identified. The identification is carried out
through PDE-constrained optimization, where the minimized objective function consists of the least square
error between experimental full-field displacements and their numerical counterparts. To solve this task, the
Trust-Region Interior Reflective approach, supplied by the analytical derivatives of the objective function, is
employed. Verification of the proposed inverse approach is performed with numerical examples based on syn-
thetic data corrupted by noise. The results indicate that the presented framework can reconstruct the prestrain
and spatially varying material properties provided that certain assumptions are met, such as an appropriate
material mesh and full-field data with high information content. The scope of examined constitutive relations
includes isotropic ones, in particular Koiter, Neo-Hooke, and Canham models.
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The Force Density Method (FDM) [1] provides a framework for generating the shape of reticulated shells by 
formulating the equilibrium of forces in terms of force‑to‑length ratios. Building on this principle, the present 
work proposes a Robust Design Optimization strategy [2] specifically developed for elastic gridshells. 
Assuming that fabrication‑induced imperfections and fluctuations are sufficiently small compared to the 
overall dimensions of the truss, the form‑finding task is reformulated as an enhanced deterministic problem 
derived through perturbation techniques, following the approach outlined in [3]. This reformulation 
circumvents the significant computational burden of probabilistic analyses and Monte‑Carlo‑based 
optimization, which typically require repeated assembly and inversion of the global stiffness matrix. To 
mitigate the impact of stochastic variations, the method identifies the force densities that generate an optimal 
spatial configuration minimizing a weighted combination of mean compliance and its standard deviation. This 
optimization is carried out using sequential convex programming. The dependence of both the geometry and 
the global stiffness matrix on the design variables is efficiently managed by leveraging the formal structure of 
the FDM, as demonstrated for similar applications in [4]. This representation is particularly advantageous for 
addressing the elastic equilibrium and for computing the associated sensitivities with respect to the design 
unknowns. The proposed formulation is assessed through numerical studies involving gridshells subjected to 
vertical loading and a slender column‑like structure representative of components manufactured through metal 
additive processes. These examples illustrate how optimal configurations respond to uncertainties in material 
properties. Further extensions to accommodate additional forms of uncertainty are anticipated. 
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The paper concerns the d-dimensional problem of minimization of the compliance of linear elastic 

structures made of an isotropic material; d=2 or d=3. The bulk k and shear   moduli are the design 

variables, both viewed as non-negative fields on the design domain  . The design variables are 

subject to the isoperimetric condition which is the upper bound of Lp-norm of the elastic moduli: 
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The case of e=0 corresponds to the original concept of the Isotropic Material Design (IMD) method  

proposed in the paper by Czarnecki [1]. Then the unit cost represents the trace of the Hooke tensor. 

The original IMD method leads to the variational problems with integrands of linear growth, hence 

its correct setting requires the measure-theoretic tools, see [2]. Thus, it is highly recommended to 

regularize the IMD. In the present paper the IMD method will be extended by assuming the above Lp 

-norm-based cost condition. At the first step the design variables are eliminated. Thus, the optimum 

design problem is reduced to the pair of mutually dual problems of the mathematical structure of a 

theory of elasticity of an isotropic body with nonlinear power-law type constitutive equations. They 

link the trace of the stress with the trace of the strain and, independently, the deviator of the stress 

with the deviator of the strain.  Both the states of stress and strain determine the optimal layouts of 

the bulk and shear moduli of the least compliant structure, see [3]. The effective non-linear static 

problem can be solved by using available commercial codes, e.g. with the help of Abaqus. This paves 

the way towards solving topology optimization problems on a large scale.  

 
 
 

[1] S. Czarnecki, Isotropic material design, Computational Methods in Science and Technology, 21 (2), 49–
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In engineering applications, load randomness is a frequent issue and represents a key aspect that has to be 

considered in the design process in order to guarantee the required stiffness and durability of structural 

components. This issue can be addressed in various ways [1], and the convenient approach to deal with this 

type of the problem is to mimic random loads using multiple deterministic load cases. However, in order to 

adequately capture the stochastic nature of acting load, it is usually necessary to consider several hundred of 

load cases, which significantly increases the computational demand. The following article presents an easy to 

implement alternative concept that could reduce the computational time. The Equivalent Load Scheme (ELS) 

is a conceptual framework employed for predicting the structural topology of systems subjected to random 

loads. The ELS proposes a limited number of appropriately selected deterministic load cases that facilitates 

the replacement of a multitude of random ones. Although this approach is heuristic, it ensures a high degree 

of consistency with the classical multi-load approach, while allowing for reduction of the computational cost. 

The efficacy of the method has been validated by performing a multitude of numerical tests, encompassing a 

broad spectrum of structural complexity. These examples include two-dimensional structures, as well as 

realistic spatial engineering structures [2,3]. In each analysis, the results obtained based on random loads and 

their ELS equivalents were compared. The obtained topologies were practically identical, and the differences 

in compliance values did not exceed a few percent. The results confirmed that the presented ELS concept can 

be regarded as a useful alternative to the existing techniques, significantly simplifying the design process. This 

approach offers also an additional advantage, namely the possibility of using any algorithm or commercial 

software that allows finding topologies with minimum compliance involving multiple load schemes. In this 

paper the authors employ Cellular Automata as the minimal compliance topology generator. The ELS method 

is thus a practical, universal, and easily implementable tool that allows for rapid and effective prediction of the 

topology of structures under loads subject to random changes. Moreover, its adaptability to both simple and 

highly complex geometries demonstrates that the approach remains robust across diverse engineering 

scenarios, further enhancing its relevance for practical applications. 
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In recent years, the introduction of kink deformation bands and the resulting improvements in strength and 

ductility have been achieved by subjecting Mg-, Al-, and Ti-based mille-feuille materials to compressive 

deformation [1-3]. These materials are characterized by an alternating stacking structure of hard and soft 

phases. In this study, we aimed to create Fe-based mille-feuille materials and introduce kink deformation bands 

through compression testing, thereby improving strength and ductility, by performing directional solidification 

on Fe-based alloys, which are widely used as practical structural materials. 

Two types of Fe-based eutectic alloys, i.e., Fe-Ti and Fe-Nb, were prepared by arc melting, and microstructural 

orientation was achieved through directional solidification (DS) using the Bridgman method. Microstructural 

observations were performed using an optical microscope and a scanning electron microscope (SEM), and the 

constituent phases were identified using SEM-EBSD and EDS. Compression tests were performed on the 

prepared alloys at temperatures ranging from room temperature to 800°C, and changes in crystal orientation 

accompanying deformation were investigated using SEM-EBSD. 

In the Fe-Ti and Fe-Nb alloys, layered and rod-like microstructures oriented along the growth direction were 

observed due to DS. Crystal orientation analysis with EBSD revealed that both the a-Fe/Fe2Ti and a-Fe/Fe2Nb 

phase pairs exhibit an orientation relationship of (110) // (112̅0). The results of the compression tests showed 

that both the alloys achieved high yield stress of over 1 GPa at room temperature. Although the yield stress 

decreased with increasing test temperature for both the alloys, the high strengths were maintained at 600°C. In 

the Fe-Nb alloy, kink deformation bands formed during the test conducted at 800°C, suggesting the possibility 

of simultaneously improvement of strength and ductility. The yield stress tended to be higher in the Fe-Ti alloy 

than the Fe-Nb alloy. Although this trend was not reproduced by the short-fiber composite rule, it became 

possible to estimate values close to the experimental data by incorporating the degree of microstructural 

orientation defined in this study. This clearly demonstrates that the degree of orientation in the microstructure 

of mille-feuille materials is critical to their mechanical properties. 

 

[1] K. Hagihara, R. Ueyama, T. Tokunaga, M. Yamasaki, Y. Kawamura, T. Nakano: Mater. Res. Let., 9 

(2021), 467-474. https://doi.org/10.1080/21663831.2021.1974593 

[2] K. Hagihara, T. Tokunaga, S. Ohsawa, S. Uemichi, K. Guan, D. Egusa, E. Abe: Int. J. Plast., 158 (2022), 

103419. https://doi.org/10.1016/j.ijplas.2022.103419 

[3] T. Tokunaga, T. Yonemura, K. Hagihara: Mater. Sci. Eng. A: 900 (2024), 146505.  

https://doi.org/10.1016/j.msea.2024.146505 
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Physics Informed Neural Networks (PINNs) [1] are a successful approach to approximate solving of 

differential equations. Yet, in case of topology optimization, they are barely competitive to traditional methods, 

like SIMP, in terms of computational effort. Therefore, the search for improvement in efficiency is an active 

area of scientific research. One of such promising approaches is a so-called Separable PINN. The idea is to 

use separate artificial neural nets for each coordinate (for instance, in case of 3-dimensional domain – 3 distinct 

networks are utilized). According to original paper [2], substantial improvement in performance was obtained. 

It is additionally increased by forward differentiation and reducing differentiation time by calculating only one 

derivative per net. 

The aim of the research is to determine the performance of SPINN w. r .t. its predecessor, i.e. PINN, used as a 

core for displacements determination in structural topology optimization algorithm. Both methods were also 

compared to the ground truth, which was taken to be the traditional approach (i.e. SIMP). The topology 

optimization algorithm used linear elasticity formulation. The aim of the optimization was a structure 

compliance minimization, with given a priori volume constraint condition. 

The author examined a 3-dimensional example of beam, fixed at both ends (left and right), loaded with 

concentrated force, applied at the center of the top surface of the beam, just like shown on the left in Fig. 1. 

The preliminary simulations did not confirm the jump in performance for the topology optimization problem, 

as it was shown by the authors of the idea, based on the several examples of solving 3-dimensional differential 

equations. Nevertheless, obtaining better results is still potentially possible through hyperparameters 

optimization, which will be the next step of the author’s research. 

      

Figure 1. Analysed example and the example PINN solution. 

[1] Raissi M, Perdikaris P, Karniadakis GE. Physics Informed Deep Learning (Part I): Data-driven 

Solutions of Nonlinear Partial Differential Equations. Preprint 2017. 

https://doi.org/https://doi.org/10.48550/arXiv.1711.10561. 

[2] Cho J, Nam S, Yang H, Yun S-B, Hong Y, Park E. Separable Physics-Informed Neural Networks. 

37th Conference on Neural Information Processing Systems (NeurIPS 2023), New Orleans: 2023. 

http://arxiv.org/abs/2306.15969. 
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Maximizing the eigenfrequencies of a structure using topological optimization methods poses a significant 

computational challenge due to the fact that each optimization step requires a numerical solution to the 

eigenvalue problem. An additional difficulty during the optimization process is the so-called mode switching 

phenomenon. To solve this problem, an approach known in the literature as the so-called bound formulation, 

has been proposed. This approach, along with its numerical implementation, can be found in the work of 

Olhoff and Du [1]. In this implementation, optimization is performed using two nested loops, the first of 

which is responsible for solving the eigenvalue problem and determining the sensitivity of the frequencies 

and eigenvectors, while the second determines the increments of the design variables using mathematical 

programming. 

Due to the significant computational cost of the bound formulation method, approximate methods for 

frequency maximization have been proposed, including the approach presented in the work of Yuksel and 

Yilmaz [2]. In this approach, solving the eigenvalue problem at each iterative step is replaced by a two-stage 

static optimization. The first stage approximates the basic eigenmode using a unit force, while the second 

optimizes the structure by introducing quasi-static modal forces. 

A similar approach was used in this paper. Instead of two-stage static optimization, a single-stage approach 

was proposed [3], where the eigenmode is approximated by first solving the eigenvalue problem once at the 

beginning of the optimization process. The result of this procedure makes the proposed approach more 

intuitive and eliminates the need to introduce a fictitious unit force. The paper will compare the performance 

of the three methods using a benchmark example of a simply supported beam modelled as a plate system in a 

plane stress state. 

 

[1] N. Olhoff and J. Du, Topology Optimization in Structural and Continuum Mechanics, CISM Vol. 549, 

275–298, 2014. https://doi.org/10.1007/978-3-7091-1643-2_11  

[2] O. Yuksel and C. Yilmaz, Efficient topology optimization for maximizing fundamental frequency with 

design-dependent inertial forces, Engineering Computations, vol. 42, no. 9, 2025, 

https://doi.org/10.1108/EC-03-2025-0278 

[3] P. Tauzowski, M. Zawidzki and B. Błachowski, Quasi-Static Approximation in Topology Optimization of 

Beam Structure Subjected to Modal Inertial Forces, Proc. Civil-Comp 2025, Vol. 10, Paper 4.4, 2025. 

https://doi.org/10.4203/ccc.10.4.4 
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The conventional approach to mechanical design is primarily based on strength hypotheses, which are typically
used to verify whether a given structure satisfies material failure criteria. However, most structural optimization
methods do not explicitly incorporate these strength conditions into the optimization process itself; instead, they
are often applied only at a later verification stage. This separation can lead to solutions that are mathematically
optimal but not fully consistent with the physical limits of the material.

In contrast, biological systems—particularly load-bearing structures such as bone—develop under conditions
where material strength plays a fundamental role. In such systems, structural adaptation (e.g., bone remodeling)
occurs in response to mechanical stimuli, ensuring that the material is efficiently distributed and utilized within
safe stress limits.

Inspired by this phenomenon, the authors have developed an optimization framework modeled on bone re-
modeling [1]. This approach is grounded in rigorous theoretical studies in the field of continuum structural
optimization. A key condition for achieving an optimal solution in this framework is the equalization of strain
energy density (SED) over the structural surface. The novel contribution of the presented work lies in estab-
lishing a direct relationship between this condition of constant strain energy density and the strength properties
of the material. In particular, classical strength (yield) hypotheses are reformulated in terms of strain energy,
allowing them to be naturally integrated into the optimization process. As a result, the optimality condition not
only reflects efficient material distribution but also inherently respects the material’s failure limits [2].

The main objective of the study is to precisely quantify the relationship between a constant surface value of
strain energy density and material strength, as defined by standard yield criteria. The numerical examples
provided in the paper are compared with analytical results, demonstrating the validity of the proposed approach
and highlighting a distinctive feature of the method: its ability to produce strength-consistent optimal designs
without the need for separate constraint enforcement. An additional advantage of the method is the introduction
of the “insensitivity zone” concept. This concept allows for a controlled range within which variations in
strain energy density do not affect the optimal solution. As a consequence, the optimization process becomes
naturally regularized, eliminating the need to explicitly determine Lagrange multipliers associated with volume
constraints. This improves both the stability and robustness of the numerical procedure.

Importantly, although the method is inspired by trabecular bone remodeling, it is not limited to biological ap-
plications. The proposed framework can be applied more broadly as a general structural optimization tool, pro-
viding engineers with a physically meaningful and efficient alternative to traditional optimization techniques.

[1] M. Nowak, J. Polak, O. Napierała, Springer, PCM-CMM 2023: Theories, Models and Simulations of
Complex Physical Systems pp. 533–568, 2024. https://doi.org/10.1007/978-3-031-73161-713

[2] M. Nowak, J. Sokołowski, A. Żochowski, J. Polak, Bulletin of the Polish Academy of Sciences Technical
Sciences 74 (1) pp.e155900, 2026. https://doi.org/10.24425/bpasts.2025.155900
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A classical objective functional in structural optimization is compliance (the work of external loads on 

displacements). This functional depends on the geometry of the domain as well as on the solution of a boundary 

value problem of linear or nonlinear elasticity theory formulated on that domain. In such a framework it is 

convenient to work with the gradient-like method based on a concept of a shape derivative and level-set 

method. The key idea of level-set method is to represent the structural boundary with zero level-set of given 

function (level-set function – LSF). Now, changing the shape of a structure under optimization is equivalent 

to transport the LSF in such a direction that ensures decreasing the value of the objective functional. In this 

work volumetric form of shape derivative is used together with linear transport equation for evolution equation 

governing the change of shapes in a process. It is showed that it can be efficiently used to obtain optimal shapes 

in 2D elasticity shape optimization problems as well as in 3D case (see Fig. 1). 

Moreover, influence of nonlinear elasticity of small displacement for shape optimization is studied. A 

nonlinear theory of elasticity for small displacements, incorporating a nonlinear (more realistic) constitutive 

relationship between the strain and stress tensors with sufficiently smooth potentials (convex and coercive), 

makes it possible to formulate structural shape optimization problems that can be solved using well-established 

mathematical tools, while at the same time addressing scenarios closer to reality (see Fig.2 for benchmark 

example). 

        

Figure 1. Optimal shape for 3D case of a cantilever in linear elasticity. 

       

Figure 2. Optimal shape for 2D case of a cantilever in nonlinear elasticity (left), first order optimality condition on 

boundary – constant value of function derived from solution of nonlinear elasticity and adjoint state (right). 

Literature: 

[1]  Allaire G, Jouve F, Toader AM (2004) Structural optimization using sensitivity 

       analysis and a level-set method. J Comput Phys 194(1):363-393. 

 

[2]  Delfour MC, Zolésio JP (2011) Shapes and Geometries Metrics, Analysis, Differential Calculus, and Optimization                  

Society for Industrial and Applied Mathematics Philadelphia 
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Panel stability has been a longstanding research subject in structural mechanics. When a thin plate (or 
panel) is subjected to a flow at supersonic speeds it undergoes a loss of stability. This limits the maximum 

speed of aerospace structures that incorporate such components. Due to the widespread use of these 

elements and their importance in enabling high-speed aerospace systems, considerable effort has been 

devoted for optimizing these panels aiming at improving their flutter performance. While early works 

focus on optimizing the thickness of these elements to reduce their weight, today, composite designs are 

utilized for the same purpose. However, these works mainly concentrate on optimizing the material layout 

and fibres in the thickness direction. 

Recent advances in manufacturing methods, particularly the integration of automated processes such as 

3D printing, have made the design of multi-material components, in which the material is spatially 

varying, increasingly feasible. To leverage these capabilities, optimization-based design has proven highly 

valuable due to its ability to produce non-intuitive structures without geometric restrictions. 

This work presents an optimization framework for panels operating at supersonic speeds with the goal of 

enhancing aerodynamic stability. The aim is to investigate the potential for achieving weight reduction 

while limiting the degradation in flutter stability by designing longitudinally tailored by material 

structures. 

A gradient-based optimization approach is proposed with analytical derivation of the sensitivity analysis. 

The optimization problem is formulated to determine the spanwise material distribution in the panel, 

aiming to maximize the aerodynamic pressure under a predefined weight constraint. The linear piston 

theory is adopted for modelling the aerodynamic forces, and the flutter point is determined by solving a 

stability problem in the form of an eigenvalue analysis. 

The optimal designs of bi-material panels are investigated under various boundary conditions. The results 

indicate that a substantial weight reduction can be obtained by tailoring two materials in the spanwise 

direction. 
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Laminated composite hyperbolic paraboloids are widely utilized in civil, marine and aerospace structures for 

their aesthetic appeal, high specific stiffness, and lower susceptibility to decay from weathering. Civil 

engineering panels experience dynamic excitations due to wind, snow, and seismic actions. Moderately thin 

panels undergo large amplitudes of vibration, for which a geometrically nonlinear approach is essential. The 

performance of such panels can be improved by stiffeners, as shown by several research studies. However, 

stiffened panels are costlier to fabricate and heavier than unstiffened ones. Since dynamic performance is 

compromised for heavier panels, stiffeners should be applied optimally. The additional cost of stiffeners should 

also be justified by maximizing frequencies significantly. This study proposes guidelines to optimize stiffeners 

for laminated composite rhombic hyperbolic paraboloids (Figure 1) using a C0 continuous geometrically 

nonlinear finite element code, eight noded elements and first order shear deformation theory. The optimal 

stiffeners aim for maximizing nonlinear fundamental frequencies within a given weight ratio of stiffened to 

unstiffened panels. 

 

 

Figure 1. Laminated composite hyperbolic paraboloid with stiffeners. 

The governing equation of free vibration is given below. The derivation was reported in [1].  

[𝑀𝑠ℎ]{𝛿̈𝑘}
𝑔
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[1] M. Trivedi, K. Bakshi, Thin-Walled Structures, 2026, 114600. https://doi.org/10.1016/j.tws.2026.114600 
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The literature reveals that research studies on stiffened laminated composite elliptical paraboloids (Figure 1) 

are scanty, particularly for the rhombic geometries. These panels are often preferred in civil, maritime, and 

aerospace structures for their ability to cover longer spans with fewer supports. Since the moderately thin 

panels can undergo large deformations under static overloading, a geometrically nonlinear approach is essential 

for realistic performance predictions. Performance can be improved by stiffeners. Since stiffened panels are 

costlier than bare ones, this study presents an optimization analysis which reports deflections and stresses for 

varying weight ratios of stiffened to the bare panels. The Nonlinear solutions are obtained using an 

isoparametric C0 continues finite element code based on von-Karman type nonlinear strains and first order 

shear deformation theory. The optimization study aims for achieving panels with minimizing the weight ratio 

while restricting the deflections and stresses within serviceable limits.  

 
Figure 1: Stiffened elliptic paraboloidal panel 

The nonlinear bending problem is solved using Newton-Raphson iterative approach [1]. The incremental 

displacement for the nth iteration is given as follows,  

∆{𝛿}𝑛 =  [𝐾𝑇]−1 {∑({𝑅} − [𝐾𝑠]{𝛿})𝑗

𝑛𝑒

𝑗=1

} 

 

                 (1) 

The secant stiffness matrix is given in the following: 

[𝐾𝑠] =  ∫ [𝑇]𝑇[𝐵]
𝑇

 

𝐴

[[𝐸] ([𝐵 ]𝐿 +
1

2
[𝐵 ]𝑁𝐿) [𝑇]{𝛿} ]

 

𝑑𝐴 
                 (2) 

The improved solution can be obtained from the given equation. 

{𝛿}𝑛+1 = {𝛿}𝑛 + ∆{𝛿}𝑛                  (3) 

 

[1] N. Singh and K. Bakshi, Nonlinear bending of laminated composite rhombic stiffened elliptical 

paraboloids, Mechanics of Advanced Materials and Structures, 33(1), 2621138, 2026.       
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The problem of shape optimization of a Glue Laminated Timber (GLT) beam of variable height under 4-point 

bending is posed and solved with the use of the Pontryagin’s Maximum Principle (PMP) [1]. For a given 

reference beam of constant cross-section two optimization problems are stated: 1) minimization of an amount 

of material used (beam’s volume) while preserving the original load carrying capacity (𝑉𝑚𝑖𝑛 beams) and 2) 

maximization the beam’s load carrying capacity (LCC) while preserving the beam’s volume (𝑄𝑚𝑎𝑥 beams).  

Governing equations for a beam of variable height were derived from the 1D Timoshenko beam theory and 

general equilibrium equations for a plane elasticity problem, accounting for boundary conditions on both top 

(flat) and bottom (oblique) faces of the beam. Author’s energy-based limit state condition for anisotropic solids 

with asymmetric elastic range was used as a measure of material’s effort [2]. Values of mechanical parameters 

of the material were assumed in the design process according to the EN 14080:201 standard. Control theory 

problem was formulated and solved with the use of the PMP, using the Dircol software which utilizes the 

direct collocation method. Obtained results were compared with the 3D Finite Element Analysis (FEA) results 

obtained from the Abaqus CAE software. Theoretical volume savings were approximately equal to 11,4% of 

the reference volume, while increase of the LCC was ca. 12,2% of the reference LCC. 

After appropriate adjustments of the numerically determined beam’s optimal shape, nine GLT beams were 

ordered, 3 of each type (reference beams, 𝑉𝑚𝑖𝑛 beams and 𝑄𝑚𝑎𝑥 beams) and examined in the 4-point bending 

tests. Beam’s deflections in  nine points as well as the plane strain state near the bottom face in the midspan 

were recorded with the use of  inductive displacement transducers and strain gauge rosette, respectively. 

Experimental finding only partially confirmed the results of numerical optimization due to large variation of 

the mechanical properties of GLT. Points of material’s failure clearly corresponded with the designed points 

of maximum material effort. 
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Over the past decades, numerous theoretical approaches have been proposed to model mechanical behaviour 

of composite laminated plates and shells. Among the various models developed, two-dimensional Equivalent 

Single Layer models (ESL) are particularly attractive due to their relatively low computational cost. Being 

two-dimensional, these models are generally based on theories of homogeneous plates and shells; however, 

their application to laminated composite structures requires appropriate modelling strategies to capture 

characteristic phenomena such as high transverse shear flexibility and the variation of stiffness through the 

thickness [1-3]. In addition, individual layers in laminated composite structures exhibit orthotropic behaviour, 

leading to markedly different mechanical responses depending on the direction of the applied loading. 

Variations in stiffness and strength along the fibre direction, transverse to the fibres, and in shear result in 

distinct deformation patterns and load‑transfer mechanisms under different loading conditions. This imposes 

the use of appropriate constitutive models and failure criteria capable of capturing the direction‑dependent, 

anisotropic response of individual layers. 

This keynote lecture provides a comprehensive overview of the current state of the art in ESL modelling of 

laminated plates and shells, drawing on key contributions from the composite structures’ community [1-2] as 

well as selected developments proposed by the author’s research group. Different kinematics descriptions 

adopted within ESL formulations are examined and their implications for mechanical response prediction are 

discussed [3]. Particular attention will then be devoted to the capabilities and limitations of ESL models in the 

analysis of damage and failure in laminated shell structures, including the application of different failure 

criteria [4]. 

 

 

[1] E. Carrera, Compos. Struct., 50, 183-198, 2000. https://doi.org/10.1016/S0263-8223(00)00099-4 

[2] A. Tessler, M. Di Sciuva, M. Gherlone, J. Mech. Mater. Struct., 5, 341–367, 2010. 
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The paper presents a random analysis of the statics of a thin plate resting on an elastic foundation of the Winkler 

type and an elastic half-space. For the foundation of the Winkler type the one-sided constraints are applied too. 

The problem of bending the plate is independently described by the Finite Element Method (FEM), Boundary 

Element Method (BEM) and the Finite Difference Method (FDM). For the FEM approach, the plate is 

discretized using classical four-node rectangular finite elements with three degrees of freedom at each node 

[1]. In terms of the BEM two boundary and domain integral equations, with the boundary conditions 

formulated in such a way that it is not necessary to take into account the Kirchhoff forces [2]. Within the plate 

domain, there are introduced additional collocation points at which the elastic discrete support is realized and 

the fundamental solution for statics of a pure infinite plate is used. The plate boundary is divided into elements 

of the constant type. A non-singular approach is used to calculate boundary integrals. This approach allows 

for a significant simplification of the calculation algorithm. Finally, the formulation of the problem by the 

FDM allows to easily take into account the variable stiffness of the plate. A random analysis for selected design 

parameters is presented such as the plate thickness, its material properties, and the properties of the parameters 

describing the foundation itself. Three approaches were adopted: semi-analytical (SAM), stochastic 

perturbation technique (SPT) and Monte Carlo simulation (MCs), which can be traced, e.g., in [3, 4, 5]. For 

these three methods, random moments are defined, the most important of which is the expected value of the 

solution, e.g. the plate deflection established at selected point, as a function of the coefficient of variation of 

the selected design parameter. A Gaussian probability density distribution is assumed for the arbitrary design 

parameter. Since such a distribution is continuous, it is necessary to determine the so-called continuous 

response function for a finite number of deterministic solutions. Most often, these are 3rd or 4th order 

polynomials. Higher order polynomials provide some power “reserve” when differentiating them, which is 

necessary to determine higher order random moments as skewness or kurtosis. 
 

[1] M. Kuczma, Foundations of structural mechanics with shape memory. Numerical modeling, University 
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This work addresses the problem of free vibrations of thin variable-stiffness plates reinforced with discrete
curvilinear wires modeled as one-dimensional inclusions embedded in a two-dimensional plate continuum. The
aim is to formulate a numerical model and derive eigenvalue sensitivity measures with respect to parameters
describing the wire layout, and then to employ these measures in a non-probabilistic uncertainty analysis. In
contrast to classical laminate models, in which variations of wire orientation are incorporated in an averaged
sense through local stiffness matrices of individual layers, the proposed approach treats the wires explicitly as
discrete one-dimensional elements coupled with the plate kinematics [1].

The plate is discretized by the finite element method within the framework of the classical Kirchhoff theory
of thin plates. The global stiffness and mass matrices of the system result from a superposition of the plate
contribution and the contributions of individual wires embedded in its domain,

K(p) = Kp +
Nw

∑
i=1

Kw,i(pi), M(p) = Mp +
Nw

∑
i=1

Mw,i(pi) (1)

where Kp and Mp denote the stiffness and mass matrices of the Kirchhoff plate, whereas Kw,i and Mw,i are the
contributions associated with the i-th embedded wire. Such a formulation makes it possible to account directly
for both the position of the wires and their curvilinear layout within the finite element model.

This leads to an eigenvalue problem in which the stiffness and mass matrices depend on the vector of parameters
p describing the wire arrangement. Analytical sensitivity measures of the eigenvalues with respect to the design
parameters are then determined, which makes it possible to quantify the influence of the wire layout on natural
frequencies [2]. These sensitivity measures depend on three main factors: the variation of the wire geometry,
the variation of the embedding operator, and the variation of the integration measure along the wire path.

The determination of sensitivity measures then provides the basis for taking parameter uncertainties into ac-
count, with the uncertain quantities treated as interval numbers. As a result, lower and upper bounds of the
natural frequencies are obtained, which makes it possible to estimate the variability range of the structural
response without exhaustive examination of all vertices of the uncertainty space [3].

ACKNOWLEDGEMENT: This research was funded by the research projects of Poznan University of Tech-
nology, grant numbers 0411/SBSD/0014 and 0412/SBAD/0100.
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One unexplored area in mechanics is the design of tensegrity-inspired metamaterials [1, 2] with graded prop-
erties, realised by using cells with diverse geometric or physical properties. Modelling dynamic properties of
such metamaterials would significantly expand the possibilities of obtaining a variety of extreme properties and
improve the controllability of the systems under consideration.

A set of lattices designed from expanded octahedron tensegrity modules [2] with graded mechanical properties
is shown in Fig. 1. The lattices are simply supported at the bottom surface. Their dimensions of 6×6×6 cm
correspond to those of planned additively manufactured samples and future experimental studies. Grey cells
have struts with a diameter of 1.5 mm and cables of 0.85 mm. Blue cells are thickened with a 4:3 ratio, and red
cells with a 5:3 ratio. The green layer consists of rotated cells with significantly lower vertical stiffness.

a) b) c) d)

Figure 1. Expanded octahedron lattices: a) periodic, b) top and bottom reinforced, c) top reinforced, d) soft middle layer.

The masses of the lattices are 47.47 g, 87.90 g, 67.69 g, and 48.20 g, respectively. The first six natural frequen-
cies and eigen-modes are analysed. The computational simulations are performed using a 3D frame model in
ABAQUS. The natural frequencies of the periodic lattice serve as a reference. These are, respectively, 640 Hz,
663 Hz, 740 Hz, 1833 Hz, 1905 Hz, and 2010 Hz. Mode shapes 1, 2, 4, and 5 correspond to bending in vertical
planes of symmetry, with one or two half-waves. Mode shapes 3 and 6 are torsional. Gradation b) does not
change the mode shapes, but reduces frequencies 1–3 by approximately 8% and slightly increases frequencies
4–6. The trends are different for gradation c). Mode shapes 1–5 do not change, while mode 6 corresponds to
compression/tension in the vertical direction. Frequencies 1–3 decrease by about 25% and 4–6 by about 12%.
Gradation d) does not alter the vibration modes and reduces frequencies: 1–3 slightly and 4-6 by about 10%.

An evaluation of lattices designed from other tensegrity modules will be presented at the conference. Compu-
tational simulations are promising and indicate the possibility of controlling the level of natural frequencies, as
well as the modes of these vibrations, by introducing gradations of mechanical properties.
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2024/55/B/ST8/00475. For the purpose of Open Access, the author has applied a CC BY public copyright
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Plate and shell structures play a fundamental role in engineering applications. Shells exhibit a high stiffness-
to-weight ratio and the ability to carry loads primarily through membrane action. In recent years, increasing
attention has been devoted to the modeling of reinforced and smart structures. In particular, embedding one-
dimensional reinforcements such as fibres, rebars, or wires into plate and shell structures provides a flexible
means of tailoring their mechanical response. While continuous reinforcement is often modelled through ho-
mogenization, discrete reinforcements require a coupled multi-dimensional formulation. Shape memory alloys
(SMAs) provide an additional level of functionality through their ability to undergo phase transformations and
exhibit hysteresis (energy dissipation, damping, re-centring). Variational and energetic approaches to hysteresis
modelling offer a mathematically consistent framework for describing such behaviour.

This work presents a variational formulation of thin plate and shell structures reinforced with discrete SMA
wires. The plate/shell structure is modeled using Kirchhoff–Love kinematics, while the reinforcement is rep-
resented by embedded truss elements. The SMA behaviour is described within a rate-independent energetic
framework consistent with hysteresis models ([1, 2]). The formulation naturally leads to a global–local finite
element algorithm suitable for nonlinear analysis of adaptive plate and shell structures. The structure is dis-
cretized by the finite element method within the framework of the classical Kirchhoff-Love theory ([3]). The
global stiffness of the structural system is obtained as a superposition of the plate/shell contribution and the
contributions of individual wires embedded in its domain,

K(z) = Ks +
Nw

∑
i=1

Kw,i(zi) (1)

where Ks denotes the stiffness matrix of the plate/shell structure, and Kw,i are the contributions associated with
the i-th embedded wire, that depend on a set of internal variables z describing the phase transformation process.
This formulation makes it possible to account directly for both the spatial distribution of the wires and their
evolving stress–strain–phase transformation state within the finite element model. The coupled evolutionary
variational inequality is solved incrementally as a sequence of complementarity problems, allowing for an
accurate representation of the path-dependent behaviour and the associated hysteresis loops.
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The work addresses analytical and numerical investigation on the phenomenon of elastic wave propagation in 

mechanical metastructures, i.e., meso-scale periodic truss-like structures, that are formed using both local and 

nonlocal inner connections. Generally, metastructures are the systems in which the resultant behavior depends 

on the spatial distribution of the construction matter rather than on the material properties [1]. Considerable 

freedom regarding spatial shaping of metastructures, which is feasible mainly due to the capabilities of additive 

manufacturing technologies, leads to many interesting physical properties, that are of high importance in 

practical applications, e.g., quasi-zero stiffness in case of energy harvesters [2]. In the present research, the 

contribution of nonlocal links defined between the surrounding degrees of freedom results in an unique 

capability of forming dispersion curves. 

The current work focuses on mathematical modelling and computational aspects for designing metastructures 

of the desired dynamic properties. The developed computational framework assumes definition of an unit cell 

for the considered periodic system, using finite element (FE) method. All the involved system connections are 

used to assemble the FE global stiffness and mass matrices, adequately applying the coordinate system 

transformations. The process of dispersion curves extraction is based on the solution of eigenvalue problem 

formulated with the Kelvin-Christoffel equation [3]. The relevant part of the resultant governing equation, that 

corresponding to the unit cell’s central node, is used to find the above-mentioned curves. The applied 

homogenization allows for effective and reliable characterization of the system’s dynamic response. The work 

is complemented with the results of numerical simulations conducted for the initial value problem. 
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The work presents the initial stability of plates in terms of the Stochastic Boundary Element Method (SBEM), 

what the authors discussed in [1] for plates supported only along its edges. It is assumed that the girders are 

loaded in their plane in a constant or linearly variable manner in one direction. The Boundary Element Method 

(BEM) is used to solve a single deterministic problem. The boundary and domain integral equations are 

formulated using e.g. Betti’s theorem with fundamental solution applied to plate statics (Green’s function). 

These equations are formulated in a singular approach and, alternatively, in a non-singular approach, where 

the collocation point is located outside the plate domain and at the same time sufficiently close to its edge.  

A plate boundary is divided into finite number of elements of the constant type. Internal constraints are 

considered too. The curvatures within the plate domain must be determined. For this purpose a plate domain 

is divided into finite number of sub-domains coupled with e.g. one central collocation point. This can be 

accomplished by using the first boundary and domain integral equation, which must first be differentiated 

twice with respect to a coordinate parallel to the applied load in the plate plane. This curvature can also be 

determined by simple difference quotients constructed for three internal collocation points located within a 

single subdomain – the central one and two others lying on one line before and after it (triple collocation point 

approach). Eliminating the boundary quantities from the governing equations leads to the standard 

eigenproblem, whose solution is the eigenvalues and eigenvectors that is the values of the critical multiplier 

and the corresponding curvature vectors. Alternatively, the second boundary and domain integral equation 

may be established by the addition second collocation point (double collocation point approach). Then there 

is no need to use the fundamental solution obtained for a unit moment whose vector is perpendicular to the 

normal to the plate edge. 

The random approach requires a finite number of deterministic solutions obtained for different values of, for 

example, a single design parameter e.g. Young’s modulus or a plate thickness. Based on this, a continuous 

polynomial response curve of the structure is determined, which will be integrally related to the probability 

density curve. For each of the design parameters the normal Gaussian probability density distribution is 

assumed. Three probabilistic approaches are applied: Semi-Analytical Method (SAM), Stochastic Perturbation 

Technique (SPT) e.g. [2], and Monte Carlo simulation (MCS). Probabilistic moments are defined in the form 

of curves (for SAM and SPT) or a set of points (for MCS), as a function of the coefficient of variation of the 

selected design parameter. The random approach allows testing the solution of the problem in the case of  

a non-singular approach with the use of double and triple collocation point technique. 

[1] M. Guminiak, Stability of rectangular Kirchhoff plates using the Stochastic Boundary Element Method, Engineering 

Analysis with Boundary Elements, 144, 441–455, 2022 
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Nature has long served as a blueprint for solving complex engineering challenges. Dragonfly is one of 

the most aerodynamically efficient flyers. Their corrugated wing membranes, hierarchical venation, 

and ability to exploit unsteady aerodynamic mechanisms inspire the design of next-generation 

flapping wing micro air vehicles (FWMAVs). In this work, a PVDF/CNT nanocomposite membrane was 

fabricated by solution casting with varying CNT loading, and a vein structure was generated via VAT 

additive manufacturing. An integration of a nanocomposite membrane with a vein structure was 

performed to develop a dragonfly-inspired wing. The developed wing's mechanical and structural 

dynamic properties were characterized using various techniques, including tensile tests, Dynamic 

Mechanical Analysis (DMA), vibration tests, and Digital Image Correlation (DIC). An optimal CNT 

loading of 1.5% was found, yielding the most suitable properties as determined by characterization 

techniques. Furthermore, the effect of vein integration on deformation modes and their 

corresponding natural frequencies was found with DIC. For the first time, a PVDF/CNT membrane 

was used for bioinspired wing fabrication, and VAT 3D printing was used to fabricate the vein 

structure. Results showed that integrating the nanocomposite membrane into the vein structure 

could yield significant improvements in structural performance in FWMAVs. This study also 

demonstrates the significant potential of nanocomposite membranes and additive manufacturing for 

fabricating bioinspired flapping wings for MAVs. 
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Presented problem draws attention to the dynamic responses of three-layered, annular plates subjected to 

constant or time-dependent temperature fields. Using the functionally graded material on the plate outer layers 

the new composite structure was built, whose dynamic behaviours are some new cognition. The temperature 

field model in combination with the material and geometrical parameters create a multiparameter problem. 

Detailed analysis can show plate reactions, whose meaning can be used in practical applications of such 

composite plates in for example: aerospace industry, mechanical and nuclear engineering, civil engineering or 

miniature mechanical systems. 

The three-layered annular plate is composed of the thin FGM facings and thicker foam core. The plate is loaded 

thermally with the temperature difference between plate edges: inner and outer. The thermal environment is 

defined by the temperatures Ti and To in the area of plate hole and outer perimeter, respectively. The 

temperature field is axisymmetric and flat. There is no heat exchange between plate surfaces. The support 

system of the examined plates is in the form of both edges slideably clamped. Time-dependent thermal loads 

is formulated as follows:  

                                                                            ΔT = at,                                                                                    (1)  

where ΔT is the temperature difference, t is the time, a is the rate of temperature loading growth. 

The radial changes of the FGM facing material are smooth presented by the following power function: 

                                                                      i

n

i o o i

rr
VV

r r r r

 
 = +
 − −
 

,                                                                                  (2) 

where VV is the rate of material variation in the radial direction, ri and ro are the inner and outer plate radii, r 

is the plate radius, and n is the power-law exponent. The material parameters of the facings are calculated 

according to the following equation:  

                                                                        ( )1 2 1W W VV W W= + − ,                                                                            (3) 

where W1 and W2 are the values of the material parameters, W is the value of the facing material parameters 

at the plate point determined by the radius r. The facings are composed of two materials located at the plate 

edges. Between the edges, the facings’ material parameters vary according to the selected power-law exponent 

n. Solution procedure uses two numerical methods: finite difference method in author’s programme and finite 

element method in Abaqus system. The solution process is presented in works [1,2] in detail.  
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Doliński, Ł. 94, 102
Dominguez, F.J. 132
Donaghue, J. 194
Dryzek, M. 89, 99
Dubey, V.P. 75, 127, 145

Dudariev, B. 231
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Golasiński, K.M. 167
Grabias, A. 255
Grabowski, A. 152
Gruchot, M. 226
Grygierzec, J. 261
Guagliano, M. 59
Gujar, V. 286
Guminiak, M. 69, 280, 285
Gunputh, U. 143
Gupta, N. 128
Gupta, S.S. 213

288



Hagihara, K. 269
Hajivand Dastgerdi, R. 151
Haldar, S. 160
Hallberg, H. 115
Hammer, P. 212
Harabinova, S. 219
Harmandaris, V. 172
Hayamizu, J. 163
He, H. 110
Hektor, J. 115
Hernik, S. 183
Heród, P. 183
Hirano, K. 157
Hiremath, P. 252
Hirozumi, S. 269
Holý, V. 118
Hołobut, P. 188
Hopperstad, O.S. 186
Horák, M. 161
Horio, K. 140
Huang, X. 30
Hwang, S.-F. 79

Idiart, M.I. 181
Iizuka, K. 140, 254
Inoue, K. 43
Iticha, W. 208
Itskov, M. 33, 201
Iyappan, N. 194

Jabareen, M. 201
Jacobsson, E. 115
Jagadish, V.H. 193
Jakubowicz, J. 136
Jankowiak, I. 69
Jankowiak, T. 136
Jankowski, Ł. 224, 229
Jarosik, P. 45
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Ryś, M. 244, 245
Rzepka, A. 129

Sabik, A. 279
Saksala, T. 242

290



Sarfarazi, V. 151
Šarlija, L. 123
Sauer, R.A. 108, 213, 265, 124
Sawa, N. 172
Scheidl, J. 241
Schewe, M. 248
Schmidt, E. 260
Schmidt, R.Z. 259
Schrefler, B.A. 169
Schuster, J. 61
Sebsebe, A.E. 136
Sedlák, P. 161
Seifert, A. 232
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Ziętara, M. 205
Ziółkowski, A. 251
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